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3, line 4, for Jleilbronnen read Heilbronner. 

5, 1, for undistinguished read undistinguishing. 

11, 6, after notes read at the bottom of the pages. 

13, 1, dele the inverted commas at the beginning of the line. 

17, 5, (at the end), far number read colour. 

29, £5, Suppose —= y where a, b, and c are known and x and y unknown, 

93, 9, 10, and 11, the character prefixed to the numbers 1 and 2 is here which is 


the first letter of the word Loheet (see opposite page); but it should be a different character, viz. the first 


letter of the word Hoop 

Note —In Mr. Davis’s notes the word Ja, Roo, Bha, Ca, &c. which are frequently used, are contractions of 
Jabut, Roop, Bhady, Canist, &c. They should have been printed with points after them, thus, Ja, Roo. <Xrc. 



PREFACE 


It is known that there are Sanscrit books on Astronomy and Mathematics. 
Whether the Science they contain is of Hindoo Origin and of high anti¬ 
quity, or is modern and borrowed from foreign sources, is a question which 
has been disputed. Some of the Advocates for the Hindoos have asserted their 
pretensions with a degree of zeal which may be termed extravagant; and others 
among their opponents have with equal vehemence pronounced them to be 
impostors, plagiaries, rogues, blind slaves, ignorant, &c« &c. 

My object in the following paper is to support the opinion that the Hindoos 
had an original fund of Science not borrowed from foreign sources. I mean to infer 
also, because of the connexion of the sciences and their ordinary course of ad¬ 
vancement, that the Hindoos had other knowledge besides what is established by 
direct proof to be theirs, and that much of what they had, must have existed in 
early times. 

But with respect to the antiquity of the specimens which I am going to exhibit, 
nothing seems to be certainly known beyond this, that in form and substance as 
they are here, they did exist at the end of the 12th or the beginning of the 13th 
Century. 

It is not my purpose to inquire here what parts of Indian science have already 
been ascertained to be genuine. I only wish to observe that the doubts which have 
been raised as to the pretensions of the Hindoos are of very recent birth, and that 
no such doubts have been expressed by persons who were perhaps as well able to 
judge of the matter as we are.* 


* The Edinburgh Review, in criticising Mr. Bentley’s Indian Astronomy, in the 20th number, ably contend, 
ed for the antiquity and originality of Hindoo Science. The writer of that article however seems to have left the 
held ; and his successor, in a Review of Delambre’s History of Greek Arithmetic, has taken the other side of the 
question, with much zeal. This Critic is understood to be Mr. Leslie, who, in his Elements of Geometry, has again 
attacked the Hindoos. Mr. Leslie, after explaining the rule for constructing the sines by differences, which was 
given in the 2n;l Volume of the Asiatic Researches by MivDavis, from the Surya Siddhanla, adds thefollownig 
remarks. 
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We are told that in early times Pythagoras ami Democritus, who taught the 
Greeks astronomy and mathematics, learnt these sciences in India. The Arabians 


<• Such is the detailed explication of that very ingenious mode which, in certain cases, the Hindoo Astro- 
f ‘ nomers employ for constructing the table of approximate sines. Blit totally ignorant of the principles of 
" the operation, those humble calculators are content to follow blindly a slavish routine. The Brahmins must 
if therefore have derived such information from people tardier advanced than themselves in science, and of 
r ‘ a bolder and more inventive genius. Whale\er may be the pretensions of that passive race, their knovr- 
“ ledge of trigonometrical computation has no solid claim to any high antiquity. It was probably, before 
« the revival of letters in Europe, carried to the East, by the tide of victory. The natives of Hindustan 
" might receive instruction from the Persian Astronomers, who were themselves taught by the Greeks of 
“ Constantinople, and stimulated to those scientific pursuits by the skill and liberality of their Arabian con- 
“ querors.”—(Leslie’s Elements, p, 4S5.) 

When scientific operations are detailed, and most of the theorems on which they depend are given in the 
form of rules, surely it is not to be inferred because the demonstrations do not always accompany the rules, 
therefore that they were not known; on the contrary, the presumption in such a case is that they were 
known. So it is here, for the Hindoos certainly had at least as much trigonometry as is assumed by Mr. 
Leslie to be the foundation of their rule. Mr. Leslie, after inferring that the Hindoos must have derived then- 
science from people farther advanced than themselves, proceeds to shew the sources from which they might 
have borrowed, namely, the Persians, the Greeks, and the Arabians. Now as for the Persians as a nation, we 
do not know of any science of theirs except what was originally Greek or Arabian. This indeed Mr. Leslie 
would seem not to deny; and as for th? Greeks and Arabians it is enough to say that the Hindoos could not 
borrow from them wh-.it they never had. r i hey could not have borrowed from them this slavish routine for 
the sines, Avhich depends on a principle not known even to the modern Europeans till 200 years ago. In short 
the tide of victory could not have carried that which did not exist. 

It appears from Mr. Davis’s paper that the Hindoos knew the distinctions of sines, cosines, and versed sines. 
They knew that the difference of the radius and the cosine is equal to the versed sine; that in a right-angled 
triangle if the hypotnenuse be radius the sides arc sines and cosines. They assumed a small arc of a circle as 
equal to its sine. They constructed on true principles a table of sines, by adding the first and second 
differences. 

From the Bija Ganita it will appear that they knew the chief properties of right-angled and similar triangles. 

In Fyzee’s Lilavati I find the following rules; 

(The bypothenuse of a right-angled triangle being h, the base b, and the side 5.) 

((£3 4-r a ) p z ) 

Assume any large number p , then - - - -^ = h* 

b ~ \/{h 2 — s a ) and 5= — &)• 

\/ ((b — s) 3 + 2 bs) = h. 

(h+b) [h — b) =h* — b *. 

b being given to find h and j in any number of ways; let p be any number; then 
ps — b — A, 

b z b* 

7 ~ f . 7 +p , ■ 

- - = s, and r —~ — = ft. 

2 2 


2pb . 

■y- , = s, and 

P— 1 


A being given, - vv -j = s > P* — * = ** 
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always considered the Indian astrology and astronomy as different from theirs 
and the Greeks. We hear of Indian astronomy known to them in the time of the 
Caliph Al Mamun. (See d’Herbelot). Aben Asra is said to have compared the 
Indian sphere with the Greek and Persian spheres. (Heilbronnen Hist. Math, 
p. 456). We know that the Arabians ascribe their numeral figures to the 


Letp and q be any numbers; then 

2pq = s, p 2 — q 2 = b, and p 2 + J 1 = h. 

b 2 b 2 

a - a + — 

Given a = hdzs; then--— = s, and —-— — h. 


Given a z= 5 4- .$•; then 


a — \/(fih 2 — a 2 ) _ 


= b , and 


a 4- y/ [2h 2 — a 2 ) 


s. 


There are also rules for finding the areas of triangles, and four-sided figures; among others the rule for the 
area of a triangle, without finding the perpendicular. 

For the circle there are these rules (c being the circumference, d the diameter, e the chord, » the versed sine, 
a the arch,) 

c : d :: 22 : 7; and c : d :: 3927 : 1250. (Also see Aycen Akbery, vol. 3. p.32.) 

• p— i/CCD +0 (d — O) 


4gD (c — a) _^ 

•C 2 — (c — a)a 


Cv^D — v) X ©= ZC. 

-{■ 


Also formulae for the sides of the regular polygons of 3, 4, 5, 6, 7, 8, 9 sides inscribed in a circle. There are 
also rules for finding the area of a circle, and the surface and solidity of a sphere. It will be seen also that 
Bhascara is supposed to have given these two rules, viz—the sine of the sum of two arcs is equal to the sum 
of the products of the sine of each multiplied by the cosine of the other, and divided by the radius* and the 
cosine of the sum of two arcs is equal to the difference between the products of their sines and of their 
cosines divided by radius. 

Is it to be doubted that the Hindoos applied their rule for the construction of the sines, to ascertain the 
ratio of the diameter of a circle to its circumference?—thus the circumference of a circle being divided into 
360 degrees, or 21600 minutes, the sine of 90 degrees which is equal to the radius would be found by the 

rule 3438. This would give the ratio of the diameter to the circumference 7:21 and 1<>50 * 39 6 — 

5 ?3 " 573’ 

and assuming, as the Hindoos commonly do, the nearest integers, the ratio would be 7 : 22 or 1250 : 3927. 

It is not to be denied that there are some remarkable coincidences between the Greek and the Hindoo science* 
for example, among many which might be given it may he suggested that the contrivances ascribed to Antiphon 
and Bryso, and that of Archimedes, for finding the ratio of the diameter of a circle to its circumference might 
have been the foundation of the Hindoo method; that Diophantus’s speculations on indeterminate problems 
might be the origin of the Hindoo Algebra. But there are no truths in the history of science of which we are 
better assured than that the Surya Siddhanta rule for the sines, with the ratio of the diameter of a circle to its 
circumference 1250 : 3927 ; and the Bija. Ganita rules for indeterminate problems were not known to the Greeks. 
Such are the stumbling blocks which we always find in our way when we attempt to refer the Hindoo science to 
any foreign origin. 

A 2 
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Indians; and Massoudi refers Ptolemy’s astronomy to them. (See Bailly’s preface 
to his Indian astronomy, where is cited M. de Guignes. Mem. Acad. Ins. T. 36, 
p. 771). Fyzee, who doubtless was conversant with Greco-arabian learning, and 
certainly knew the Hindoos well, has never started any doubt of the originality 
of what he found among them. The preface to the Zeej Mahommed Shah}-, or 
.Astronomical Tables, which were published in India in 17CS, speaks of the 
European, the Greek, the Arabian, and the Indian systems as all different. 
That work was compiled with great learning by persons who were skilled in the 
sciences of the West, as well as those of the East* * •• , More examples might be 
given— but to proceed. 

The Bija Ganita is a Sanscrit treatise on algebra, by Bhascara Aeharya, a, 
celebrated Hindoo Astronomer and Mathematician. 

Fyzee t, who, in 1587, translated the Lilavati, a work of his on arithmetic, 
mensuration, &c. speaks of an astronomical treatise of Bhascara’s, dated in the 
1105th year of the Salibahn, which answers to about 31 S3 of our rera ; but Fyzee 
also says, it was 373 years before 995 Hegira, which would bring it down to A.D. 
1225. So that Bhascara must have written about the end of the 12th century, or 
beginning of the 13th. 

A complete translation of the Bija Ganita is a great desideratum ; so it has 
been for more than 20 years, and so it seems likely to remain. 

It will be seen however that we have already means of learning, with sufficient 
accuracy, the contents of this work. I have a Persian translation of the Bija Ganita, 
which was made in India in 1634, by Ata Allah Rusheedee. The Persian does not in 
itself afford a correct idea of its original, as a translation should do; for it is an 


* See Asiatic Researches, 5th vol. on the Astronomieal Labours of Jy Singh. 

f I will heie translate a part of Fyzee’s preface:—“ By order of king Akber, Fyzee translates into Persian, 
«• from the Indian language, the book Lilavati, so famous for the rare and wonderful arts of calculation and 

• • mensuration. He (Fyzee) begs leave to mention that the compiler of this book was Bhascara Aeharya, whose 
•« birth place, and the abode of his ancestors was the city of Biddur, in the country of the Deccan. Though 
•* the date of compiling this work is not mentioned, yet it may be nearly known from the circumstance, that the 

•• author made another book on the construction of Almanacks, called Kurrun Kuttohul, in which the dale of 
“ compiling it is mentioned to be 1105 years lrom the date of the Salibahn, an aera famous in India. From 
*• that year to this, which is the 32d Ilahi year, corresponding with the lunar year 995, there have passed 
** 373 years.” 

As the Ilahi began in the Hegira (or lunar) year, 992, (see Ayeen Akbery) the date 32 of Ilahi is of 
course an error. It is likely too that there is an error in the number 373. 

Mr. Colebrooke, in the 9lh vol. of Asiatic Researches, gives, on Bhascara’s own authority, the date of his birth, 
viz. 1063 Saca. In 1105 Salibahn (of S.vca) that is, about A, D, 1183, he was 42 years old. 
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undistinguished mixture of text and commentary, and in some places it even 
refers to Euclid. But to' infer at once from this that every thing in the book 
was derived from Greek or Arabian writers, or that it was inseparably mixed, 
would be reasoning too hastily. A little patience will discover evidence of the 
algebra which it contains, being purely Hindoo*. 

The following paper consists of an account of this translation, and some notes 
which I shall now mention : 

Mr. Davis, the well-known author of two papers on Indian Astronomy in the 
Asiatic Researches, made, many years ago, in India, some abstracts and transla¬ 
tions from the original Sansciit Bija Gauitaf, and it is greatly to be regretted 
that he did not complete a translation of the whole. The papers which contain 
his notes had long since been mislaid and forgotten. They have been but very 
lately found, and I gladly avail myself of Mr Davis's permission to make use of 
them here. The chief part of them is inserted at the end of my account of the 
Persian translation. To prevent misconception about these notes, it is proper for 
me to observe that in making them Mr. Davis had no other object than to inform 
himself generally of the nature of the Bija Ganita; they were not intended 
probably to be seen by any second person ; certainly they were never proposed to 
convey a perfect idea of the work, or to be exhibited before the public in any 
shape. Many of them are on loose detached pieces of paper, and it is probable 
that, from the time they were written till they came into my hands, they were 
never looked at again. But nevertheless it will be seen that they do, without 
doubt, describe accurately a considerable portion of the most curious parts of the 
Bija Ganita; and though they may seem to occupy but a secondary place here, 
they will be found of more importance than all the rest of this work together. 

They shew positively that the main part of the Persian translation is taken from 


* The lale Mr. Reuben Burrow in one of his papers in the Asiatic Researches says, he made translations 
of the Bija Ganita and Lilavati. Those translations he left to Mr. Dalby. They consist of fair copies in 
Persian of Ala Allah’s and Fyzee’s translations, with the English of each word written above the Persian. 
The words being thus translated separately, without any regard to the meaning of complete sentences, not a 
single passage can be made out. It is plain, from many short notes which Mr. Burrow has written in the 
margin of his Bija Ganita, that he made his verbal translation by the help of a Moonshee, and that he had 
the original Sanscrit at hand, with some opportunity of consulting it occasionally, lam much obliged to Mr. 
Dalby for allowing me the use of Mr. Burrow’s copy which has enabled me to supply deficiencies in mine; and 
it is otherwise interesting, because it shews that Mr. Burrow had access to the original Sanscrit (probably by 
means of a Moonshee and a Pundit) and compared it with the Persian. 

t It is to be remarked that they were made fium the Sanscrit only. Mr. Davis never saw the Persian 
translation. 
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the Sanscrit work, aiul that the references to Euclid are interpolations of the 
Persian translator they give most of the Hindoo Algebraic notation* which is 
wanting in the Persian, and they shew that the Astronomy of the Hindoos was 
connected with their Algebra. 

I must however confess, that even before I saw these notes the thing was to 
my mind quite conclusive. For I totind (as will be seen) in this Persian trans¬ 
lation of 1634, said to be from the Sanscrit, a perfectly connected structure of 
science, comprehending propositions, which in Europe were invented successively 
by Bachet de Mezeriac, Fermat, Euler, aud De La Grange f. 


* The Hindoos have no mark for-h, they only separate the quantities to be added by a vertical line 
thus | or || , as they separate their slocas or verses. 

Their mark for minus is a dot over the quantity to be subtracted. 

Instead of a mark for multiplication they write the factors together as we do, thus,<7i for a x b. 

Division they mark as we do by a horizontal line drawn between the dividend and divisor, the lower 
quantity being the divisor. 

For unknown quantities they use letters of the alphabet as we do. They use the first letters of the words 
signifying colours. 

The known quantity (which is always a number) has the word roop (form) or the first letter of the word prefixed. 

The square of the unknown quantity is marked by adding to the expression of the simple quantity the first 
letter of the word which means square, and in like manner the cube. 

The sides of an equation are written one above another ; every quantity on one side is expressed again directly 
under it on the other side. Where there is in fact no corresponding quantity, the form is preserved by writing 
that quantity with the co-efficient 0. 

The methods of prefixing a letter to the known number, and using the first letter of the words square and 
cube are the same as those of Diophantus. I mention it as a curious coincidence; perhaps some people may 
attach more importance to it than I do. 

+ The propositions which I here particularly allude to are these:— 

L A general method of solving the problem = y, u, b and c being given numbers and x and y 

indeterminate. The solution is founded on a division like that which is made for finding the greatest common 
measure of two numbers. The rules comprehend every soil of case, and are in all respects quite perfect. 

2. The problem am* + I = ?/*, ( a being given and m and n required) with its solution. 

3. The application of the above to find any number of values ol ax * 2 3 4 + b — y 2 from one known case. 

4. To find values of x and y in ax 2 - f- b — y % by an application of the problem —~£— = y • It is un¬ 
necessary for me here to give any detail of the Hindoo methods. 

The first question about this extraordinary matter is, what evidence have we that it is not all a forgery? 
1 answer, shortly, that independently of its being now found in the Sanscrit books, it is ascertained to have 
been there in 1634 and 1587, that is to say, in times when it could not have been forged. 

The following extract from a paper of De La Grange, j 11 the 24tli volume of the Memoirs of the Beilin 
Aeademy, for the year 1763, contains a summary of that part of the history of Algebra which is now alluded to. 
As for the 4lh of the points abovemenlioned, the method in detail (however imperfect in some respects) is, as 
far as I know, new to this day. The first application o^ the principle in Europe is to Lc sought in the writings 
of De La Grange himself. 
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To maintain that the Ihja Ganita rules for the solution of indeterminate pro¬ 
blems might have been had from any Greek or Arabian, or any modern European 
writers before the Mathematicians just named, would be as absurd as to say that 
the Newtonian Astronomy might have existed in the time of Ptolemy. It is true 
that Bachet wrote a few years before lb34, but this is no sort of objection to the 
argument, for that pait which might be questioned as a mere copy of Bachet’s 
method, namely, the rules for indeterminate problems of the first degree, is closely 
connected with matters of latter invention in Europe, and is in Mr. Dalby's copy 
of Fyzec’s translation of the Lilavati, which I have before said was made in J 587 ; 
and Air. Davis's notes shew that it is in the Sanscrit Bija Ganita, which was 


“ La plupart des Geometres qui out cultive l’analyse deDiophante se sont, a fexemple de cet illustre inven* 
“ tuer, uniquement appliques a e\ iter les valeurs irrationelles; et tout 1’artifice de leurs methodes se reduit i 
*• faiie en sorte que les grandeurs inconnues puissent se determiner par des nombres commensurables. 

“ L’art de resoudre ces sortes de questions ne demande gueres d’autres prineipes que ceux de Fanalyse 
“ ordinaire; mais ces prineipes deviennent insufilsant lors-qu’on ajoute la condition que les quantity eher* 
“ cliees soient non settlement commensurables mais encore cgales a des nombres entiers. 

“ M. Bachet de Mczcriac, auteur d’un excellent commentarie sur Diophante et de dilfGrens autres ouvrages 
" est, je crois, 1c premier quit ait tante de soumettie cette condition au calcul. Ce savant a trouvG une melhode 
“ generate pour resoudre en nombres entiers toutes les equations du premier degrG a deux ou plusietirs incon. 
“ nues, mais il ne pavoit pas avoir ete plus loin; et ceux qui apres lui se sont oecupes du meme objet, ont 
“ aussi presque tous borne leurs reclierches aux equations indeteiminees du premier degie ; leurs eflorts se 

** sont reduits a varier les methods qui peuvent servir a la resolution de ces sortes d’equations, et aucun, si 

“ j’ose le dire, n’a doime une methode plus direete, plus g&teralc, et plus ingenieuse que celle de M. Bachet 
“ qui se trouve dans ses recreations mathematiques intitueles ‘ Problems plaisans et dilcc tables qui se font par les 

“ nombres II est a ia verite assez surprenant que M. de Fermat qui s’etoit si long terns ct avec taut de 

“ succes exerce sur la theorie des nombres entiers, Wait pas cherchG a resoudre genGralemcnt les problems 
“ indetermines du second degre, et ties degres snperieurs comme M, Bachet avoit fait ceux du premier degrG ; 
“ on a cependent lieu de croire qu’il s’etoit aussi applique a cette recherche, par le probleine qu’il proposa 
“ comme une espece de defi & M. Wallis et a tous les Geometres Anglois, et qui consistoit a trouver deux 
“ earres entiers, dont Fun etant multiplte par un nombre entier donne non carrG & ensuite retranclte de I’autre, 
«* le reste Tut etre egal a l’linite, car, outre que ce probleme est un cas particulier des Equations du second 
“ degre a deux inconnues il est comme la clef fie la resolution generale de ces Equations. Mais soit que 
“ M. de Fermat Wait pas continue scs rocherchcs sur cette matiere, soit qu’clle ne soit parvenue jusquVi nous, 
*' il est certain qu’on n’en trouve aucune trace dans ses ouvrages. 

“ II paroit mcine que les Geometres Anglois qui ont resolu le probleme de M. de Fermat n’ont pas connu 
“ toute 1’impoitance dont il est pour la solution generale des problemes indeierminGs du second degre, dil 
“ moins on ne voit pas qu’ils en ayant jamais fait usage, et Euler est si je ne me trompe, le premier qui ait 
“ fait voir comment a I’aide de ce probleme on pent trouver une infinite de solutions en nombres entiers de 
** toute equation du second JGgiG ii deux inconnues, dont on connoit deja une solution. 

** II rGsulte de tout ce que nous venons de (lire, que depuis l’ouvrage de M. Bachet que a paru en 1613, 
° jusqu’a present, ou du moins jusqu’au memoire que je donnai l’annee passGe sur la solution de problems 
44 indetermines du sGcond dGgrG, la theorie de ces sortes de problemes n’avoit pas a proprement parler, Gte 
44 poussee au dela du premier degre. 5 * 
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written four centuries before Bachet. Though we are not without direct proof* 
from the original, yet, as even the best Sanscrit copies of the Bija Ganita, or any 
number of such copies exactly corresponding, would still be open to the objection 
of interpolations, it is necessary in endeavouring to distinguish the possible and 
the probable corruptions of the text, from what is of Indian origin, to recur to 
the nature of the propositions themselves, and to the general history of the 
science. Indeed we have not data enough to reason satisfactorily on other prin¬ 
ciples. We cannot rely upon the perfect identity or genuineness of any book 
before the invention of printing, unless the manuscript copies are numerous, and 
of the same age as the original. Such is the nature of our doubt and difficulty 
in this case, for old mathematical Sanscrit manuscripts are exceedingly scarce ; 
and our uncertainty is greatly increased by a consideration of this fact, that in 
latter times the Greek, Arabian, and modem European science lias been introduced 
into the Sanscrit books. 

Yet, in cases precisely parallel to this of the Hindoos, we are not accustomed 
to withhold our belief as to the authenticity 7 of the reputed works of the ancients, 
and in forming our judgment we advert more to the contents of the book than 
to the state of the manuscript. When the modern Europeans first had Euclid, 
they saw it only through an Arabic translation. Why did they believe that 
pretended translation to be authentic? Because they found it contained a well 
connected body of science ; and it would have been equally as improbable to 
suppose that the Arabian translator could have invented it himself as that he could 
have borrowed it from bis countrymen. There are principles on which we decide 
such points. We must not look for mathematical proof, but that sort of proba¬ 
bility which determines us in ordinary matters of history. 

Every scrap of Hindoo science is interesting ; but it may be asked why publish 
any which cannot be authenticated ? I answer, that though this translation of 
Ata Allah's which professes to exhibit the Hindoo algebra in a Persian dress, does 
indeed contain some things which are not Hindoo, yet it has others which are 
certainly Hindoo. By separating the science from the hook we may arrive at 
principles, which if cautiously applied, cannot mislead, which in some cases will 
shew us the truth, and will often bring us to the probability when certainty is 
not to he had. On this account I think the Persian translation at large interest¬ 
ing, notwithstanding it contains some trifling matters, some which are not in¬ 
telligible, and others which are downright nonsense. 

I have said that Mr. Davis’s notes shew a connexion of the algebra of the 
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Hindoos with their astronomy. Mr. Davis informs me that in the astronomical 
treatises of the Hindoos, reference is often made to the algebra; and particularly 
he remembers a passage where Bhascara says “ it would be as absurd for a person 
“ ignorant of algebra to write about astronomy, as for one ignorant of grammar 
“ to write poetry.” 

Bhascara, who is the only Hindoo writer on algebra whose works we have 
yet procured, does not himself pretend to be the inventor, he assumes no character 
but that of a compiler*. Fyzee never speaks of him but as a person eminently 
skilled in the sciences he taught. He expressly calls him the compiler of the 
Lilavati. 

I understand from Mr. Davis, and I have heard the same in India, that the 
Bija Ganita was not intended by Bhascara as a separate unconnected work, but 
as a component part of one of his treatises on astronomy, another part of which 
is on the circles of the sphere. 

I have found among Mr. Davis’s papers, some extracts from a Sanscrit book of 
astronomy, which I think curious, although the treatise they were taken from is 
modern. Mr. Davis believes it to have been written in Jy Sing’s time, when the 
European improvements were introduced into the Hindoo books. Two of these 
extracts I have added to the notes on the Bija Ganita. The first of the two 
shews that a method has been ascribed by Hindoo Astronomers to Bhascara of 
calculating sines and cosines by an application of the principles which solve 
indeterminate problems of the second degree. This suggestion is doubtless of 
Hindoo origin, for the principles alluded to were hardly known in Europe in 
Jy Sing’s time j\ I think it very probable that the second extract is also purely 
Hindoo, and that the writer knew of Hindoo authors who said the square root 
might be extracted by the cootuk ; that is to say, the principle which effects the 
solution of indeterminate problems of the first degree. From this, and from what 
is in the Bija Ganita, one cannot but suspect that the Hindoos had continued 
fractions, and possibly some curious arithmetic of sines. On such matters how¬ 
ever, let every one exercise his own judgment. J 


* “ Almost any trouble and expence would be compensated by the possession of the three copious treatises 
“ on algebra from which Bhascara declares he extracted his Bija Ganita, ami which in this part-of India are 
supposed to be entirely lost.”—As. Res. vol. iii. Mr. Davis “ On the Indian Cycle of 60 years.” 

t Jy Sing reigned irom 1691 to 1741. 

i. Mr. Reuben Burrow, who, by the bye, it must be confessed is very enthusiastic on these subjects, in a paper 


B 
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We must not be too fastidious in our belief, because we have not found the 
works of the teachers of Pythagoras; we have access to the wreck only of their 
ancient learning; but when we see such traces of a more perfect state of know¬ 
ledge, when we see that the Hindoo algebra 600 years ago had in the most 
interesting parts some of the most curious modern European discoveries, and 
when we see that it was at that time applied to astronomy, we cannot reasonably 
doubt the originality and the antiquity of mathematical learning among the 
Hindoos. Science in remote times we expect to find within very narrow limits 
indeed . its history is all we look to in such researches as these. Considering 
this, and comparing the contents of the Hindoo books with what they might 
have been expected to contain, the result affords matter of the most curious 
speculation. 

May I he excused for adding a few words about myself. It my researches have 
not been so deep as might have been expected from the opportunities I had in 
India, let it be remembered that our labours are limited by circumstances. Jt is 
true I had at one time a copy of the original Bija Ganita, but I do not under¬ 
stand Sanscrit, nor bad I then any means of getting it explained to me. Orticial 
avocations often prevented me from bestowing attention on these matters, and 
from seizing opportunities when they did occur. Besides, what is to be expected 
in this v.av from a mere amateur , to whom the simplest aud most obvious parts 
onlv of such subjects are accessible? 

E. S. 


The following account of Ata Allah's Bija Ganita is partly literal translation, 
partlv abstract, and partly my own. 

The literal translation is marked by inverted commas ; that part which consists 
of my own remarks or description will appear by the context, and all the rest is 
abstract 

I have translated almost all the rules, some of the examples entirely, and 


in the appendix of the 2d yoI. of the As. Res. speaks of the Lilavati and Bija Ganita, and of the mathematical 
knowledge oi the Hindoos : He say?, he was told by a Pundil, that some time ago there were other treatises of 
a-gebra, &c. (See the paper.) 
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others in part; in short, whatever I thought deserving of particular attention, for 
the sake of giving a distinct idea of the book. 

Perhaps some of the translated parts might as well have been put in an 
abstract; the truth is, that having made them originally in their present form 
I have not thought it worth while to alter them. 

The notes are only a few remarks which I thought might be of use to save 
trouble and to furnish necessary explanation. 





BIJA GANITA 


“ A fteu the usual invocations and compliments, the Persian translator begins thus: 
“ By the Grace of God, in the year 1044 Hegira” (or A. D. 1634) “ being the 
u eighth year of the king’s reign, I, Ata Alla Rasheedee, son of Ahmed Nadir, 
“ have translated into the Persian language, from Indian, the book of Indian 
11 Algebra, called Beej Gunnit (Bija Ganita), which was written by Bhasker Acharij 
4< (Bhascara Acharya) the author of the Leelawuttee (Lilavati). In the science of 
“ calculation it is a discoverer of wonderful truths and nice subtilties, and it con- 
“ tains useful and important problems which are not mentioned in the Leelawuttee> 
“ nor in any Arabic or Persian book. I have dedicated the work to Shah Jehan, and 
“ I have arranged it according to the original in an introduction and five books.” 

INTRODUCTION. 

“ The introduction contains six chapters, each of which has several sections.” 

CHAPTER I. 

On Possession ( JU) * and Debt 

41 Know that whatever is treated of in the science of calculation is either 
“ affirmative or negative; let that which is affirmative be called mat, and that 
“ which is negative dein. This chapter has five sections.” 

Sect. I. 

On Addition and Subtraction , that is , to encrease and diminish . 

“ If an affirmative is taken from an affirmative, or a negative from a negative, 

“ the subtrahend is made contrary; that is to say, if it is affirmative suppose it 
“ negative, and if negative suppose it affirmative, and proceed as in addition. 

“ The rule of addition is, that if it is required to add two affirmative quantities, 


* Most of the technical terras here used are Arabic. 
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u or two negative quantities together, the sum is the result of the addition. If 
“ they are affirmative call the sum affirmative ; if negative call the sum negative. 
“ If the quantities are of different kinds take the excess; if the affirmative is 
“ greater, the remainder is affirmative; if the negative is greater, the remainder 
is negative; and so it is in subtraction.” (Here follow examples). 

Sect. II. 

On Multiplication *. 

« If affirmative is multiplied by affirmative, or negative by negative, the product 
“ is affirmative and to be included in the product. If the factors are contrary 
“ the product is negative, and to be taken from the product. For example, let us 
“ multiply two affirmative by three affirmative, or two negative by three negative, 
“ the result will be six affirmative; and if we multiply two affirmative by three 
ct negative, or the contrary, the result will be six negative.” 

V Sect. III. 

On Division . 

c< The illustration of this is the same as what has been treated of under multi- 
plication, that is to say, if the dividend and the divisor are of the same kind 
“ the quotient will be affirmative, and if they are different, negative. For 
“ example, if 8 is the dividend and 4 the divisor, and both are of the same kind, 
“ the quotient will be 2 affirmative ; if they are different, 2 negative.” 

Sect. IV. 

On Squares^, 

c< The squares of affirmative and negative are both affirmative; for to find the 


* In the Persian translation the product of numbers is generally called the rectangle, 
f I had a Persian treatise on Algebra in Avhich there was this passage— u Any number which is to be multiplied 
‘ by itself is called by arithmeticians root by measurers of surfaces side and by alge- 

‘ braists thing (^ <**>')• And the product is called by arithmeticians square by measurers 

' of surfaces square (^J^*o), and by algebraists possession is also used for plus, and 


its opposite debt (t*A) for minus. These terms, all of which are Arabic, are used in the Persian translation 
©f the Bija Ganita, the geometrical more frequently than their corresponding arithmetical or algebraical ones. 



INTRODUCTION, 


IS 

f< square of 4 affirmative we multiply 4 affirmative by 4 affirmative, and by the rules 

of multiplication, as the factors are of the same kind, the product must be 16 
“ affirmative, and the same applies to negative.” 

Sect. V. 

On the Square Root. 

“ The square root of affirmative is sometimes affirmative and sometimes nega- 
“ tive, according to difference of circumstances. The square of 3 affirmative or 
“ of 3 negative is 9 affirmative ; hence-the root of 9 affirmative is sometimes 3 
“ affirmative and sometimes 3 negative, according as the process may require. 
“ But if any one asks the root of 9 negative I say the question is absurd, for there 
“ never can be a negative square as has been shown.” 

CHAP. IT. 

On the Cipher. 

“ It is divided into four sections.” 

Sect. I. 

On Addition and Subtraction . 

“ If cipher is added to a number, or a number is added to cipher, or if cipher 
“ is subtracted from a number, the result is that number: and if a number is ^sub¬ 
tracted from cipher, if it is affirmative it becomes negative, and if negative it 
“ becomes affirmative. For example, if 3 affirmative is subtracted from cipher 
“ it will be 3 negative, and if 3 negative is subtracted it will be 3 affirmative.” 

Sect. II. 

On Multiplication. 

“ If cipher is multiplied by a number, or number by cipher, or cipher by cipher, 
“ the result will be cipher. For example, if we multiply 3 by cipher, or con- 
“ versely, the result will be cipher” 
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Sect. III. 

On Division . 

“ If the dividend is cipher and the divisor a number the quotient will be cipher. 
« For example, if we divide cipher by 3 the quotient will be cipher, for multi- 
“ plying it by the divisor the product will be the dividend, which is cipher: 

and if a number is the dividend and cipher the divisor the division is impossible; 
“ for by whatever number we multiply the divisor, it will not arrive at the divi- 
“ dend, because it will always be cipher.” 

Sect. IV. 

On Squares , <§•<*. 

“ The square, cube, square root, and cube root of cipher, are all cipher; the 
u reason of which is plain.” 


CHAP. III. 

On Colours. 

a Whatever is unknown in examples of calculation, if it is one, call it thing, 
“ ( ), and unknown (; and if it is more call the second black, 

“ and the third blue, and the fourth yellow, and fifth red. Let these be termed 
(t colours, each according to its proper colour. This chapter has five sections. 

Sect. I. 

On Addition and Subtraction of Colours. 

“ When we would add one to another, if they are of the same kind add the 
** numbers* together; if they are of two or more kinds, unite them as they are, 
rt and that will be the result of the addition.” Here follows an example. 

If we wish to subtract, that is to take one from the other, let the subtrahend 
“ be reversed. If then two terms of the same kind are alike in this* that they are 
“ both affirmative or both negative, let their sum be taken, otherwise their dif- 
“ ference, and whatever of the kind cannot be got from the minuend, must be 


* Meaning here the co-efficients. 
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“ subtracted from cipher. Then let it be reversed, and this will be the result 
<( exactly.” (Here follows an example). 

Sect. II. 

On Multiplication of Colours. 

“ If a colour is multiplied by a number the product will be a number*, x X x 
“ will be whether the number is the same or different, and the product multi - 
“ plied by x will be x\ If the colours are different multiply the numbers of both 
“ together, and call the product the rectangle of those two colours.” The 
following is given as a convenient method of multiplying: 



+ 3x 

+ 2 

+ 5. r 

+ 15.r* 

+ 10a 1 

— 1 

- 3x 

_ 0 

Product 

+ 1 5x z + 7^ — 2 


which shews the product of (5a 1 — !) X (5r 4 . 2 .) (Here follow examples). 

Sect. III. 

On Division of Colours . 

“ Write the dividend and divisor in one place, find numbers or colours or both, 
“ such that when they are multiplied b}* the divisor, the product subtracted from 
** the dividend will leave no remainder. Those numbers or colours will be the 
“ quotient.” 


* In the Persian translation there is no algebraic notation, I mean to’ translate “ the unknown’* by r, “ the 
black” by y, anti so on. And in like manner I have used the marks of multiplication, &c. instead^ writing 
the words at length as they are in the Persian. 


C 
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Sfxt. IV. 

On the square of Colours : 

“ That is to say, the product arising from any thing multiplied by itself.” 
Examples. 


Sect. V. 

On the Square Root of Colours. 

“ To know the square root of a colour, find that which when it is multiplied by 
“ itself the product subtracted from the colour whose root is required, will leave no 
“ remainder. The rule is the same if there are other colours or numbers with 
“ that colour.” 

Example . Required the square root of l(xr 2 -f 36‘—4S.r. The roots of and 
36 are Ax and 6, and as 48.r is — these two roots must have different signs. 
Suppose one 4- and the other —, multiply them and the product will be — £kr; 
twice this is — ASx which was required. The root then is -f-4.r— b, or -f 6—4a*. 

Another Example. Required the square root of 
4yz—6x— 4j/ + 2o'-f-1 • Take the root of each square ; we have 3x, 2y, c, and l. 
Multiply these quantities and dispose the products in the cells of a square. 



3x 

~y 


1 

3x 

9E 

6.ry 

3xz 

3x 

Q -y 

6xy 

W 

~y~ 

~y 

, * 

3xz 

Qyz 

^ 2 

% 

1 

. 3x 

2 y 

z 

1 


To find what sort of quantities these are: The product of .r and y is +, there- 
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fore the factors are like, suppose them botli — . The product of x and z is —, 
therefore the former having been supposed — the latter must be + because the 
factors must be different. 3x is the product of 3x and 1 ; and x being — , 1 must 
be + . The sorts thus found are to be placed in the cells according!}’. The sum 
of the products is the square whose root was required. If x had been supposed 
+ the sorts would have been contrary, the reason of which is plain. 


CHAP. IV. 

On Surds. 

Containing five sections. 

Sect. I. 

On Addition and Subtraction . 

To find the sum or difference of two surds; s/a and \/b for instance. 

Rule. Call a + b the greater surd; and if a X b is rational call 2 \/ab the less 
surd. The sum will be v/(tf+^+2v/fl£) *, and the difference ^(a + b — Zs/ab). 
If a X b is irrational the addition and subtraction are impossible. 

Example. Required the sum of v /2 and %/S; 2 + 8 = 10 the greater surd. 
2 X 8 —lb, \/16—4, 4X2 = 8 the less surd. 10 + 8=18 and 10—8 = 2 . \/l 8 

then will be the sum and \/2 the difference. If one of the numbers is rational 
take its square and proceed according to the rule, and this must be attended to in 
multiplication and division, for on a number square with a number not square 
the operation cannot be performed. 

Another Rule. Divide a by b and write in two places In the first 

place add 1 , and in the second subtract 1 ; then we shall have y/((\/^ + l)*X b) 

= \/u + and y/((^/^— \yXb)—\/a— Vb. If ~ is irrational the addition 

can only be made by writing the surds as they are, and the subtraction by writing 
the greater number + and the less —. 


* Far \/(a + b ±2\/ab) = \/a-±z. y/6. 
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Sect. II. 

On Multiplication. 

Proceed according* to the rules already given; but if one of the factors has 
numbers as dirhems or dinars, take their squares and go on with the operation. 

Example. Multiply s/3+5 by v/2+v/3-f n/8. As 5 is of the square sort take 
its square, and arrange in a table thus : 



v/2 

v/3 

v/S 

v/3 

v/b 

y/9 

v/24 

■v/25 

v/> 0 

\/75 

s/2.00 

Product 

3 + \/54 + \/ 450+ v/75 


In summing the terms of the product, if any square number is found, take its r 
root. Here 9 is found and its root is 3. The rest of the terms being irrational, 
add such as can be added. v/b+ — If this last were a square number 

its root should be extracted. 

Again, v / o0 + \/200=zv'450. No further addition is possible; the complete 
product therefore is 3 + -|/54 + \/450-f* y/75. 

Another rule to be observed is, if any of the terms which compose the factors 
can be added, take their sum and write it in the table instead of the terms of 
which it is formed. Thus in the last example v/2 and v/3 may be added. Write 
which is their sum in the table, and we shall have 
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v/3 

v/18 

v/3 

v/9 

v/ 54 

v/25 

v/75 

\/ 450 

3 + \/75 + \/54+\/450 


and the result is the same as before. 

Another Example. Multiply %/3-f\/25 by \/3 +\Zl2— 5. Instead of v/3 and 
\/l2 write their sum s/%7. Take the square of 5 it is 25, and this is negative 
notwithstanding the rule which says that whether the root is negative or affirma¬ 
tive the square shall be affirmative. Here the square must be of the same sort as 
the root, Multiply \/27— by y/3+\/25. 



+\/27 

' 

— k/25 

+ s/ 3 

+\/8l 

—\/75 

+ v/25 

+ v/675 

— \/625 


— 16 + ^300 


v/81 —9 and y/625 — 25. 25 being negative and g affirmative their sum is — 16, 

and the sum of + \/675 and — v^75 is-p\/30Q. Therefore (v/3+v/25)X 
(v/3 + x/l2-5) = -l6 + \/300. 


















On Division. 


Divide the dividend by the divisor, and if the quotient is found without a re¬ 
mainder the division is complete. When this caunot be done proceed as follows : 

When in the divisor there .are both affirmative and negative terms, if there are 
more of the former make one of them negative; if more of the latter make one 
of them affirmative. When all the terms are affirmative make one negative, and 
when all are negative make one affirmative. When the number of affirmative 
terms is equal to that of the negative, it is optional to change one of them or not. 
Multiply the divisor (thus prepared) by the original divisor, and add the pro¬ 
ducts rejecting such quantities as destroy each other. Multiply the prepared 
divisor by the dividend, and divide the product of this multiplication by that of 
the former the result will be the quotient required. 


Example. Let the dividend be that which was the product in the first example 
under the rule for multiplication, viz. 3 + n/54 + \/450 + s/75, and the divisor 
s/ 18+ \/ 3. 


75 



2 5 


450 
' 18 


— 25, 



= 3 , 


54 

18 


the quotient then is 5 3. 


3, v/25 - 5, 


Another Example. Divide \/9 + \/54 4- \/450 + n/75 by 5 + \/3. Make 
s/3 negative, and multiply 5 (or %/25) — \/3 by the divisor \/25 + \/3. 



+ V25 

— s/3 

+ V3 

+ s/75 

-y/9 

+ \/25 

+v/625- 

—s/75 










INTRODUCTION. 


23 


v/75 occurring twice with opposite signs is destroyed. v/625=25, \/9 = —3, 
25 —3=22 =\/484. Multiply \/25 — ^/S by tlic dividend and we have 



4V9 

+\/54 

+ v/450 

+ v/7 5 

— s/ 3 

-v/27 

—\Zl6l 

— \/l350 

1 

— v/22 5 

+ v/2 5 

+ n/22 5 

+ s/lS50 

+ y' 11250 

+\/1875 


Here v/225 and v/1350 are rejected. Find the sum of \/27 and + 1875 in this 
manner, 

1875 + 27 = 1902, 1875 X 27 - 50625, + 50625 = 225 
225X2=450, 1902-450= 1452, v / 1452= v / 1 875~v / 27. 

Next find the sum of +^162 and v/11250. 

162+11250= 11412, 162 X 11250= 1822500, 
y/l 822500= 1350, 1350X2 = 2700, 11412 — 2700 = 8712, 
y/S712=\/11250—\/l62. By the multiplication of the dividend we have found 
y/1452 and y/8712. 

Divide these by \/4S4 which was the result of the multiplication of the 
divisor, aud we shall have y/lS, and \/3 for the quotient required. If y/3 is 
retained as correct, and +18 is considered as incorrect, instead of +18 other 
numbers may be found by the following rule*'. 

Divide the incorrect number (meaning the number under the radical sign) by 
any square number which will divide it without a remainder, and note the quotient. 
Divide the root of that square number into as many parts as there are numbers 
required. Take the squares of these parts; multiply them by the quotient above 


* To resolve y 'a into several parts, divide a by any square b z , and let b be resolved into as many parts, r, d, e, 
&c. as may be required. Then v/n = VQ: , ^) -+■ V &c. may be proved by adding 

the quantities. 
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found, and the roots of the several products will be the remaining parts of tlie 
quotient required. 

= 2, </‘) = 3, 3 = 1 + 2, 1* = 1, 2* = 4, 1 x 2’= 2, 4 X 2 = 8. 

\/2 and \/S are the remaining parts of the quotient. 

Sect IV. 

On the Squares of Surds. 

Multiply the surds by themselves.—(Here follow examples).—The squares are 
found by multiplying the surds in the common way. 

Sect. V. 

On finding the Square Roots of the Squares of Surds *. 

“ If the square is of one surd or more, and I would find its root; first I take the 
“ square of the numbers that are with it, and subtract these squares from it. 
“ Accordingly after subtraction something may remain. I take the root of what- 
“ ever remains, add it in one place to the original number, and in another sub- 
“ tract it from the same. Halve both the results, and two roots will be obtained. 
“ I then re-examine the squares of the surds to know whether any square remains 


* Let a + i /b+ y/c+y/d, &e. be the square of a multinomial surd, a the sum of the squares of the roots and 
y/b q. y/c + y/d -4- &c. the product of the roots taken two and two. The number of roots being n , the num¬ 
ber of terms in the square will be of which n will be the number of rational terms, and n 4 — n the number of 

surd products. If we call the double products single terms, —-—- will express the number of surd terms, 

and considering the sum of the rational terms as one term, the proposed square may be reduced to the form 
(* + y + 2 + &e.) + {2y/xy + 2 y/xz + &c.) -f- ptfyz + &c. &c.) 
where y/x + y/y + y/z + &c. is the root of the square, and the surd -terms of the square are divided into 
periods of n — 1, n — 2, n — 3, as directed in the Beej Gunnit. 

Supposing * + y + z H- &c. = q 
y + 2 + &c. ” R 
z + &x« z: s 
&c. &e. 

Y --- =V / .Tor v /R 

/ r v / ( R * — 4ws) . . 

Y — a - - ~ or 

/s ± i/(s J — 4zt ) . a , 

Y - o -- “ V z or &c. and so on. 
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“ after the subtraction or not : if none remains these two are the roots required ; 
“ if any remains, that one of these two roots, to which the following* rule cannot 
“ be applied, is correct, and the other is the sum of two roots; from that root we 
“ obtain the two roots required. The way of the operation is this, suppose that 
“ root number, and take its square, and subtract from it the square which was 
“ not subtracted at first, and take the root of the remainder; let this be added in 
“ one place to the original number which we supposed, and subtracted from it in 
“ another place, and halve both the results, two roots will he obtained. If then 
“ these three are the roots required, the operation is ended, otherwise go on with 
“ it in the same manner till all the roots are found; and if the first question is 
“ of a number without a square of a surd, it may be solved by the operation 
“ which was described at the end of division. And if in the square there are one 
“ or more surds negative, suppose them affirmative, and proceed to the end with 
“ the operation ; and of the two roots found let one be negative.” 

Required the root of 5 + y/ 24; 5 1 = 25, 25 — 24 = I, y/l = 1 , 5 + i = 6; 

5—1 = 4, f = 3 and | = 2; and y/3 + v/2 = \/(5 + \/ 24). 

Another Example. Required the root of 10 -f \/24 + v/40 +\/60 ; lO^lOO, 

100-(24+40 )=36,v'36 = 6, 10+ 6 = 16 , 10 -6 = 4, ^ = 8 , * = 2, then 

we have s/S and \/ 2 . As 60 remains to be subtracted, one of these two numbers 
is one term of the root, and the other is the sum of two remaining terms 
(should be the root of the sum of the squares of the remaining terms). The rule 
is not applicable to 2, therefore S must be the sum of the terms. 8 1 = 64 , 

64 —60=4, \/4=2, 8 + 2 = 10 , 8 — 2 = 6 , = 5 and = 3. Wherefore \/2 + 

v/3 + \/5 = v / (10+t/24+\/40+v / ^0). 

Another Example. Required the root of 16 + v/24 + \/40 + v/48 + \/60 
+v/72+v/l20; l 6 a = 256, 256—(24 + 40 + 4S) = 144, v/l44 = 12 , 16+12=28, 
2 S 4 

16 — 12=4, = 14, - = 2 ; we have then \/l4 and v/ 2 . As the rule does not 

apply to 2 , 14 must be the sum of two remaining terms of the root. 14* = 1 ^) 6 ,' 
196—(120+70) =4, \/4=2, 14+2 = 16, I 4—2 = 12 ,~ = S,^ = 6 . One surd 
remaining, and the rule not being applicable to 6 , S must be the sum of two 
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terms. 8 ‘=64, 64 —60=4, ^ 4 = 2 , 8 + 2 = 10 , S-2=6+ = 5, and | = 3. 

All the terms of the square having been brought clown, the complete root is 

\/6 + ^ + V+ + v/2. 

Another Example. Required the root of 72 : 72 a =5lS4, 0 * = 0 , 5184 — 0=5184, 
\/5 1 84 — 72, 72+72—144, 72 — 72 = 0 , = 72, ~ = 0, \/72 then is the root. 

A ~ < 


If instead of one term three terms are required, find them by the rule 
given in the section on division ; divide by 36 which is a square number, 

5§ =S, v/86=6, 6 = 3 + 2+1, 3‘=P, 2‘=4, 1* = 1, 9X g-| = IS, 4X = 8, 


1 X — = £ ; therefore v/ 72 =\/ 18 + \/8 ++ 2 . If three equal terms had been 

required, the root of the divisor must have been divided into three equal parts. 

Another Example. It is required to find the difference of s/3 and s/7. The 
rule not being applicable to this case, suppose s/l affirmative, and s/ 3 negative, 
the square of these numbers is 10—-v/84. To determine the root of this, suppose 
84 to be positive; 10*= 100, 100 - 84 = 16 , s/\6 = 4, 10 + 4=14, 10-4 = 6 , 

14 6 

~ — 7, - = 3. We have then s/7 and s/3 } one of which must be mbms because 


s/ 84 was minus. 

Another Example. Whether the root is + n/2+\/3 — \/5 or — v/2—\/3+\/5 
the square will be the same, viz. 10+\/24 — \/40— \/60. 

Let the root of this square be determined; 10* = 100, 100 — (40 + 60) = 0, 

v/0=0, 10 + 0=10, 10-0=10+= 5+= 5. As i/24 remains, 5‘= 2 5, 
25 - 24 = 1, s/1 = 1, 5+ 1 =6, 5—1=4, £ = 3, * = 2. If 24 + 40 is sub- . 
traded from 100there remains 36, ^36=6,10+6=16, 10—6=4, ^= 8, | = 2. 


As <y 60 remains S*=64, 64—60=4, v/4=2, 8 + 2=10, 8 — 2 = 6 + = 5 , | = 3 . 

If 24 + 60 is subtracted from 100 there remains 16 . \/l6=4, 10+4=14, 
'“146 

10 —4=6, — = 7, t j=3, \/40 yet remaining, T = 49, 49 — 40=9, 1 + 9 = 3 , 
7 + 3=10, 7 — 3 = 4, — = 5, ~ = 2 . The terms of the root are \/2 and 
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y/3 and \/5. If 2 and 5, or 3 and 5 are both negative or both affirmative the oper¬ 
ation will be the same; the only difference will be in the signs. 

“ If the root consists of one term* only, its square will be of the kind of 
“ number; if of two terms, its square will be number and one surd ; if the root 
(( has three terms, the square will have one number and three surds; if it has four, 
“ the square will have one number and six surds ; if five, one number and ten 
“ surds ; and if six, one number and fifteen surds. The rule is, add the numbers 
“ in the natural scale, from 1 to the number next below that which expresses 
‘ ‘ the number of terms in the root, the sum will shew the number of surds. For 
“ the use of beginners is annexed a table in which the first column shews the 
“ number of terms of the roots; the second column shews the number of surd 
“terms in the squares; and the third the number of rational terms in the 
“ squares, from 1 to 9- 


No. of terms in 
the root. 

No. of surds in 
the square. 

No. of rational 
terms in the 
squares. 

1 

0 

1 

2 

1 

1 

3 

3 

1 

4 

6 

1 

5 

10 

1 

6 

15 

1 

7 

21 

1 

8 

23 

1 

9 

36 

1 


The number of surd terms in the square being - 


is =r the sum of the numbers in the natural seak 


from I to the number next below n. 
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“ For numbers consisting of more terms than 9 the number of surds in the 
44 squares may be found by the rule which has been given. If in the square there 
“ are three surd terms, first subtract two of them from the square of the numbers 
44 and afterwards subtract the third. If there are six surds, first subtract 3, then 
“ 2, and so on ; if there are 10 surds, first subtract 4; if 15, first 5 ; if 21, first 6; 
" if 28, first 7; if 36, first 8 ; and in general the number of surds of the square 
44 will be found in the table in the column of roots next above the number 
14 of its root. If they are not subtracted in the regular order, the result will be 
“ wrong. The test of the operation of this : if either of the two numbers found 
£< by the rule is multiplied by 4, and the number which was subtracted from the 
“ square of the rational term is divided by the product, the quotient will be the 
16 other number found, without any remainder. If either of those two numbers 
44 is a correct term of the root, and the other the sum of two roots, the least, or 
44 that which is the correct term, whether in number it be more or less than the 
44 number of the sum of two roots, must be multiplied by 4, and every quantity 
44 that has been subtracted must be divided by the products, the quotient will be 
44 the numbers of the required roots from the second number. If, after this divi- 
44 sion, there is any remainder the operation is wrong. 

44 The squares of all moofrid numbers* are made up either of rational numbers 
44 alone, or of rational numbers and surds, as has been seen in the examples of the 
44 section on squares. 

44 If a surd occurs there must be a moofrid number with it, otherwise its root 
44 cannot be found. If a surd is divided into two: —For example, if v/18 is 
44 divided into \/% and \/S, its root will have one term more than it would have 
44 had regularly; and if two surds are united the root will have one term less. 
“ These two operations of separation and union must be attended to and applied 
“ whenever they are possible/’ 

Example. Required the root of 10 + \/32 + \/£4 + v/S. From the square 
of 10 which is 100, subtract any two of the numbers under the radical signs, and 
the remainder will he irrational: the case is, therefore impossible. If we proceed 
contrary to the rule, by subtracting at once the three terms from 100, we shall 

have 36 the remainder, then \/3 6=6, 10+6=16, 10—6=4, ~ = 8, \ = 2. We 


* means simple as opposed to compound, but in the language of this science it is generally used to 

express a number having one significant figure. 
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find then \/S and %/£» hut these are not the true roots, for their square is 18. 
If we proceed contrary to the rule by finding a surd equal to two of the surds, 
as v/72, which is the sum of \Z32 and %/8, and extracting the root of 10 + 
v /7 t 2 + v /24 we shall have for the two roots \/6 and %/4, but their square is not 
equal to the quantity whose root was required. The foregoing rules are illustrated 
by four more examples, which conclude this chapter. 

CHAP. V* 

“ To find the value of an unknown number, such that when it is multiplied by 
“ a known number, and the product increased by a known number, and the sum 
“ divided by a known number, nothing remains. Call the number by which the 
“ unknown number is multiplied the dividend, the number which is added the 
{< augment, and that by which the sum is divided the divisor. Find a number 
“.which will divide these three numbers without a remainder. Perform the divi- 
“ sion, and write the three quotients, giving each the same designation as the 
c< number from which it was derived. Divide the dividend by the divisor, and 
“ the divisor by the remainder of the dividend, and the remainder of the divi- 
>e (lend by the remainder of the divisor, and so on till one remains. Then let the 
“ division be discontinued. Arrange all the quotients in a line, write the augment 
“ below the line, and a cipher below the augment. Multiply the number above 
“ the cipher; that is to say, the augment, by the number immediately above it, 
“ and to the product add the cipher. Multiply the number thus found by the 
“ number next above in the line, and to the product add the number above the 
“ cipher, and so on till all the numbers in the line are exhausted. If of the two 
“ numbers last found, the lower is applied according to the question, the number 
“ above will be the quotient. 

<£ To find the least values. Divide the value of y by a and call the remainder?/. 
“ Divide the value of ,r by b and call the remainder a\ Multiply a by the value 
“ of and to the product add c. Divide the sum by b and the quotient will be 
“ y without any remainder. And if to the first remainder we add a again and 
“ again, and to the second remainder b as many times, we shall have new values 
“ of x and y. 

“ This rule is applicable only when the number of quotients is even; when it is 


* The rules given in this chapter are in effect the same as those which have been given by the modern 
European Algebraists for the solution of indeterminate problems of the first degree. Compare them with the 
process by continued fractions. 
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“ odd proceed as follows. Having performed the operations directed above, sub- 
iC tract the value of y from a and that of a 1 from b. If a number cannot be found 
‘‘ to divide a, b, and c, without a remainder, but a number can be found to divide 
il a and c without a remainder, (supposing the reduction ot these two instead ot 
“ that of the three which was directed by the foregoing rule) x will be brought 
tc out right and y wrong. To find y right, multiply its value now tound by the 
“ divisor of a and c, and the product will be the true value of y. If c and b only 
u can be reduced by a common divisor, the value of *r must be multiplied by the 
* common divisor, and the quotient will be tire true value of a. When c is — sub- 
“ tract the value of ,r from b , and that of y from a." 

“ If the subtraction is possible let it be done, and the question is solved ; if it 
“ is impossible suppose the excess of the subtrahend above the minuend to be 
(t negative. Multiply the minuend by a number, so that the product may be 
“greater than the negative quantity. From this product subtract the negative 
“ quantity, and the remainder will be the number required. 

“ When a is — the same rule is to be observed ; that is, subtract the values of a 5 
“ and y from b and a. If c is + and greater than b reject b , and its multiples from 
11 c till a number less than b remains. Note the number of times that b is rejected 
“ from c; if there will be no remainder after rejection it is unnecessary to reject. 
“Go on with the operation, add the number of rejections to the value of y and 
11 the sum will be its true value. The value of x will remain as before. If c is — 
u subtract the number of rejections from the value of y. If a and c are greater 
“ than b reject b (or its multiples) from both; call the two remainders a and c 
11 and proceed ; x will come out right and y wrong. If there is no augment, or 
u if c divided by b leaves no remainder, a 1 will be = 0, and y the quotient. If 
*' the numbers are not reduced, but the quotients are taken from original num- 
“ bers, x and y will always be brought out right. If the numbers are reduced, 
“ x and y will be brought out right only when both are reduced, and but one of 
“ them will be brought out right when both are not reduced.” 

Example, a = 2C1, c =t= 65, b rr 195, dividing these numbers by 13 we 
have, a' — 17, c' = 5, b' ~ 15. Divide 17 by 15 (as above directed) continu¬ 
ing the division till the remainder is 1. The quotients are 1 and 7, write 
these in a line with c' below them, and 0 below c', thus : 

Multiply 5 by 7 the product is 35, add 0 the sum is 35. Mul¬ 
tiply 35 by 1 the product is 35, add 5 the sum is 40. The two 
last numbers then are 40 and 35. From 40 throw out 17 twice, 


1 

40 

7 

35 

5 


0 
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6 remains; from 35 throw out 15 twice, 5 remains; therefore x = 5 and y = 6. 

-j-gj— - = 6. 17 + 6 = 23 is a new value of y, and 15 4- 5 = 20 a corres- 

ponding value of.r, 2 X 17 + G = 40 is another value of y, and 2 X 15 + 5=35 
a value of x\ In like manner we shall have 3X17+6=57 and 3X15+5=50 
new values of y and x, and so on without end. 

Another Example. * = 100, h~63, c=90; c being + or Although in this 
case 10 is a common divisor of a and c, yet as the reduction would give a wrong 
value of y, write a 9 h and c as they are, and proceed. We find the quotients 
1, 1, h 2, 2, 1. Arrange them in a line with c below the last, and 0 below c, 
in this manner: 

1 

1 

1 

2 

2 

1 

90 

0 

We have then 

1 X 90 +0 =90 

2 X 90 + 90 = 270 

2 X 270 + 90 = 630 

1 X 630 + 270 as 900 

1 X 900 + 630 = 1530 

1 X 1530 + 900 = 2430. 

The two last numbers are 1530 and 2430, divide the former by 63 and the 
latter by 100; the remainders are 18 and 30, therefore jr=i8 and y = 30 
100 x 18 + 90 _^ 0 
63 

By another method. Divide 100 and 90 by 10, then a! == 13, h = 63 , c' = 9* 
The quotients are now found 0, 6, 3, write them in a line with c and 0 below; 
we have 

3X9 + 0 = 27 

6 X 27 +9 =171 
0 X 171 + 2 7 = 27. 
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The two last numbers are 27 and 171. From 27 throw out 10 twice, 7 re¬ 
mains : from 171 throw out 6'3 twice, 4 5 remains. The number of quotients 
being odd, subtract 45 from 63, the remainder 18 is the value of x. 7 sub¬ 
tracted from 10 gives 3 for y , which is not the true value. To find y correct, 
multiply 3 by the common divisor 10, the product 30 will be the true value 

of y- 

Another way of solving the same question is this, find a common divisor of 
b and c, for example, 9- Dividing b and c by 9 we have a = 100, b' zz 7, dzz 10. 
Perform the division and arrange the quotients in a line with c and 0 below, the 
quotients will be found 14 and 3, then 

3 X 10 + 0 = 30 
14 X 30 + 10 = 430. 

From 430 throw out 100 four times, 30 remains. Here we have found a true 
value of y and a wrong value of x. Multiply 2 by the common divisor 9, and 
the product 18 is the true value of x. This question may also be solved by first 
taking a common divisor of a and c, and afterwards a common divisor of b and c, 
as follows : 

Reducing a and c we have a zz 10, d zz 9, and b zz 63. Reducing b and c we 
have a = 100, d = 10, V zz 7. Unite the reduced numbers thus; a zz 10, 
b' = 7 ; but c having undergone two reductions *, take the difference of the 
numbers arising from the two operations ; then a zz 10; b' zz 7, c* zz 1, divide 
and arrange the quotients with c' and 0, as above directed, and we shall have 

2 X 1 + 0 = 2 
1 X 2 + 1 zz 3. 

3 and 2 are now found for x and y, but they are both wrong, for c was re¬ 
duced both with b and a. 2 must be multiplied by 9 the common divisor of b 
and c, and 3 must be multiplied by 10 the common divisor of a and c ; the true 
values will be x zz 18, y zz 30; and new values of y and x may be had by adding 
a and b again and again to those already found. 


* Let -- 7 ~ C = divide a and c by p, then P ^ whence —£- - — 

b p 


b 

t v y — i_ 

X — >+• — 


= x, now divide b and - 
P 


P 


by q, then —-= -. Taking the difference is only true in this case, because pq = c, and p — q = ]. 

P 
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What has been said is applicable only when c is -f. When c is —, subtract 
18 , which is the value of x, from 63, the remainder is 45 ; subtract 30, which is 
the valueof y from 100, there remains 70. We have in this case x = 45, y — 70. 
By adding a and b as above, new values of x and y may be found. 

Another Example. Suppose a — — 60, b — 13, and c = 3 + or —. Without 
making any reduction, divide, and place the quotients with c and 0 as before, 
we have IX 3 + 0 r 3 

IX 3 + 3 = 6 

IX 6-4-3 1z 9 
IX 9 + 6-15 
4 X 15 + 9 = 69. 

The last numbers are 69 and 15. From 69 throw out 60, 9 remains; from 15 
throw out 13, 2 remains. The number of quotients being odd, subtract the 
value of x from 13, and that of y from 60, the remainders are 11 and 51. As 
60 is — the subtraction must be repeated, by which means we have as before 
x — 2 and y — 9 . If c is — subtract the value of x from b and that of y from a, 
and we shall have again x ~ 11 and y — 51. 

Another Example, ~ 18, b — 1 1, c rz — 10. Divide and arrange the quo¬ 
tients as before, we have 1 x 10 + 0 — 10 

1 X 10 + 10 = 20 

1 X 20 + 10 r 30 

1 X 30 + 20 = 50. 

From 50 reject 18, and from 30, 11 ; the remainders are 14 and 8. c being — 
subtract 8 from 11 and 14 from 18; whence x ~ 3 and y ~ 4 . 

Another Example, a — 5, b — 3, c zz 23. Proceeding as before, we shall 
have 1 X 23 + 0 = 23 

1 X 23 + 23 = 46. 

As 3 can be rejected but 7 times from 23, reject 5, 7 times from 46, the re¬ 
mainders are 2 and 11. If c is — subtract 2 from 3 there remains ], and li 
from 5 there remains — 6. Here twice 5 must be added to — 6, the sum 4 is 
the value of y: and that the numbers may correspond add twice 3 to 1 ; the sum 
7 is the value of x, If c is greater than b , reject b from c . Throw out 3 seven 


4 


34 INTRODUCTION, 

times from 23, there remains 2 . Make c' ^2 and place it with 0 under the line 
of quotients, we find 1 X 2 + 0 = 2 

1 X 2 + 2 — 4. 

£ is the true value of .r, and 4 which is found for the value of 3 / is wrong. Add 
7 the divisor of c to 4 , the sum 11 is the true value of y. If c is — subtract 2 
from 3 , and 4 from 5 , and we shall have 1 for the value of x which is right, and 1 
for the value of y which is wrong. Subtract 7 from the value of y 7 the difference 
is — 6; add twice 5 to — 6 , and we shall have 4 the true value of y. 

That the numbers may correspond, twice 3 must in like manner be added to 1 , 
and 7 will be the true value of x. 


Another Example . a — 5, b zz 13, c zz 0, or c — 65 ; the quotients are 0, 2, 
1,1; place them in a line with c and 0 below, we shall have 

1 X 0 + 0 = 0 

1 X 0 + 0 = 0 

2 X 0 + 0 = 0 

0 X 0 + 0 := 0. 

Add 5 to 0, which stands for the value of y, and 13 to that which stands for 
the value of .r, we have then?/ — 5 and x zz 13. In the second case azz 5, bzz!3, 
c zz 6*5. As b measures c, x will be found — 0 and y — 0. To the value of y 
add 5, which is the number of times b is rejected from c } and this will give a 

correct value of y , for - ^ ^ = Adding 13 to 0 which is the value of 


x, we shall have x zz 13, and adding 5 to 5 which is the value of y } y zz 10, 
. 5 X 13 + 65 


for ' 


13 


= 10 . 


Another method is to suppose c zz 1, and proceed as above directed. Multiply 
the values of x and y 7 which will be so found by c, rejecting a from the value 
of y and b from that of x, the remainders will be the numbers required. 


Example . a~ 221, b zz 195, c — 65 ; dividing these numbers by 13, their 
common divisor, we have af ~ 17, b* zz 15, c' zz 5. For 5 write one, and 
finding the quotients as above, arrange them with 1 and 0 below, then 

7X1+ 0 = 7 

1 X 7 + 1 = 8 

Multiply 8 and 7 by 5, the products are 40 and 35 ,* rejecting 17 twice from 40. 
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and 15 twice from 55, the remainders are 6 and 5 ; whence x ~ 5 and y zz 6. 
Ifcis — subtract 7 from 15 and 8 from 17 , 8 and 9 remain. Multiply these 
numbers by 5, the products are 40 and 45; 15 and 17 being twice rejected, 
v = 10 and 3 / = 11. By subtracting 6 from 17, and 5 from 15, the same 
numbers will be found. 

“ Know that the operation of the multiplicand is of use in many examples*, 
“ as, if by the rule I shall have brought it out and any one destroys it, and some 
“ remains ; by the operation of the multiplicand, I can determine the numbers 
“ which have been destroyed from that which remains. 

ce In the operation of the multiplicand of a mixed nature, the multiplicand is 
•'* of another kind, and it is called the multiplicand of addition, and that relates 
44 to determining the value of an unknown number, which being multiplied by 
“ a known number, and the product divided by a known number, there will re- 
“ main a known number: and again, if the same unknown number is multiplied 
“ by another number, and the product divided by the former divisor, the re- 
“ mainder after division will be another number. Call the numbers by which the 
“ unknown is multiplied the multiplicand, and that by which it is divided the 
“ divisor, and that which is left after division the remainder. Here then are two 
“ multiplicands, one divisor and two remainders. The method of solution is as 
“ follows: add the two multiplicands together and call the sum the dividend. 
“Add the two remainders and call the sum the augment negative; leave the 
“ divisor as it is; then proceed according to the rules which have been given: 
“ but the values of x and y must be subtracted from b and a , .r will be found 
11 right, and y wrong/* 

Example, a == 5, c rz 7 , a z= 10 , c zz 14, b zr 63 , = 3 / 4 - c, and ^ n 

— z + c, a + a zz \5, c + c r 21, we have now a ' — 15, b‘ — 63, c' zz 


* At this place Mr, Burrow’s copy has *• and besides this it is of great use in determining the signs and 
“ minutes and seconds.” And in the margin there is an example by the same commentator, apparently thus: 
"I give an example which comes under this rule; a star makes 37 revolutions of the heavens in 43 days and 
“ nights; how many will it make in 17 days?” Then the writer goes on to say the answer is 12 rev., to s., 1°, 
13', 28"which is got I suppose by proportion. Now he adds, « if all this were lost except it might be re¬ 
stored by the rule. He then gives the equation = y from which * is found = 23 and y = 28", 


then from 


60 x' — 23 


= y he finds x' and/, and so on till the whole is had. 
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-21, we find 0 and 4 * X I + ^,7-5=2,26-21 = 7, 5-2=3 =y 

wrong; 21 — 7 r=r 14 z= x right; for multiplying 14 by 5 the product is 70, 
which being divided by 63 leaves the remainder/; and multiplying 14 by 10, 
and dividing the product by 63, the remainder 14 is obtained. 

CHAP. vr. 

cc On * the operation of multiplication of the square; and that relates to the 
“ knowing of a square, such that when it is multiplied by a number, and to the 
“ product a number is added, the sum will be a square. 

“ In this question then there are two squares, one less and the other greater, 
“ and a multiplicand and an augment. From the multiplicand and augment 
“ known, the two unknown squares are to be found. The method of solution 
“ is this : Assume a number and call it the less root; take its square and mul- 
“ tiply it by the multiplicand, and find a number which when added to it or 
“ subtracted from it will be a square; then take its root and call it the greater 
u root. Write on a horizontal line these three, the less and greater roots, and the 
(t number which was assumed, as the augment. And again write such another 
(i line under the former so that every number may be written twice, once 
M above and below; then multiply crossways the two greater roots by the two 
“ less; then take the sum of the two and call it the less root; then take the 
“ rectangle of the two less roots and multiply it by the multiplicand, add the 


* The rules al the beginning of Ibis chapter for the general solution of Av 2 +B=y 2 are, as they stand in the 
Persian, to this purport: Find a/ 2 -\-B =g x , where /, p, and g may be any numbers which will satisfy the equa¬ 
tion. Make x* — fg 4- fg andy = bjf+gg, andp'=/3p. Then ax' 1 + 0' —y" 1 ; and making a 1 ' = x'g -p y'f 
anciy* = a x'f+y’g, and 0’’= p’p, or x’’ = x'g — y'f and y" = y'g — a xf we have a 2 + p’'= y* 2 . 

If $'■' 7 b then = b, and if p” £ b, then p"p 2 = b, but in the first case the values of x" and y" must be 

divided, and in the second case multiplied by p. In this w r ay, by the cross multiplication of the numbers, new 
solutions are had for a* 2 + b = y z . When p = 1 and &' — b the rule is the same as Fermat’s proposition, which 
first was applied in this manner by Euler for finding new values of x and y in the equation ax* + b = y*. (See 

the investigation of this method in his algebra.) If a x*+ z zj y 2 , then x = A > r being any number; 

this expression is true only when b = i. In that case a^ + 1 == which is the same as 

Lord Brou ncker’s solution of Fermat’s problem. 
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“ product to the rectangle of the two greater roots, the result will be the greater 
“ root, and the rectangle of the two augments will be the augment. 

lt And to find another square in the same condition write on a horizontal line 
“ the less root and the greater root, and the augment, which have been found, 
“ helow the less and greater roots, and the agument which were assumed. Per- 
“ form the same operations as before, and what was required will be obtained. 

“ And another method in the operation is, after multiplying crossways to take 
“ the difference of the two greater roots, it will be the less root. And having 
“ multiplied the rectangle of the two less roots by the multiplicand, note the pro- 
“ duct; then take the rectangle of the two greater roots, and the difference of 
“ these two will be the greater root. 

“ And know that this augment, that is, the augment of the operation, if it is 
tc the same as the original augment, is what was required. Otherwise, if it is 
M greater, divide it by the square of an assumed number, that the original aug- 
“ ment may be obtained. If it is less multiply it by the square of an assumed 
tl number, that the original augment may be obtained. And that they may corres- 
“ pond in the first case divide the greater and less roots, by that assumed number, 
“ and in the second case multiply them by the same number. 

“ And a third method is this: Assume a number and divide its double by the 
“ difference of the multiplicand and its square, the less root will be obtained. 
“ And if we multiply the square of it by the multiplicand, and add the augment 
“ to the result, the root of the sum will be the greater root. 


Example*. “ What square is that which being multiplied by 8, and the pro- 
“ duct increased by 1, will be a square. Here then are two squares, one less and 
“ one greater, and 8 is the multiplicand and 1 the augment. Suppose 1 the less 
“ root, its square which is 1 we multiply by S ; it is 8. We find 1 which added 
“ to 8 will be a square, that is 9 . Let its root which is 3 be the greater 
“ toot. Write these three, that is to say, the less and greater roots, and the 


* To find x and y so that 8.x 2 +1 — y z . Suppose/ = I, and ?/• + g = Q . Let 0 =1, then 8/*+ l=9=3 2 ; 
3X 1 +3X l = 6=:x. IX 1 X3+3xa= I7=y, 1X1 = 1 the augment; 1 being the original augment there is no 
occasion to carry the operation farther. 8 x 36 + I=2S9 = 17 2 . For new values, 3 x 64-1 x 17 = 35=*, 
1X6X8 + 3x17 = 99=^. 1X1 = 1 the augment. 8 X 35 3 + 1 = 9801 =99 2 . In like maimer more values 
may be found. 


# 
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“ augment on a horizontal line; 
“ manner, thus: 


# w 

and write these numbers below in the same 


Less 

G reater 

Augment 

1 

3 

1 

1 

3 

1 


“ Multiply the two greater roots crossways by the two less, it is the same as it 
<< was before ; add the two, it is 6; and this is the less root. Take the rectangle of 
“ the two less roots, it is 1. Multiply it by 8, it is the same 8; add it to the rect- 
“ angle of the two greater roots, that is 9; it is 17, and this is the greater root. 
“ Take the rectangle of the two augments; it is 1. As it is according to the ori- 
« ginal there is no occasion to work for the original augment. The square re- 
« quired is 36, which multiplied by 8 is 5288; adding 1 it becomes 28£>, and this 
« is a square whose root is 17. Again, to find a number under the same con- 
“ ditions. Below the less and greater roots and first augment, write the less and 
c< greater roots and augment which have been obtained by the operation, thus: 


Less 

Greater 

Augment 

1 

3 

1 

6 

17 

1 


u Multiply crossways the two greater and the two less roots, that is 3 by 6, 
and 17 by 1, it is thus: 


Less 

Greater 

Augment 

1 

18 

1 

6 

17 

1 
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“ Add the two greater roots; it is 35, and this is the less root. Take the rect- 
“ angle of the two less roots ; it is 6 . Multiply it by 8, the multiplicand; add the 
“ product which is 48 to the rectangle of the two greater roots 3 and 17, which 
“is5i, it is 99, and this is the greater root. Take the rectangle of the two 
“ augments; it is the original augment; for when the square of 35, which is 1225, 
“ is multiplied by 8, it will be 9800 ; adding 1 it will be a square, viz. 9801, the 
“ root of which is 99. In like manner if the two roots and the augment are 
“ written below the two roots and the other augment; like 6 anti 17 and 1, and 
“ the operation is performed we shall find what we require, and another number 
“ will be obtained. 

Another Example, “ What square is that which being multiplied by 11, and 
“ the product increased by 1, will be a square # ? Suppose 1 the less root, and 
gt multiply its square, which is 1 by 11 ; it is 11. Find a number which being 
“ subtracted from it, the remainder will be a square: Let the number be 2; this 
“ then is the negative augment, and 3 which is the root of 9 is the greater root. 
“ Write it thus: 


Less 

Greater 

Augment 

1 

3 

2 

1 

3 

2 


* 1U Z +1 =j/ 2 . Suppose/= 1 and ll/ 2 —(3= Q. Let (3 = 2. llxl —2=9=3 3 . 3x 1+3X 1= 6=.t. 

I X 1 X 11 + 3 x 3 = 20 =y. —2 X — 2 = 4- 4 . — = 1 the original augment. 

Therefore ^ = 1 0 = V- " = 3 = x. For 11 x 9 + 1 = 100 = 10% 

Anotherway. Suppose/ = 1 and 1 1 /*+& = Q . Lei 0 = 5. 11 x 1 +5 = 16 = 4*. 4 x 1 + 4 x 1 = S =*. 

IX IX 11+4 x 4 =27 5 x 5 = 25 Ihe augment. - = .t, ^ =y. 11 X (- Y + 1 = — = 

^ 5 \ 5 / 25 V 3/ 

For new values, 10 x|+ 3 Xj = -^- = *. 3 X3 X !1 + 10 x y=y =y. lXl = h the augment. 

1 , V / 161 V J .I- 285156 f 534 V . , SI 80 1 270 24 6 

II X (—) + 1 - —j r -=[- r ) . By Ihe second method, T ~- = - = x. -- 11 x 

1 the augment. 11 x (-^ + l = 7^ = (j) . In the same way other values may be found. 
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“ Multiply crossways, and add the two greater, it is 6 ; and this is the less 
“ root. Take the rectangle of the two less roots ; it is 1. Multiply by 11; it is 11. 
“ Add it to the rectangle of the two greater which is 9; it is 20, and this is the 
“ greater root. Take the rectangle of the augments, it is 4 affirmative. Now 
“ we have found a number such that when we divide this number by the square 
“ of that, the quotient will be the original augment. We have found 2 and per- 
“ formed the operation ; 1 is obtained. And we divide the greater root which 
“ is 20 by 2, 10 is the greater root. And we divide the less root, 3 is the less 
“ root. For if the square of 3 which is 9 is multiplied by 11, it will be 99, and 
“ when we add 1 it will be 100, and this is the square of 10 which was the 
“ greater root. 

“ Another method is, suppose 1 the less root, and multiply its square by 11, 
“ it is 11. We find 5 which being added to it will be a square, that is 16; its root 
“ which is 4 is the greater root, thus; 


Less 

Greater 

Augment 

1 

4 

5 

1 

4 

5 


“ After multiplying crossways, add the two rectangles; it is 8, and this is the 
“ less root, and the rectangle of the two less ; which is 1 we multiply by 11, it is 
“ 11 ; add it to the rectangle of the two greater which is lb; it is 27, and this is 
“ the greater root. And from the rectangle of the augments, 25 augment is 
“ obtained. We have found an assumed number 5, such that when the aug~ 
“ ment is divided by its square the quotient will be 1. And for correspondence 
“ we divide 8 by 5 ; 8 fifths is the less root. And we divide 27 by 5 ; 27-fifths 
“ is obtained for the greater root. For multiplying the square of 8-fifths, that is 
“ 64 twenty fifth parts by 13, it is 704 twenty fifth parts ; add 1 integer that is 
“ 25. It is 729 of the abovementioned denomination. And to find other 
“ numbers under the same conditions, write the two roots and the other augment 
“ below these two roots and augment, and that is on the supposition of 3 and 10 
“ and 1, which were obtained before, thus: 
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Less 

Greater 

Augment 

8 

27 

1 

5 

5 

1 

3 

10 

1 


“ After multiplying crossways, add the two rectangles, it is 161-fifths, and 
“ this is the less root. Multiply the less rectangle, which is 24-fifths, by 1l, it is 
“ 264; add it to the rectangle of the two greater, which is 270-fifths, it is 534- 
“ fifths, and this is the greater root. Take the rectangle of the augments, it is 1. 
“The operation is finished, for multiplying the square of 161-fifths, which is 
“25921 twenty-fifth parts, by 11, it is 2S5131 twenty-fifth parts ; add 25 that 
“ is 1 integer, it is 285156, and this is the square of 534-fifths. 

“ And by the second method. After multiplying crossways it is Sl-fifths and 
4t 80-fiftlis ; the difference is 1-fifth, and this 1-fifth is the less root. Multiply the 
“ rectangle of the two less, which is 24-fifths, by 11, it is26'4-fifths; and the rect- 
“ angle of the two greater is 270-fifths. Take the difference ; it is 6-fifths ; and 
“ this is the greater root; and 1 integer is the augment. The square of l-fifth, 
“ which is 1 twenty-fifth part, multiplied by 11, is 11 twenty-fifth parts; add 25, 
“ it is 36 twenty-fifth parts, the root of which is 6-fifths ; and in like manner 
“ any number which is granted may be obtained. 

Example . “ Let the first question be solved by the third method * : Suppose 

“ 3 the less root, and take the difference of its square and the multiplicand which 
“ is 8 ; it is 1 . Divide twice 3 by 1 ; it is 6 ; and this is the less root. For mul- 
“ tiplying the square of this, which is 36, by 8, it is 288 ; add 1, it is 289, and 
“ this is a square, the root of which is 17, and this is the greater root. 

“ Another method is what is called the operation of circulation f. To bring 


* To solve ihe first question by the third method. 


Suppose r=3, == 6 = 


S x 36 + 1 = 289 = 


n-. n =y- 

being given to find x and y by the operation of circulation. 


+ yyX> to ,na ^ e to g° round, frorn^^ to go round. 


This rule is, supposing ax- 4* b —y-. 
Find f, B and g so that */* ■+• & ~ g*. 


A and b 
Suppose 
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“ out that which is required by the rule of the multiplicand. It is thus: After 
“ supposing the less and greater roots and the augment, suppose the less root the 
“ dividend, and the augment the divisor, a’nd the greater root the augment. 

Then by the rule of the multiplicand which is passed* bring out the multipli- 
“ cand and the quotient. If that number by which the questioner multiplied the 
« square can be subtracted from the.square of this, multiplicand, let it be done; 
“ otherwise subtract the square of this multiplicand from that number of the mul¬ 
tiplicand. If a small number remains, well; if not increase the multipli¬ 
cand thus: add the divisor again and again to the multiplicand as before 
“ explained, till it is so that you can subtract the number of the multipli¬ 
cand from the square of it, or the square of it from the number of the mul¬ 
tiplicand. Whatever remains we divide by the augment of the operation of 
“ multiplication of the square, and take the quotient which will be the augment 
“ of the operation of multiplication of the square. If then we shall have sub- 
“ tracted the multiplicand from the square, let the quotient remain as it is: and 
(l if we shall, have subtracted the square from the multiplicand it will be contrary, 
i( that is, if negative it will become affirmative, and if affirmative negative ; and 
“ that quotient which was obtained by adding tlie dividend to the quotient, as 
“ many times as the divisor was added to the multiplicand, will be the less root; 


y anc j f rom t [, e k nmvn numbers /, g, 0, find x and y by the rules which have been given. If x 2 

be > a take x 2 — a, or if not take a — x 3 . If a small number remains it is well, otherwise take multiples 
of <3, and add them to the found value of x for a new value, till we have (mi 3 + x ) 2 — a, or A — (m(3 + x ) 2 ; 
divide this by 0 , and if the square, has been subtracted change the sign of the quotient. If instead of x the 
value 7)7(3 + x has been used a corresponding value of y, inf + y must be taken : by substituting these values as 

follows : y, or mf q- y = x', and —or ^ A = 0', we have the solution of this equation 

ax' 2 — y'-. If 0 ' is neither = b nor to bp- nor to proceed as before. Let a/'- q- 0' = g be a solution 
of ax' 2 + 0' = / 2 where /', 0' and g' are known. Suppose - -- x = y'; proceed as before, and solutions 


will be had for a*" 2 + 0 7 =y' 2 , and in like manner for a* 3 q- 0 = y- till 0 is found r= b or Bp- or A. 

P 2 


The truth of this is plain, for as and & — 

is = (a/ 3 q- 0) x 2 + 2 a f gx A (g 2 — 13) . 


-, we have ax' 2 +0' = a 


(fit 1 )' 


X 2 — A 


which 


0 »---^ g ) t q- 

q. 2 -; hut a f- + (3 g z , and g z — 0 = a/ 2 , and therefore ax’ 4- 0' — 

,1- ^ A/tf’X 4“ A“/ 2 • , / cr X —4 2 

—- - -which is = \ ^—— J = y a . This rule, though in some respects imperfect, is in 

principle the same as that for solving the problem in integers by the application of continued fractions, which 
was first given in Europe by De La Grange. 
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“ and from the less root and the augment bring out the greater root. If then this 
“augment shall have been found a square *, the operation is finished; for find 
“ a number by the square of which, if we divide this augment, the result will be 
“ the original augment, when this augment is greater than the original augment; 
“ or otherwise, if we multiply by it, the result will be the original augment, in 
“ the same manner as before. And if it is not a square perform the operation 
“ again in the same manner ; that is, supposing the less root the dividend, and 
“ the augment the divisor and the greater root the augment; and work as be- 
“ fore till the original augment or the augment of the square is found. 

Example. “ What square is that which being multiplied by 67 , and the pro- 
“ duct increased by 1, will be a square'f. Let, us suppose 1 the less root, mui- 


* I suppose it should be Bp- or-A ♦. I think it likely that this does not form a part of the original rule which 
seems to relate to integer values only. 

f 67.t 2 + 1 =.y-, Suppose f = 1 and 3 = —3, then 67 x l * 2 —3 = □ = 64 = S 2 , we have now a/--\ 
where/= 1 and 3 = — 3, and g = S. Suppose — X - ^~ — = y ; that is to say, -- x + 8 = y, reject twice 3 from 

g we have 8 —2x3 = 2 and work for x and y in ■ X - = y. Divide 1 by 3, as directed in the last chapter. 

The quotient is 0, write under it 2 and 0, we find x = 2 and y = 0. The number of quotients being odd, sub¬ 
tract the value of* from 3 and.that ofy from/. . 3 — 2 = l = x, 1 —0 = 1 =y. As 3 was rejected twice from 
g, add 2 to the value of y. l+2=3 = y we have now' x = 1 and y = 3. As we cannot subtract 67 from l 2 , 
and as a greater number will remain if we subtract l 2 from 67, add twice 3 to x for a new value of x, 2x3 + 

1=7= x, and fora corresponding value of y add twice/to y. 2x t +-3 = 5 = y. a — x 2 or 67_7 2 r=IS. 

is 

—— =— 6. As we have taken a — x 2 we must change the sign of— 6, it becomes + 6 = 3', and y =*', we 
have now ax' 2 -*- 3'= / 2 , where a= 67, 3'= 6, and / = 3, whence y — It. Since b = 1 and 3'= 6 we pro¬ 
ceed to find 3 = ». Let a/' 2 -+ & =g' 2 where/'= 5, 3'= 6, and g = 41. Make —- = Y ', we shall 

6 

find x' = 41 and y' = 4 I. Sublfact f 6 times from the value ofy', 41 — 6 x 5 = It = y', and subtract 3' the 

same number of times from the value of x'. 41— 6X6=3 = x'. a— x-or 67 — 5 2 = 42 ; ^=7 = 3 ". \ s 

wejfcave taken .a — x- the sign ot 7 must be changed, and — 7 = 3", and 11 = y" = a"; therefore- ax " 2 -r- 3 ' = 
V' \ and y" = 90, 0" not being = n we must proceed as above. Del a/'* -+ 3' = g’- i where/" = 1 , 3 "=_ 7 , 

and g" = 90. Make — X ? + * = y", reject 7 twelve times from 90, 90 — S 4 = 6 , we shall find x" = 12 , and 

y" = 18. Subtract /" from the value of y" and 3 7 from that of x", IS — 11 = 7 = y v , 12_ 7 = 5 = 

'I he number ot quotients in the division of 11 by 7 being odd, subtract the value of y" from f" and that of x" 

from 3', 11 i. = 4= y", 7 — 5=2 = x". As \ve cannot,take 67 from 2 2 , and as a greater number remains, 
if we subtract 2- Irom 67, add 3'' once to x' for a new value of x r ', 7 -+ 2 = 9 = x"; x " 2 — a, or 9 2 •— 67 = M, 

21:7 = — 2 = 8'' As 3" was rejected 12 times trom g', 12 must be added to the value of y, 4 +- 12=16 = y". 
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“ tiply it by 67, it is 67 . Find 3 the number of the augment, which sub- 
“ tracted from 67 will leave a square, that is 64, the root ot which is 8, and this 
« is the greater root. 1 then is the less root, and 8 the greater root, and 3 the 
“ augment negative. If we wish to bring it out by the operation of circulation, let 
“ us suppose 1 the dividend, and 8 the augment, and 3 the divisor As rejection 
“ of the divisor from the augment is possible, reject it twice, 2 remains. Sup- 
c< pose this the augment, take the numbers of the line, cipher is obtained. Write 
“ under it 2 the augment and cipher. Perform the operation, the multiplicand is 
“ found 2 and the quotient cipher. The number of the line being odd, subtract 
€t the multiplicand and the quotient from the divisor and the dividend, 1 and 1 
“ are obtained. As we rejected the divisor which is 3 from the augment which is 
<f 8, add 2 to the quotient, the quotient is 3 and the multiplicand 1. As we 
“ cannot subtract 67 which is the multiplicand of the operation of multiplication 
“ of the square, from the square of this multiplicand, and if we subtract the 
“ square of this from 67 a greater number remains ; from necessity we add the 
divisor, which is 3, twice to the multiplicand 1, it is 7; add the dividend to 
u the quotient it is 5. Subtract the square of 7, which is 49, from 67 , 18 re- 
“ mains. Divide by the augment of the operation of multiplication of the 
€t square, which is 3 negative, 6 negative is the quotient. As the square has 
“ been subtracted from the multiplicand the negative becomes contrary; it is 
“ 6 affirmative, and this is the augment; and 5, which was the number of 
“ the quotient, is the less root. Then bring out the greater root, from the less 
“ root and the augment, and the multiplicand 67 , it is 41. Write them in order. 

As 6 is the augment of the operation and 1 is the original augment, perform the 
“ operation again to find the original augment: that is to say, suppose 5 the 
“ dividend, and 6 the divisor, and 41 the augment, and perform the operation of 
“ the multiplicand, the multiplicand is found 41 and the quotient also 41. Sub- 
“ tract 5 , the dividend, 6 times from 41, the quotient, 11 remains; and subtract 
“ 6 the same number of times from 41, the multiplicand, 5 remains; take its 


And as 0 '' was added once to the value of x" add J" to that of v", 11 -f- 16 = 2 7 = v'' = xf r . Now a/'" 2 4 . 0 " s= 
g"\ because x "'= 27, and 0"' =— 2, therefore y m = 221 . Let a /'" 2 4 = g"’ 2 , where f m = 21 , 0'" = — 2 , 

and g m = 221. Having now found 0", which, multiplied by itself will be the augment of the square, (meaning, 
I suppose, = Bp 5 ) apply the first rule of this chapter. x""s= = 11934, y m 'z=g"'* 4 V" ,2 = 97634, 0"' 2 = 4, 

we find p = 2 such that sz b = I. Dividing a*"" 3 4 - 0 W = y"' 2 by p 2 , we have (a 4 -1 = ) , 

and 67 X 5967* + 1 = 48842°. 
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“ square, it is 25 ; subtract it from 67, 42 remains. Divide it by 6, the augment, 
“ 7 is the quotient, and this is the augment. As we subtracted the square of the 
“ multiplicand from 67, it is contrary; 7 then is the augment negative; and 11 
“ which is the quotient, the less root; bringing out the greater root, it is 90 . 
“ In this case too the original augment is not obtained. Again, perform the oper- 
“ ation of the multiplicand; 11 is the dividend, 90 the augment, and 7 the di- 
“ visor. The divisor cau be rejected 12 times from the augment; reject it; 6 
if remains. Take the line, and perform the rest of the operation; 18 is the 
{t quotient and 12 the multiplicand, thus: 


1 

18 

1 

12 

1 

6 

6 



“ Subtract 11, the dividend, from 18, and 7, the divisor, from 12; 7 and 5 
“ are obtained, the quotient and the multiplicand. As the number of the line 
“ was odd subtract 7 from 11 and 5 from 7; 4 is the quotient and 2 the niulti- 
“ plicand. As we cannot subtract 67 from the square of 2; and after subtract- 
“ ing the square of 2 from 67 a greater number remains, add once the divisor 
“ which is 7 to the dividend ; it is 9. Subtract 67 from its square which is 81; 
“ 14 remains. Divide by 7 the augment negative, 2 negative is the quotient, 
“ and this is the augment. Again, as we rejected 7 twelve times from the 
“ augment, add 12 to the quotient which is 4; it is 16 . And as we added 7 to 
u 2 the multiplicand, add 11 to 16 the quotient; it is 27, and this is the less root. 

Find the greater root; it is 221. As an augment is obtained which, after being 
** multiplied into itself, will be the augment of the square, we write this line 
“ below that, and multipl} 7 crossways in both places. From one cross multiplica¬ 
tion it is 5967, add these two; 11934 is obtained the less root. And the 
“ greater root is 97^84, and the augment is 4 affirmative. We have found 2 an 
“ assumed number, by the square of which, if we divide this augment of the 
u operation, the quotient will be 1, which is the original augment. In like 
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“ manner we divide 1 1934 by 2, 5967 is the less root, and 48842 is the greater 
“ root. 


te 

tc 

it 


Another Example. tc Wliat square is that which being multiplied by 6l, and 
the product increased by ], will be a square # . Let 1 be the less root; 8 is the 
greater; and 3 the augment, affirmative. Applying the operation of the multi¬ 
plicand, it is thus: __ 

! Dividend. Divisor. Augment. 

1 3 8 


“ Reject the divisor twice from the augment, 2 remains; and after the operation 
“ o the multiplicand, and cipher the quotient are obtained. As the line is odd 
“ we subtract cipher from the dividend and 2 from the divisor. It is 1 and 1. 
“ As we rejected the divisor twice from the augment, we add 2 to the quotient. 
“The quotient is Sand the multiplicand 1. If we subtract the square of the 
“ multiplicand which is 1 from 6l, a greater number remains. We therefore add 
“ twice the dividend and the divisor to the quotient and the multiplicand. The 


* 6l* s -fl=y 2 . Let A/t+p—g*, \vhere/=I, 3=3, ^=8. Make $ = y that is — -= y, reject# 

twice from£, 8— 2x3=2, we shall find x=2 and y=0. The number of quotients in the division of 1 by 3 
being odd, subtract the value of y from/, and Lhat of x from 0, I—0= I=y, 2—l=l=x. As 0 was rejected 
twice from g add 2 lo the value of y, 1 + 2 = y. If we take a — x 2 a greater number remains; add twice f 
to the value of y, and twice 0 to that of x. 3 + 2x 1=5= y. 1+2x 3=7=x. Take a —x 2 , 61 — 
12 

7 2 =1£. Divide by #,— 4, which becomes — 4=0', ancl 5 = y = x. Now ax j - + 0' = whence 


/ = 39. Let a/' 3 + 0' = g'' z where /' = 5, #' = —J, g' = 33. As 0' is not = B, we find a number p=2, such 

that = — 1. Divide x' andy' by p, and we have — z= - = \ J ‘ — J", and - = — =y=g", and — =—1 = 
p' 3 P V P V ‘ P 

r 5 <59 

Asb--+I, apply the first rule of this chapter, 0" x 0'' =— 1 X — 1 =+1 = b. $f"g n = 2 x -j x — = 


i «... /39\ 2 „ 3046 390 195 3046 15 

= *, and^' 3 + a/' 2 = ) +61 x [ ( j) =—=.y, — = —, — = - 

1 = ^ At 2 + B = y*> where b = — 1, or 61 x 2 — I —y~, then ^ =f ■ 


390 

"4 


523 


and 61 


*(W 


195 

Multiply a/ 1 + 0 = g* crcsswajs with a/*- -f-0' = g'* 9 where/' = — and '0'= + 1 , in older that we may 

have 03'=— 1. Then xz= 3805, and y — 29718, and b-= — 1 ; 61 x (3805') 2 — I = (297 18) 2 . For new 
values, where b = -f-1 ,-4jiulIiply a/ 2 + 0 = g 2 crossways wilh the values of x andy, which we have ji sL found, 
61 X 226I53980 2 q- 1 = 1766319049 2 . Jf b is — take the product of two augments which have unlike signs, 
and if b is + that of two which have like signs. 
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“ quotient iso and the multiplicand 7* Subtract the square of 7 from 6l; 12 
“ remains. Divide by the augment of the operation of multiplication of the 
44 square which is 3 affirmative ; 4 affirmative is the quotient; and after reversion 
44 it is 4 negative; and this is the augment; and the quotient which was 5 is the 
44 less root; 39 then will be the greater root. As 4 is not the original augment, 
“ we have found 2 an assumed number; and by its square we divide this augment. 
44 1 the augment negative is the quotient. We also divide 5 and 39 by 2. These 
44 same two numbers, with the denominator 2, are the quotients. As our 
“ question is of the augment affirmative perform the operation of cross multipli- 
44 cation. When we multiply the augment negative by itself it will be affinna- 
“ tive. The less root will be 390 fourth parts ; the greater root 3046 fourth 
44 parts ; and the augment 1 affirmative. Reduce the less and greater roots to 
44 the denominator 2. The less root is 193 second parts; the greater root 1523 
44 second parts ; and the augment 1 affirmative. And if, for example, the question 
“was of the subtraction of the augment, the answer would be as above; 5 
44 second parts being the less root, and 39 second parts the greater root, and l the 
44 augment negative. And besides this, if we would obtain another case, let this 
44 be multiplied crossways with that in which 195 second parts is the less root; 
44 for multiplying affirmative by negative, negative is obtained. The less root 
44 then is 3805, and the greater 29718, and the augment 1 negative; and this is 
44 the answer to the question. 

44 To find another case with the augment affirmative write this below it and 
44 multiply crossways, 2261539S0 is the less root, and 1/66319049 the greater 
44 root, and 1 the augment affirmative. And in like manner wherever the aug- 
44 ment is required negative, we must multiply crossways two augments of dif- 
44 ferent sorts ; and if affirmative two of the same sort. 

Bide. 44 If the multiplicand of the question is the sum of two squares, and 
44 the augment 1 negative; it maybe solved by the foregoing rules*, and if 
44 wished for, it may be done in another way, viz. Take the root.of those two 


* In AX 2 + b if a an j B — __ a* — and a =:-^; for -f § 2 ) x ( ~^ — 1 = , 
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“ squares, and divide the augment by each, the two numbers which are found 
“ will both be the less root; what was required may be obtained from each. 

Example. “ What square is that which being multiplied by 13, when 1 is sub- 
“ tracted from the product, a square will remain 13 then is the sum of 4 and 
“ 9, and 1 the augment negative. Take the roots of 4 and 9, they are 2 and 3. 

tc Divide the augment by these two, the quotients are i and both these are 

u the less roots. What is required may be had from either. For multiplying 

“ the square of t - which is i by 13, it is 13-fourths; and subtracting from it 1, 
2 4 


“ which is 4, 9-fourths will remain ; and this is the square of ]-. Multiplying' 

“ the square of* which is i by 13, it is 13-ninths; and subtracting I integer 
o y 

41 which is 9, ^ remains; and this is a square.’* 

Here follow solutions of the same question, by the former methods: I omit 
them because they contain nothing new, and are full of errors in the calculation. 


Another Example. Where S.r 1 — 1 ~y x is solved by the last rule, is omitted, 
because it is immaterial. 


Another Example. “ What square is that which being multiplied by 6 , and 
44 3 added to the product, will be a square. And what number is that which 
“ being multiplied by 6 and 12 added to the product will be a square f. The 
44 operation in the first case is thus. Suppose 1 the less root, and multiply by 6 , 
44 it is 6; add 3, it is 9 ; and this is a square. And for the second case thus: 
44 Multiply 1 by 6, it is b; and find a number which added to it will be a square; 


is * 2 


— 1 x=.p, here A = 13 = D + 4 = p 2 + p = 2, g = 3; x = i and x =z i-; for 13 X ( ~ — 


'4="^ and ,3 * (-i/— 1 =i=(fy* 

f 6x 2 + 3 — y 1 , and 6x 2 -f 12 = ys. First suppose x — 1 and b = 3, then 6 x 1 •+■ 3 = 9 == 3 s , y = 3. 
Second, 6 X 1 = 6, hnd 0 such that 6 + 0 = Q. Let 0 = 3, 6 + 3 = o = 3’, 3 being not = b, but less 
than it, find p such that 0p* = b, p = 2, 3 x 2 2 = 12 = B. Now if 0' = 3, x' = 1, and / = 3, multiplying 
ax'- + 0' y 2 by p 2 , we have ax' 2 /) 2 0'/ 2 =y 2 p 2 , and making * = x'p, y = y'p, and b = £'p 2 , we have x = 2, 

and b = 12. 0 X 2 2 -+• 12 = 6 2 . 
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“ we find 3. As this is not the original augment, but is less, find by the rule 
“ which was given above, a number by the square of which when we multiply 
“ this augment the original augment will be obtained. We have found 2. Mul- 
“ tiply 3 by its square which is 4, it is 12; and this is the original augment. 
(l Then that they may correspond, multiply the less and greater roots together; 
“ also by that number, which is 2. The less root is 2, and the greater 6, and 
“the augment 12. Multiply the square of 2 by 6 , it is 24 ; add 12, it is 3b ; 
“ and this is a square the root of which is 6.” 

Here follows another example where, in a. v 1 -f- b = b “ 75, and a = b. 
The solution of this question is like that of the first part of the preceding: 
f (in a/’* + 0 ~ g 1 ) is assumed ~ 5 and 0 ~ 75. 

Another Example. * “ 300 being the augment the less root is 10 ; its square 

“ which is 100, we multiply by 6, it is 600 . Add 300, it is 900; and this is a 
“ square, the root of which is 30. And know that when the augment is greater 
“ you must bring out what you require by the operation of circulation *)', that 
“ the augment may be less. And if you wish to obtain it without the operation 
“ of circulation call to your aid acuteness and sagacity. And when you have 
“ found one case, and the augment is 1, you may find others without end, by 
“ cross multiplication. For however often you multiply 1 by itself, it will still 
“ be one ; and the less root and the greater will come out different. 

Rule X* “ the multiplicand is such that you can divide it by a square with- 
“ out a remainder, divide it; and divide the less and greater roots by the root of 
c; that square, another number will be found. And if you multiply it by a square 
“ and multiply the less and greater by its root, the numbers required will also be 
u found. 

Example . “ What square is that which being multiplied by 32, and 1 added to 


* 6x 2 4- 300 = y~. Let x r= 10, then 6 x 10 2 -h 300 = 900 = 30 2 
f When 0 is a greater number find 0', 3", &c. less by the ride of circulation. Solutions of these problems without 
(lie rule of circulation, are to be had only by trials judiciously made. 

When one case of a/ 3 1 =£ 2 is known any number of cases may be found by cross multiplication ; for 

lX 1 = L and different values of x and y will be found at every new step. 

£ I suspect that this is incorrectly translated•, (he example does not illustrate the rule. Perhaps it should be ? 

if in ax 2 + e = y*, a = a> 2 , then a'* 3 -h ~ )*. If a = Jr, then a',v 2 -f- Bp 2 = (,yp) s . 

P. \P' 

G 
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“ tlic product, will be a square*. The less root then .is i. thesquareof which i 

“ multiplied by 32 will he 8 ; add 1, it is 9 ; and this is a square. If we suppose 
2 the less root and divide 32 the multiplicand by 4, 8 will be the multiplicand ; 
u and dividing the less root by the root of 4 which is 2, 1 is the less root. For 
“ multiplying by S and adding 1, it is £>, which is a square, the root of which 
is 3. 

link. u If the multiplicand is a square f, divide the augment by an assumed 
** number, and write the quotient in two places; and in one place add to it, and 
“ in the other subtract from it the assumed number, and halve them both; the 
“ greater number will be the greater root. Divide the less by the root of the 
“ multiplicand, the quotient will be the less root. 

Example . “ What square is that which when multiplied by 9, and 52 added 

u to the product, is a square J. What other square is that which when multiplied 
“ by 4, and 33 added to the product, is a square In the first case divide 52 b}' 2, 
“ 26 is the quotient ; write it in two places and add and subtract 2, it is 28 and 
24 : the halves are 14 and 12 ; 14 then is the greater root. And divide the less 
“ number which is 12 by the root of the multiplicand which is 3, 4 is the quo- 
u tient, and this is the less root: for when the square of 4 which is 16 is multiplied 
“ by 9, it is 144; add 52, it is 195, which is the square of 14 : and in the 


* 32 X 4 1 = O- Let * = 32 X (~ )’+ 1 = 9 = 3*. If* = 2. A = A ' f 3 1 = 8 ,-* = U A=l . 

for 3 X 1 + 1 = 3 2 . 


B . B B 

•—|- n — — n — — n 

+ If aa 2 + b = 3/ 2 and a =/> 2 . take n any number; and we have —-—= 3 /; and -—-— = x; for — 

V P 

B 

= B and --— B , But p 2 x (“-+B = ( B ~|~ ^ ) ; whence the rule. 

2pn 2 2 n F x 2np ' ^ ' 2n ' 1 

KQ 2ft 24. 

t Vx* + 52=y*~ and 4x 2 + 33 = y*. First y=26, 26+ 2 =28, 26 — 2= 24. = 14; = 12. y = 

14, = 4 = x. 9 X 4* + 52 = 196 = 14*. Second, 11, 11 + 3= 14, 11—3 = 8, -^ = 7 = y , 

* = 4, ~ — 2 = x, 4 X 2 a + 33 = 49 = 7 *. Values of x and y might have been found by taking n = 4 in the 
first case, and n = 1 in the second. 
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“ second case divide 33 by 3, 11 is the quotient: after adding and subtracting 3 it 
“ is 14 and 8 : after halving, the greater root is 7. Divide 4 by 2, 2 is the quo- 
“ tient; and this is the less root: for multiplying 4 by 4 and adding 33 to the 
“ product, it is 49; and this is the square of 7. And if at first we divide 52 by 4, 
ei and 33 by 1, what is required will be obtained 

“ Another Example , when the multiplicand is equal to the augment. What 
“ square is that which being multiplied by 13 and 13 subtracted from the product, 
“ and in another case added to it, will be a square*. In the first case suppose 
“ 1 the less root, its square which is also 1, we multiply by 13, it is 13: subtract 
“ 13, their remains cipher, the root of which is cipher. And in the second case 
“ suppose 3 the less root, take its square, it is 9; take the difference between it 
“ and the augment, 4 is the augment. Divide by it the assumed root which is 

“ 6, it is 6-fourths, that is 1~ and this is the less root. The square of tin* 

“ which is 9-fourths we multiply by 13; it is 117-fourths. We see that adding 
“ 1 integer, that is 4-fourths to this, it is 121-fourths; and this is a square, the 
“ root of which is 11-second parts : the less root then is 3-second parts, and the 
“ greater root is 11-second parts ; and the augment is l affirmative. As the 
4< original augment is 13 affirmative, perform the operation of cross multi- 
“ plication with the former which was 13 negative, thus : First multiply 3-second 
44 parts by cipher, it is cipher; and 11-second parts by I, it is the same. 


* 13* 2 —13 —y r , and 13*-4- 13 Let x = I, 13 X I — 13 = 0 . For I3.t 2 +I3=y 2 , Jet *'= 33 , *' 2 =: 9 # 

(Here are two or three errors in the Persian: A case of a#'* 4 - 1 = y” is found by the rule — 2r 3 = *), 
6 ° 3 - j o j /II — 3 Ji 

- X (; } ) + 1 = = ( o ) • *'=-> /= 77 f antlS 1 = 1. As b = 13, multiply cross* 

ways with the former case where 13 X l J— 13 = 0. ? x 0 -f x 1 = — 1 = *” ; 3X1 X 13 + 

^ 13X —1= —13=3', but b = 4-13. Suppose then r= - and 3 '"=—], 13 X I =— 

= (|i)'\ Multiply crossways, 7 + 7 = 7 = IS = *. And lil + !i? = 2£2. = 65 _ y> anU l3 _ 

Or by the rule a//' — gg =v , and/' ? —fg’ = ,, £ —t, IL? — 2 1 —y. I3x (yj* 13 
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“add them together, it is 11 -second parts; and this is the less root. Multiply 
“ 3-secoiuI parts by ], it is the same: multiply it by 13, the multiplicand, it is 
“ 39-second parts; add it to the rectangle of the two greater roots which is cipher, 
“ it is the same; and this is the greater root; and 13 is the augment negative; 
“ as it is not the original augment, for 13 affirmative is required ; again, suppose 

“ the less rooti and the augment 1 negative; and multiply ~ which is the square, 

“ by 13; it is 13-fourths. Subtract 1, that is 4-fourths, the augment negative, there 

“ remains 9-fourths, the root of which is By this we multiply crossways, 

“ thus: 


11 

o 


39 

Q 


-n 


3 

o 


— 1 


49 the less root is 72-fourths, which is 18 integers, and the greater root is 260- 
“ fourths, which is 65 integers, and the augment is 13 affirmative. 

€< If we would perform the operation of cross multiplication take the dif- 
“ ference of the two, which are 39-fourths, and 33-fourths, that is 6-fourths ; 

(i l- is the less root; take the difference of the two less, after multiplying by 

“ the multiplicand, and the rectangle of the two greater, it is 26 -fourths, that 

“ is 6^; and this is the greater root and 13 is the augment affirmative. 

M 

Another Example . “ What square is that which being multiplied by 5 nega- 

ei tive, and the product increased by 21 will be a square*. Suppose 1 the less 
“ root, and multiply its square by 5 negative, it is 5 negative : add 21 affirm a- 
“ tive, it is 16 ; 4 then will be the greater root. In another way. Suppose 2 the 


* — 5 X ** + 21 =^ a . Suppose x=l;~5x l + 21=16;y = 4. Or, suppose x = 2, — 5 x 2M- 

31 =s 1, ,y = 1. By multiplying crossways when b = 1, new values may be found. 
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“less root and multiply its square by 5 negative, it is 20 negative; add 21 
“ affirmative, 1 affirmative is obtained, the root of which is 1 ; the less root then 
“ is 2, and the greater I, and the augment 21. And if in the place of the multi- 
“ plicand there is 5, and the augment is ] affirmative, multiply crossways and 
“ numbers without end will be obtained. 

“ And this which has been written is the introduction to the Indian Algebra. 
(i Now by the help and favour of God we will begin our objects * 


END OF TIIE INTRODUCTION. 


BOOK 1 


ON TIIE EQUALITY OF UNKNOWN WITH NUMBER. 


IvNOW that whatever is not known in the question, and it is required to bring 
“ it out by a method of calculation, suppose the required number to he one 
u or two unknown, and with it whatever the conditions of the question in- 
“ voire, and proceed by multiplication and division, and four proportionals and 
“ five proportionals, and the series of natural numbers, and the knowledge of the 
“ side from the diameter, and the diameter from the side, that is the figure of the 
“ bridet, and the knowledge of the perpendicular from the side of the triangle, 
“ and conversely, and the like, so that at last the two may be brought to equa- 
“ lity. If after the operation they are not equal, the question not being about 
“ the equality of the two sides, make them equal by rejection and perfection, and 
“ make them equal. And that is so, that the unknown, and the square of the 
u unknown of one side is to be subtracted from the other side, if there is an un¬ 
known in it; if not subtract it from cipher: and subtract the numbers and 
<f surds of the other side from the first side, so that the unknown may remain 
“ on one side, and number on the other; the number then, and whatever else is 
ct found, is to be divided by the unknown, the quotient will be the quantity of 
“ the unknown. 

“ If the question involves more unknown quantities than one, call the first 
“ one unknown, the second two unknown, the third three unknown, and so on. 
“ And the method is this. Suppose the quantity of the lower species less than 


that of the higher, and sometimes suppose —, and and ~ of the unknown 

2 4 


* There are many parts of the rules given in the rest of the Work which are unintelligible to me; they 
are obscured probably by the errors of transcribers and of the Persian translator.—I translate them as exactly 
as L can from the Persian. 

+ The Arabs call the 47th proposition of the first book of Euclid, “ pie figure of the bride.’* I do not 
know why. 
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u and the like : and sometimes suppose the unknown to be a certain number, and 
tf ‘ sometimes suppose 1 unknown and the rest certain numbers.” The shortest 
method of solving-the question is directed to be observed, and the whole at¬ 
tention to be given to what is required. 

The first example is, “ A person has 300 rupees and 6 horses; and another 
“ person has 10 horses and 100 rupees debt; and the property of the two is 

“ equal; and the price of the horses is the same ; what then is the value of each? 

“ Or, the first person has two rupees more than the property of the first person 
“ in the first question, that is 3 horses and 150 rupees; and the second has the 

“ same as lie had before, and the property of both is equal; what then is the 

“ price of one of the horses? Or, in the first question, the property of the first 
“ person is three times the value of that of the second, what then is the value of one 
“ horse? The operation in the first question is this: I suppose the price of a horse 
“ to be the unknown ; 6 horses are six unknown. The first person’s property then 
“ is 300 rupees affirmative and 6 unknown ; and the property of the second is 10 
“ unknown and 100 rupees negative. As by the question both these sides are 
equal there is no occasion for the operation of rejection and perfection. I 
“ make them equal in this manner; 


+ 300 Rupees 

6. v 

— 100 Rupees 

10.r 


“ First I write them both, above and below, and I take 100 rupees negative from 
“ 300 rupees affirmative, it is 400 rupees affirmative; and I take 6 unknown from 
“ 10 unknown, there remains 4 unknown. 400 rupees is equal to 4 unknown. I 
“ divide the first by the second, 100 rupees is the quotient, and this is the price 
of a horse.” The other questions produce also simple equations, in which nothing 
remarkable occurs. 

The second example has three unknown quantities with only one equation ; it 
is solved first by assuming the unknown quantities in the proportion of 3, 2, and 
1; and secondly by assuming them as 1, 5, and 4. 

In the third example the Mussulman names, Zeid and Omar are introduced. 
The fourth and fifth examples contain nothing worthy of notice. 

The sixth is as follows: “A person lent money to another on condition that he 
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“ should receive 5 per cent, a month. After some months he took from him the 
“ principal and interest, and having subtracted the square of the interest from 
“ principal gave the remainder to another person, on condition that he should 
“ receive 10 per cent, and after the same time had passed, as in the former case, 
“ he took back the principal and interest, and this interest was equal to the first 
“ interest; what sum did he lend to each person, and what was the time for 
“ which the money was lent* ?” 

The first principal is supposed unknown, and the number of months during 
which it was lent is supposed 5. The question is solved by the rules of propor¬ 
tion and a simple equation. Another way is given for working this question, viz. 

el Divide the interest of the second by that of the first, call the quotient the 
“ multiplicand, and suppose a number the interest for the whole time and take its 
11 square, and from the multiplicand subtract 1, and divide the square by the 
<f remainder ; the quotient will be the amount of the second sum, and the second 
“ sum multiplied by the multiplicand, or added to the square of the interest of 
“ the whole, will be equal to the first sum.” 

The next question is like the preceding, and is solved by means of the rule. 
I pass over several other examples, which contain nothing new or remarkable. 
A question in mensuration comes next. 

(i There is a triangle, one side of which is 13 surd, and another side 5 surd, 
€t and its area 5 direhs ; how much is the third side ? I suppose the third side 
“ unknown; the side 13 is the base. It is known that when the perpendicular 
“ is multiplied by half the base, or the base by half the perpendicular, the pro- 
“ duct will be the area of the triangle. Here the base and the area are known, 
“ and the perpendicular is unknown. I divide 4 which is the whole area by half 
“ of 13 surd ; the quotient is the perpendicular. I perform the operation thus: 
“ As 4 is a number I take its square 16, for the division of a number by a surd 
“ is impossible. I take half of 13 surd thus : I square 2, which is the denomi- 

“ nator of it is 4. I divide 13 by it. The quotient is 13 parts of 4 parts. I 


* Let p, p, be the principal, i, i, the interest; r, r, the rate, and n, ?/, the number of the months. If 
prn = *, prn = i, p = p— i 2 , n —n, and i =i; we have (/> — * a ), rn = i — prn\ or pR?i— i s nv — 

R N " vi ^ 

prn ; whence pn X (r — r) = i 2 rn, and r — r = but this is equal to — , and r = R — = ---- 

f — b 


which is the first part of the rule; the rest is evident. 



OF EQUATIONS. 


57 


“divide 16 by 13 parts of 4 parts; it is 64 parts of 13 surd; and this is the 
“ perpendicular. I then require the excess of the square of 5 surd above 64 parts 
“ of i3 surd : First I take the square of 5 surd ; it is 5 number ; take its square, 
“ it is 25 surd ; the root of which is 5. I then take the square of 64 parts of 13 
“ surd, as above. I take the excess thus : I make 5 of the same sort; it is 65 ; 
“ I take the excess of 65 above 64 ; it is one part of 13 surd ; and this is from 
“ the place of the perpendicular to the angle formed by the side 5 and the base.” 

The other segment of the base is found by subtracting this from the whole, by 
a rule which was given in the 4th chapter of the introduction, for finding the 

difference of two surds, viz. </a—s/b~ \/(\/(^ — l) 1 X b). Thesquare root 

of the sum of the squares of this segment and the perpendicular gives the quantity 
of the unknown side of die triangle. 

In the next question, the sides of a triangle being given, its area is required. 
One of the segments of the base made by a perpendicular, is supposed unknown. 
From two values of the perpendicular, in terms of the hypothenuses of the two 
right-angled triangles, and their bases, an equation is formed ; from which the 
unknown quantity is brought out. The equation involves many surds, and they 
are reduced by the rules laid down in the introduction. The perpendicular is then 
found by taking the square root of the difference of the squares of a segment of 
the base, and of the adjacent sides of the triangle. The operation is here con¬ 
cluded. In a marginal note are directions to find the area, as in the foregoing 
case. 


The next is, “ What four fractions are those whose denominators are equal, and 
“ whose sum is equal to the sum of their squares. Also what four fractions are 
“ those, the sum of whose squares is equal to the sum of their cubes.” For the 
first part of the question : u Suppose the first fraction one unknown, the second 
u two unknown, the third three unknown, and the fourth four unknown, and 
“ below each write 1 for the denominator. The sum of the four is 10 unknown. 
“ Their squares are 1 and 4 and 9 and l6, whose sum is 30 square of unknown, 
“ and these two quantities are equal. Divide both by one unknown ; the quotients 
“ are 10 number and 30 unknown. Divide 10 by 30 unknown, the quotient ia 

“ — of unknown. The first fraction then is the second ~, the third —, and 
o 3 o 3 

•* the fourth and the squares of these fractions are — and and ^-and —; and 
o 9 •) 9 3 


H 
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The next is to find a right-angled triangle, “ the area of which is equal to its 
Ci hypothenuseand to find a right-angled triangle, “ the area of which is equai 
“ to the rectangle of its three sides.” For the first part of the problem, one side 
of the triangle is assumed equal to 4- unknown, and the other side equal to 5 un¬ 
known ; the hvpothenuse is found equal to o.r, and the area equal to 6F; the 
equation 5.v — 6F being reduced, gives the value of .r. For the second part, the 
sides are assumed as above, and the value of .v is deduced from the equation 60F 


The next problem is, to find two numbers of which the sum and the difference 
shall he squares, and the product a cube. The numbers are supposed oF and 
4F, and the cube to which their product must be equal 100 OF 5 , whence .r is 
found. 

The next is to find two numbers such that the sum of their cubes shall be a 
square, and the sum of their squares a cube. One number is supposed F, and 
the other OF, and the cube 125F*. In the solution of this the following 
passage occurs: “ The cube of thesquaieof unknown, which in Persian algebra 
<e is termed square of cube.” In the margin is this note: “ Here is evidently a 
“ mistake ; for in Persian algebra the unknown is called thing (^^), 

“and its square (£._yc) square (JL©), (literally possession;) and its cube 
11 £==**) cube ; and when the cube is multiplied by thing, the 

“ product is called square of square (jJLo JLc) j and when the square of 
“ square is multiplied by thing, the product is called square of cube 
f< and when the square of cube is multiplied by thing, the product is called cube 
“ of cube not square of cube. For example, suppose 0 thing 

4 is its square, 8 its cube, lb its square of square, 32 its square of cube, 64 its 
“ cube of cube, not its square of cube, although it is the cube of the square 


), or the square of the cube ( 

In the next example the three sides of a triangle are given, and the perpen- 




* Sum of the cubes = x* 4 . S * 6 = Sx 5 (a square) ; and the sum of squares = x 4 »p 4x* = 5*'*, assume this 

= 125* 3 , or5x 4 = 125* 3 , whence 5x = 125, and* = 25$ therefore 625 and 1250 are the numbers. 
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dicular is required. It is found in the same way as the perpendicular was found 
in one of the former questions, when the sides being given the area of the 
triangle was required. 

The three following are different cases of right-angled triangles in which the 
parts required are found by the principle of the square of the hypothenuse being 
equal to the sum of the squares of the two sides, and simple equations. In the 
first the base and the sum of the hypothenuse and the* ** other side are given. In the 
second the base and the difference of the hvptohenuse and the other side are 
given ; and in the third the base, part of one side, and the sum of the hypothe- 
liuse and the other part of that side, are given. 

The first hook ends with the following example: " Two sticks stand upright 
“ in the ground, one is 10 direhs in height and the other 15 direhs, and the 
“ distance between the two is £0 direhs. If two diameters are drawn between 
“ them, what will be the distance from the place where they meet to the ground*? 
" Suppose the perpendicular unknown ; it is known that as 15 to 20, so is the 
“ unknown to the quantity of the distance from the side 10 to the place where the 
“ unknown stands. We find then by 4 proportionals, 4 thirds of unknown is the said 
“ quantity. In like manner we find the second quantity 20 parts of 10, that is 
“ 2 unknown. Take the sum of the two, it is 10-thirds, and this is equal to 20. 
“ Divide 20 by 10-thirds, the quotient is 6 ; and this is the quantity of the un- 
“ known, that is of the perpendicular. From the place where the perpendicular 
tc stands on the ground, to the bottom of the side 15, is 12 ; for it is 2 unknown. 

“ The second quantity is S direhs; for it is 1 unknown and a third of unknown. 

“ And know that whatever the distance is between the two sticks, the quantity 
** of the perpendicular will be the same; and so it is in every case. We can also 


* Let ab — 10, DC = 15, dd — 20. 

By similar triangles ed : bp :: dc : pg. 



bd : pd :: ba : pg, 
whence bp : fd ba : dc, 


therefore bd is divided in p in the ratio of dc to ba. Jr-—J - -N. 

** JB » 

By composition bp + pd : bp : i ba + dc : ba ; but bp+pd =bd, therefere ba + dc and ba are io 
the ratio of bd to bp ; whence, by the first proportion, ba + dc : ba :: nc : pg, that is, pg is a'fourth 
proportional to ba -hdc, ba, and DC, whatever be the length of bd. 

Lucas de Burgo has this proposition, (see his Geometry, p. 56.) where the lengths are 4, 6, and 8; or page 60* 
where they are 10, 15, and 6. The same is in Fyzee’s Lilavali, where the rules are 


ab q- cd 1 
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ct ascertain these two quantities by another method, and that is the iatio of 25^ 
“ (that is the sum of the two sides') to CO, is like the ratio of 15 to the unknown ; 
“ that is the quantity towards the side 15. Multiply 15 by 20, it is 300. Divide 
“ 300 by 25, it is 12. The ratio of 25 to 20, is like the ratio of 10 to the unknown ; 
ts the result is 8, and this is the quantity towards the side 10. By another 
“ method, bv four proportionals, we find that the ratio of 20 to 25, is like the 
“ ratio of 8 to the unknown ; 6’ is the result. In like manner the ratio of 20 to 
“ 10, is like that of 12 to unknown ; again 6 is the result. Another method is, 
“ divide the rectangle of the two sticks by the sum of the two, the result is the 
“ quantity of the perpendicular, and the quantity of the ground we multiply by 
“ each side separately, and divide both by the sum of the sides. The two quotients 
“ will be the quantities from the place of the perpendicular to the bottom of the 
“ sticks; accordingly divide 150, which is the rectangle of the two sticks, by 
“ 25, the quotient is 6 . Multiply 20 direhs, which is the quantity of the ground 
“ by both sticks, the products are 300 and 200. Divide both by 25, the quotients 
4 4 are 12 and 8. In this manner the figure maybe found by calculation as 
K correctly as if it were measured,” 


END OF THE FIRST ROOK. 


BOOK 2 


-- 


“ OX tlic interposition of the unknown : where the square of unknown is 
“ equal to number, and that is rejected with the unknown.” (Or divided by 
the unknown (<_) q\ a^ ^i Ul). (I do not knezv t chat he means here, 

perhaps there is some error.) 

“ It is intitled, 4 Interposition of Unknown/ ( J ; because 
“ that which is required is brought out by means (i^f j) of the unknown. It is 
“called Interposition (La>,s> y); anti Mtidhum Uhrun (unknown means) in 
“ Hindee is to be so understood. Its method is this : The square of unknown 
“ being equal to number, multiply both, or divide both by an assumed number, 
“ and add a number to the two results, or subtract it from them that both may 
i( be squares. For if one side is a square the other also will be a square ; for they 
11 are equal, and by the equal increase or diminution of two equals, two equals 
“ will he obtained. Take the roots of both, and after equating divide the num- 
“ her by the root of the square of unknown, that is by unknown ; the result will 
“ be what was required. And if there is equality in the cube of the unknown, 
“ or the square of the square, that is after the operation in the thing and cube, 
“ and square of square, if the root cannot be found, nor be brought out by rule, 
“ in that case it can only be obtained by perfect meditation and acuteness*. 
“ And, after equating, if the two sides are not squares, the method of making 
“ them squares is tills. Assume the number 4, and multiply it by the number of 
“ the square of the first side, and multiply both sides by the product. And in the 


* From tliis place to the end of the rule Mr. Burrow’s copy is as follows : “ And if in the side which has the 
unknown there is a number greater than the unknown, if the number is affirmative make it negative, and if 
“ negative, two numbers will be found in the conditions required, and the way to find the assumed number by 
“ which the two sides should be multiplied, and the number to be added, is extremely easy; for multiply the 
f< multiplicand of the number of the square of the unknown by 4, and let the square of the numbers of the uc> 
u known, of the side in which there is the square of the unknown, be the number added.’* 
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“ place of number increase both sides by the square of the thing of the unknown, 
“ which is on that side; both sides will be squares. ' Tax the roots of both and 
“ equate them, and the quantity of the unknown will be found. 


Example. “ Some bees were sitting on a tree ; at once the square root of half 
their number flew away. Again, eight-ninths of the whole flew away the 
“ second time; two bees remained. IIow many were there ? The method 
« of bringing it out is this : From the question it appears that half the sum has 
“ a root; I therefore suppose 2 square of unknown, and I take J unknown, that 
“ is the root of half. And as the questioner mentions that two bees remain, 1 
8 lb 

“ unknown and of 2 square of unknown, that is — of 1 square of unknown, 

“ and 2 units, is equal to 2 square of unknown. I perform the operation of 
“ equating the fractions in this manner, I multiply both sides by 9, which is the 
“ denominator of a ninth; 16 square of unknown and 9 unknown, and 18 units, 

“ is equal to 18 square of unknown. I equate them thus : 1 subtract 1 6 square of 
u unknown of the first side from 18 square of unknown of the second side ; it is 
« o square of unknown affirmative; and in like manner I subtract 9 unknown of 
cl the first side from cipher unknown of the second side ; 9 unknown negative 
“ remains. Then I subtract cipher the numbers of the second side from 18 units of 
“ the first side ; it is the same. The first side then is 2 square of unknown atfinna- 
“ tive and 9 unknown negative, and the second side is 18 units affirmative. In this 
“ example there is equality of square of unknown, and unknown to number ; that 
“ is equality of square and thing to number. As the roots of these two sides can- 
“ not be found, suppose the number 4, and multiply it by 2, which is the number 
“ of the square of the unknown, it is 8. I multiply both sides by 8 ; the first side is 
“ 16 square of thing, and 72 unknown negative; and the second side is 144 
u units. I then add the square of the number of the unknown, which is 81, to the 
£< result of both sides; the first side is 16 square of unknown, and 72 unknown 
“ negative, and 81 units; and the second side is 225 units. I take the roots of 
<c both sides: the root of the first side is 4 unknown and 9 units negative; and 
the root of the second side is 15 units affirmative. I equate them in this 
manner: I subtract cipher unknown of the second side from 4 unknown of the 
4t first side; and 9 units negative of the first side from 15 units affirmative of 
tl the second side? the first is 4 thing, and the second side is 24 units affirma- 
u tive, I divide, 6 is the result, and this is the quantity of the unknown; and 


?< 
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“ as we supposed 2 square of unknown, we double 36; the whole number of bees 
“ then was 72.” 

cv z 

In the next example arises the equation ~~~ 4-4a’4- 10=a’ z ; then x *'— 8.r=20, 

M 


4x l — 32r 4- 64 = 4 X 20 -j- 64 = 144, 2.r —8=12; 0 s = 10*. 

The next example is, “ A person gave charity several clays, increasing Jhe 
“ gift equally every day. From the sum of the days I being subtracted and 
“ the remainder halved, the result is the number of dirhems which he gave the 
“ first day; lie increased always by half of that number: and the sum of the 
<c diihems is equal to the product of these three; that is to say, the number of 
u days, the number of dirhems the first day, and the number of the increase, 

u added to y of the product.'* Let the number of days be 4x 4- 1, 2a’ is the 

“ number of dirhems giveai the first day, and a’ is the number of the increase; 


(4x 4- 1) X 2a’ X i — 2a’ a 4- Sx\ add - of this 


16x 2 4- 64a >J 


= the sum of the 


dirhems. Then by a rule of the Leelawuttee, ((4.r 4- 1) - 1) .r+ 2x = the 
number given the last day ; half the sum of what was given the first and 
last days = what was given the middle day. Multiply this by the number of 

days; it is Si 1 + lO.r 1 + 2x, which is = —— Sx 2 — 54,r — 14. Mul¬ 
tiply bv the assumed number 8, for in this case as the co-efficient of ,r is even, 
assume the co-efficicnt itself of x 2 , and add the square of half the co-efficient of 

.r, 64.i'“ - 432.r + 729 = 841 ; 8.i- - 2 7 — 29, x = ~ !) - ~t — = 7 . 


The next is to find x in the equation Qj- 4- jy) X 0 = fiO. The solution is, 

“ I suppose, what is required to be thing , I divide it by cipher; as the quotient 
4< is impossible, thing is obtained, whose denominator is cipher. Its square, which 
“ is the square of thing , whose denominator is cipher, I add to thing, which is the 
“ root. It is the square of thing and thing, whose denominator is cipher. I 
“ multiply by cipher; it is the square of thing and thing . Cipher is thrown out 
“ by a rule of the Leelawuttee, which says, that when the multiplicand is cipher, 
“ and the multiplier a number whose denominator is cipher, the product will be 


* Pari of this example, and most of the rest iu this book, are wanting in Mr. Burrow’s copy. 
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“ that number, and cipher will be rejected.” Whence the equation x~ + x ~ £)0 
which is solved in the common way. 

The next is; a value of x is required in the case ((.r+ X + - (e + , ) X 

0 = 15. It is brought out in a manner similar to that of the foregoing. 

The next example is of a cubic equation, viz. x 3 -j- 12a 1 6.r" 4- 55. The 

terms involving the unknown quantity being brought all on the same side, 8 is 
added to complete the cube. “ I take the cube root of the second side 3, and I 
“ write the terms of the first side in the arithmetical manner, thus : 8 units nega- 
“ tive, and 12 unknown affirmative, and 6 square of unknown negative, and 1 
ei cube of unknown. First, I take the cube root of the last term, it is 1 un- 
te known. I square it and multiply it by 3, and I divide the term which is last 
“ but one by the product ; 2 units negative is the quotient. Its square, which is 4 
et affirmative, 1 multiply by the term first found, viz. 1 thing ; it is 4 thing . I 
“ multiply it by 3, it is 12 unknown. I subtract it from the third term which is 
“ after the first, nothing remains. After that I subtract the term 2 negative from 
“ the first term, nothing remains. The cube root then of the first side is found I 
“ thing affirmative and 2 units negative.” Whence x — 2 n 3, which is re¬ 
duced in the usual way. 

In the next a biquadratic is found, .r 4 — 400.r — 2 x* zz 9999- To solve this 
40(Xr + 1 is directed to be added to each side; the equation is then x* — 2x z 4- 
1 — 10,000 + 400.r. The root of the first side is x z — I, hut the root of the 
second side cannot be found. Find a number which being added, the roots of 
both sides may be found; that is 4.r 4 4* 400a' 4* 1. This will give x* + 2 x x 4- 1 
— 10,000 4- 4x l 4 400.r ; and extracting the square root, x z 4- 1 100 + 2a\ 

which is reduced by the rules given in this chapter. At the conclusion of the ex¬ 
ample are these words i “The solution of such questions as these depends on 
“ correct judgment, aided by the assistance of God. 

In the two uext examples notice is taken of a quadratic equation having two 
roots. “ When on one side is thing, and the numbers are negative, and on the 
“ other side the numbers are less than the negative numbers on the first side, 
“ there are two methods. The first is, to equate them without alteration. The 
ci second is, if the numbers of the second side are affirmative, to make them nega- 
“ tive, and if negative to make them affirmative. Equate them ; 2 numbers will 
“ be obtained, both of which will probably answer.” 

The next example is, “The style of a dial 12 fingers long stands perpendi- 
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“ cnlar on the ground. If from its shadow, a third of the hvpothenuse of these 
“two sides, viz. the style and the shadow, is subtracted, 14 fingers will remain. 
“ What then are the shadow and the hypotheuuse t” In the right-angled 

triangle £, L^> , a being = 12 , and b — 14 ; c and b are required. The equa¬ 

tion (3b — 42) s — b 1 + 144 arises, and is reduced to 45 — 63 — 27. The two 
values + 27 are taken notice of. First, -f- 27 gives b = 22 -^ , which is 

declared to be right. From — 27, b is found rz 9; i( but here,*' it is observed, 
“ 9 is not correct; for, after subtracting a third of the hvpothenuse, 14 does 
“ not remain.” In opposition to this, some one speaking in the first person (the 
Persian translator, I suppose) says, “ I think that this also is right,” and goes on 
to prove that in this case the hvpothenuse will be ~ — 15.” 

The next problem is to find four numbers such that if to each of them 2 be 
added, the sums shall be four square numbers whose roots shall be in arithmetical 
progression; and if to the product of the first and second, and to the product of 
the second and third, and to the product of the third and fourth, 18 be added, 
these three sums shall be square numbers; and if to the sum of the roots of all 
the square numbers 11 be added, the sum shall be a square number, viz. the 
square of 13. 

It is here observed, by way of lemma*, that, in questions like this, the f< aug- 
“ ment of the products” must be equal to the square of the difference of the roots, 
multiplied by the “ augments of the numbersotherwise the case will be im¬ 
possible. 

The following is an abstract of the solution : (Let <r, 3 /, z be the four num¬ 
bers required, and r, s , t } v the four roots which must be in arithmetical pro- 

18 

gression). By the lemma we find the common difference y/ — = 3. The first 

root being r, the second will be =z r + 3 , the third - r + 6 , and the fourth rr 
r 4- 9 . 

Now rs— 2zzs/(n\r+18), and st-£z=L\/(.vg-{-]§) 9 and tv— 2 = v' (j/s-T18). 


* In a marginal note, which I suppose to be written by the Persian translator, the application of the Lemma 
to the problem is illustrated thus: Let a, b, c be three numbers; (a — A) 2 Xc+(a 2 — 0 x (A 2 —c) = (aA —c) 2 . 
In this case we have a — A = 3, c = 2 and A and a two successive roots; and as u< = r 2 — 2, and x =s 2 —2, &c. 
the reason of the rule is plain. 


I 
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We have now tr + Sn/* 1 ; .r+ 2 =:(/’ +3) 1 ; j/ + ‘2r(r+ 6 ) 1 ; s+2z:(r-|-9) a '; 

And a».r+lS = (rjr—o) 1 ; J I 8z(^~2)\ and yz+ 18 n (tv— 2) 1 . 

flaking r-M-W-ht’-K^— 1 2) + (s£—2) + (/u—2j -1-11 — 13 1 ; a quadratic equa¬ 
tion arises, which being reduced r is found zi 2, whence xa n 2, x ~ 23 , y = 62, 
and * n ] If). 

Some questions about right-angled triangles occur next; the first is, “Given 
“the sides of a right-angled triangle 15 and 20; required the hypothenuse. 
“ Although the figure of the bride the hypothenuse is the root of the sum of 
“ the squares of the two sides, the method of solution bj Algebra is this : In this 
“ triangle suppose the hypothenuse unknown, and then divide the triangle into 
“ two right-angled triangles, thus: Suppose the unknown hypothenuse the base 
t( of the triangle, and from the right-angle di aw a perpendicular; then 15 is the 
“ h} T pothenuse of the small triangle, and 20 that of the large one. By four pro- 
“ portionals I find, when the least side about the right angle, whose hypothe- 
“ nuse is 1 unknown, is 15 ; how much will be the least side about the right 
“ angle whose hypothenuse is 15.” In like manner the other segment is to be 
brought out, whence r z 25. * im If I would find the quantity of the perpen- 

“ dicular, and the segments of the hypothenuse at the place of the perpendicular, 
“ it may be done in various ways; first by four proportionals,” See. They are 
found on the same principle as above. “ And another way which is written 
Cl in the Leelawuttee is this; The difference of the two containing sides, that is 
“ to say 5, I multiply by 35, which is the sum of the two sides; it is 175. 
u I divide by 25 that is the base; the quotient is 7. I add this to the base, it 
“is 32. I halve it, if) is obtained; when I subtract 7 from the base, 18 
“ remains. I halve, 9 is the smaller segment from the place of the perpen* 
“ dicular, 

1 lulei “ The square of the hypothenuse of every right-angled triangle is equal 
“ to twice the rectangle of the two sides containing the right angle, with the 
“ square of the difference of those sides. As the joining of the four triangles 
* abovementioned is in such a manner that from the hypothenuse of each, the 
“ sides of a square will be formed, and in the middle of it there will be a square, 

“ the quantity of whose sides is equal to the difference of the two sides about the 
“ right-angle of the triangle ; and the area* of every right-angled triangle is half 
u the rectangle of the sides about the right triangle. Now twice the rectangle 
“ of the two sides containing that is 600, is equal to all the four triangles ; and 
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il when I add 25, the small square, it will be equal to the whole square of the 
“ hvpothenuse, that is 625, which is equal to the square of thing ; and in many 
“cases ail effable root cannot be found, then it will be a surd; and if we do 
“ not suppose thing, add twice the rectangle of one side into the other, to the 
“ square of the difference of the sides, and take the root of the sum, it will be 
“ the quantity of the hvpothenuse. And from this it is known that if twice the 
“ rectangle of two numbers is added to the square of their difference, the result 
<c will be equal to the sum of the squares of those two numbers.'* 

The next is in a right-angled tiiangle . Given \/(ab — 3 ) — 1 = ac - 

ec, required the sides. “ First, I perforin the operation of contrariety and op- 
“ position : let ac — nc he supposed 2 . To this add 1, it is 3 ; take its square, 
“ its is 9 > add 3, it is 1C. T his is the quantity of the less side ; its square which 
“ is 144 is ac z — bc*; here then the differences of the two original numbers, 
“ and of the two squares are both known ; and the difference of the squares of two 
“ numbers is equal to the rectangle of the sum of the two numbers, into their 
“ difference. Therefore when we divide the difference of the squares by the 
“ difference of the two numbers, the sum of the two numbers will be the quotient; 
“ and if we divide by the sum, the difference will be the quotient: because the 
“ square of a line has reference to a four-sided equiangular figure whose four 
“ sides are equal to that line ; for example, the square of 7 direhs is 49. If I 
“ subtract the square of 5 from it, 24 remains; and the difference of 7 and 5 is 
“ 2, and their sum 12, and the rectangle of these two is 24, which is the number 
“ remaining. Then it is known that the rectangle of the sum of the two numbers 
“ into their difference, that is 12 multiplied by 2, is equal to the difference of the 
“ squares of the two that is 24,” &c. On this principle the sum and difference 
being found, the numbers themselves are had “ by a rule of the Leelawuttee,” viz. 

a — b 


a 4 - b a — d . a 4* b 

- _l - — a and-— 


-b. 


By supposing other numbers besides 2 for the difference, and proceeding in the 
above manner, triangles without end may be found. 

As objection is here made ([ suppose by the Persian translator) that the 
above is not algebraical. It is then stated that the translator has found out an 
easy way of solving the question by Algebra. He directs that the difference 
AC — BC may be assumed = 2, as before; and making bc — x, ac will be 

i 2 
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— t r 4 * 2 , and ab being “ 12 , the value of &' may be found from the equation 
a? 1 4- 12 1 = O + 2)*’. 

“ The difference of the sum of the squares of two numbers and the 
“ square of their sum is equal to twice the rectangle of the two numbers. For 
£ ‘ example, the squares of 3 and 5 are 9 and £ 5 , that is 34, and their sum 
“ is 8 and its square 64, and the difference of these is 30, which is equal to twice 
“ the rectangle of 3 and 5 that is by the 4 th figure of the second book thus.” In 
the copy which I now have, the figures are omitted. In Mr. Burrow’s copy it is 


64 


9 

15 

15 

25 


3 5 


Then follows another rule: 4 ab — (a 4- by = (« — b)- f which may be easily 
understood by this figure. There is no figure in Mr. Burrow’s copy, nor in my 
present copy, but I had one in which there was a figure for the demonstration of 
the Sth proposition of the second book of Euclid. 

Next come two examples : The first of them is, what right-angled triangle is 
that “ the sum of whose 3 sides is 40, and the rectangle of the two sides about 
“ the right angle 120 ? 

“ The method of solution is this: By the first rule take twice 120 , it is 240, 
“ and this is equal to the difference of the sum of the squares of the sides about 
“ the right angle, and the square of their sum that is the hypothenuse. Then 
“ the difference of the squares of the two numbers, one of which is the sum of the 
“ two sides and the other the hypothenuse, is 240; and the sum of both is 40. 
“ In the method of finding out the triangle, it was before known that the dif- 
“ ference of the squares of two numbers is equal to the rectangle of their sum and 
“ difference ; when the difference of the two squares is divided by the differ- 
tl ence of the two numbers, the quotient is the sum of the numbers; and if it is 
“ divided by the sum, the quotient is the difference. Let then 240 be divided 
H by the two numbers, which together make 40 by the question, the quotient 
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“ is b, and this is the difference of the hypothenuse and the sum of the two sides 
“ about the right angle; then add b to 40, and takcnts half, it is 23; this is the 
“ sum of the sides; subtract 6 from 40, and take its half, it is 17, and this is the 
“ hypothenuse, for the sum of the two sides is always greater than the hypothe- 
iC nuse by the asses proposition*. Jt was stated in the second rule that the 
“ difference of the square of the sum of two numbers, and 4 times their rectangle, 
“ is equal to the square of their difference. Take then the squares of 23, it is 
“529, and 4 times the rectangle of the two sides, it is 480; their difference is 
“ 49 , which is equal to the square of the difference of the sides, that is 7 : then 
“ add 7 to 23, and subtract it from the same, and the halves, arp 15 and 8 the 
“ two sides.” 

The next example is, required x, y } z , such that x + y -f- - zz 56 . 

z 

and xyz — 4200. “ I suppose the diameter ( the hypothenuse) unknown ; take its 

“ square it is x 1 : This is equal to the sum of the square of the two sides about 
“ the right angle, by the figure of the bride ; and as 4200 is the product of the 
“ rectangle of the two sides multiplied by the hypothenuse, I divide 4200 by the 
4200 

“unknown, the quotient—— is the rectangle of the two sides. And it was 

“ stated that the excess of the square of the sum of the numbers above the sum 
“ of their squares is equal to twice the rectangle of the two numbers. The sum 
“ of the two sides is 56 — x; I take its square, it is x z — 1 12a 1 + 313b; and the 
“ sum of the squares of the two sides is x z , for that is the square of the hypothenuse, 
“ which is the same. I take the difference of the two — 1 12 a* + 313b, and this 

“ is equal to twice the rectangle of the two sides, that is ” See . 

The equation is reduced in the common way: the square in the quadratic, 
which arises, being completed by adding the square of 14, which is half the co¬ 
efficient of x. I 11 this way the hypothenuse, and thence the other sides are 
brought out. 


* Meaning by the asses proposition the 2Cth of the first book of Euclid, which we are told was ridiculed bv 
the Epicureans as clear even to asses. These passages are only interpolations of the Persian translator. 


END OF THE SECOND 30 0K. 




BOOK 3 


«EXPLAINING THAT MANY COLOURS MAY RE EQUAL TO EACH OTHER.’* 


“The rule in this case is to subtract the unknown of one side from the un¬ 
it known or cipher of the other side, and all the other colours and the numbers of 
a t ke second side from the first side, from which the unknown was subtracted, 
(< au( ] divide those colours by the unknown. If, as may happen, the denomi¬ 
tt nators are one quantity, perform the operation of the multiplicand ; and if the 
a denominators are different unknown quantities let them be unknown. Suppose 
ii the quantity of every one of these unknown the denominator, and put it below 
“ the colours of the dividend, and reduce the fractions and reject the denomina- 
<i tors . then the unknown will not remain on any side. After that subtract the 
“ black of one side from the other side, and subtract the rest of the colours and 
“ the numbers from the side from which the black was subtracted, and perform 
« the sam e operations as were directed for the unknown, and the quantity of the 
“ black will be obtained: and in like manner the rest of the colours, and all 
« the quantities of the multiplicand will be obtained. Then perform with it the opera- 
“ tion of the multiplicand ; and the multiplicand and quotient will be obtained. The 
c multiplicand will be the quantity of the dividend, and the quotient the quantity of 
« t p e divisor. And if in the dividend of the operation of the multiplicand, two 
« colours remain; as for example, black and blue, suppose the second in order, 
which is blue, the dividend, and suppose black a number, and add that to the 
“ augment, and perform the operation ; and when the quantity of the two last 
« colours is obtained, we shall known by the method which has been explained 
“and illustrated in the examples, what are the quantities of the other colours 
“ which are below it. And when the quantity is known, reject the name of 
“ colour, and if the quantity of the colour is not obtained in whole numbers, 
“ again perform the operation of the multiplicand till it comes out whole ; and by 
“ the quantity of the last colour we know the quantities of the other colours, so 
<* that the quantity of the unknown will be found. If then any one propose a 
« question in which there are many things unknown, suppose them different 
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“ colours. Accordingly, suppose the first unknown, and the second black, and 
“ the third blue, and the fourth yellow, and the fifth red, and the sixth green, and 
“ the seventh parti-coloured, and so on, giving whatever names you please to 
“ unknown quantities which you wish to discover. And if instead of these 
“ colours other names are supposed, such as letters, and the like it may be done. 
“ For what is required is to find out the unknown quantities, and the object in 
“ giving names is that you may distinguish the things required.” 

From the first question in this book arises the equation 5.v 4 - 8 ^ -f 7z 4 - 90 zz 

7,11 4 - 4 - 6z + 62 . From this is derived ~ v or ~ z — 

c *— V d - °9 

Now z is assumed zz 1 , and from—, the multiplicand and the quotient 

are found by the rules of the fifth chapter of the introduction as follows: The 
augment being greater than the divisor, the former is divided by the latter. The 
quotient is retained, and the remainder is written instead of the augment; the 
quotient is found — 0 and the multiplicand zz 1 . As the number of the quotients 
arising from the division of the dividend by the divisor is in this case odd, and 
as the dividend is negative ; and each of these circumstances requiring the mul¬ 
tiplicand to be subtracted from the divisor, and the quotient from the dividend, 
the quantities remain as they were, viz. 0 and 1 . Now adding I f the quotient 
of 29 divided by 2, to 0; the true quotient is 14 and the multiplicand = l. 
Therefore .r zz 14, and 1 / — 1 , and z = 1 ; and new values may be found by the 
rules of the 5 th chapter of the introduction. 

The next question is the same as the third of the 1st book. 

In the next we have the four quantities 4 - 2y 4 - Sc 4 - 7w, and 3d' + 7j/ 4- 
2c + lw, and G.v 4- 4y 4- 1 = + and S,i‘ 4 - ly 4 - Sz -f Ire, all equal to each 
other; ami the values of v, y , c, and xv are required. From the first and second 
is found 2 .r zz 5y — 6z — ; from the seeond and third 3.r zz 3y + z —- w; and 

from the third and fourth 2 .r zz 3y — 2 z -b zv. 

From the two first of these three equations 9 yzz 20 c 4-lfe, and from the two 

last 3y zz 8c — 5xv; whence 12 z zz g3zv ; and dividing ^ - zz z ; il and 

“ above, where the rule of the multiplicand was given, it was said that when the 
“ augment is cipher, the multiplicand will be cipher, and the quotient the quotient 
“ of the augment divided by the divisor ; here then the multiplicand and quotient 
” are both cipher.” Then adding 31 for a new value of c* and 4 for a new 
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value of tr, 31 zz z aiul 4 zz te, and the other quantities are brought out in the 
usual manner. 

The next example gives 5x + 7y + 9* + Sw = 100 , and 3x + 5y + 7 z + 

9 a; = 100 . From these comes ty — — 8 z — 3to + 200 , and for the operation of 

, . , — 85 - 3to + 200 c . . Q ... . 

the multiplicand -^-= y. Suppose re = 4, then — 8 % will be 

the dividend, and -f- 56 the augment, and 4 the divisor. As 4 measures 56, 14 

times without a remainder, the multiplicand will be =3 0 , and the quotient =z 14: 

adding — 8 to 14, and 4 to 0 , y = 6 and s = 4. The other quantities are found 

in the same way as in the former examples. Another method, not materially 

different from the foregoing, is also prescribed for the solution of this question *. 

A great part of the next example is not intelligible to me. What I can make 

, . „ _ . . x — 5 x — 4 x — 3 x — Q 

out is this. Jo find x so that —— = y, —-— — ~, —— — v } — — = 

whole numbers. Taking values of x in these equations the following are found 
6 y = 5z — 1, 5z = 4y — 1 , and 4v ~ 3w — 1 ; from this last zo ~ 3 and v ~ 2, 

but tliese numbers giving ~ a fractional value of z, new values must be sought 

for w and v. Then after some part which I cannot understand, the author makes 
w = 3 + 4 m, and says u is found = 4 ; then w = 19, v = 2 + Su, v — 14. After 

4 ^ __ | 

more, which I cannot make out, he finds-:— = 11 z;; by means of t which 

J a 

he adds to v and finds iz 15. After more, which I can make nothing of, he finds 

y = 9 and x — 59- 

The next example is, what three numbers are those which when the first is 
multiplied by 5 and divided by 20, the remainder and quotient will be equal; 
and when the second is multiplied by 7 and divided by 20 , the remainder and the 
quotient will be equal, with an increase of 1 , to the remainder and quotient of the 
first; and when the third is multiplied by 9 and divided by 20 , in like manner, the 
remainder and quotient will be equal with an increase of 1 to the remainder and 
quotient of the second? The first remainder is called x, the second x -f 1 , and the 
third, x + 2 , and these are also the quotients. Let the first number be y . By the 


* From ibis place there is a great omission in my copy as far as the question 7 a 8 + % 2 = Q, and 7 a 1 — 8 y % 
— 1 = □, in the next book* Mr. Burrows’s copy, however, being complete in this part, I shall proceed to 
supply the omitsion in mine from his. 
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question ^ = a -f whence x zz Let tlie second number be z, then 

— 21 


5i/ 


^ | ■ 1 - { 

— ~ ,v + 1 -i -, whence x — - 

20 n 20 


9* 

20 


= x + 2 + 


x 4* 2 
20 7 


whence x 


21 

9 *> — 42 

* 


of x is found 


72 — 21 


zz ?/, and from the second and third 


Let the third number be v, then 

From the first and second values 
9v — 21 


From 


o / 

this last is found by the operation of the multiplicand z = 6 and v z= 7 , and 9 
is called the augment of 2 , and 7 the augment of v; as this value of z does not 
give if integer, other values must be sought. The augment of z is directed to be 
called xv, and the value of xv is to be sought; xv is found zz 3, and its augment 
5 ; 33 is found by multiplying 3 by 9 and adding 6 ; at last the required numbers 
are found 42, 33, and 28. Most of this example after that part where z is 
found — 6, is unintelligible to me. It appears only that new values of ,3 are 
found from 6 + 9xv, and that r 0 and its values are found xv — 3 and 3 + 5u , and 
from xv zz 3 the numbers are found. I suppose the question is solved much in the 
same way as such questions are now commonly done. 

a’ — 3 „ 


.r — 1 x — 2 v — 3 2 


A 1 — 1 __ J ^ — 2 


The next question gives , , _ , —-, 0 -, — 7 - , 

- 0 0 2 o 3 

to ii 11 cl ^ so that all these numbers shall be integers. 

Let the number required be x; let the first quotient be 2 y + 1 , this multiplied 
by the divisor 2 will produce for the dividend 4 y + 2 , and 1 being added for 
the lemamder x = \y + 3. In like manner the second quotient being assumed 
3z + 2, 92 + 5 zz 4y ; from this last, by the operation of the multiplicand, find 
z zz‘3 and y = S, and the augment of z is 4v, and that of y is 9v ; then xs= 4 y+ 
3 - 3 + 4 X (8+9") zz 35 + 36r. As the value of?/, 8 will not answer for .r in 
the third condition, proceed thus: Let the third quotient be 5u + 3. Multiply 
by 5 and add 3, 2 5u + 18 z: x, this is zz 35 + 3Gv , hence 2 5u — 17 — 36v; then 
by the operation of the multiplicand u~ 5 and v zz 3 , 36u zz 108, 25 X 5 — 17 + 
35 zz 143 zz x, and as u zz 5 + 36xv and v z 3 + L 25xv, the augment of x is 900 
because 25 X 36 zz 900 . 

r — 1 s — 2 


The next question is to find two numbers r and s such that 


6 


(a - r) - 2 (r + s) - 5 
3 1 9 ? 


and 


vs — 6 ' 


are integers. To find other numbers 
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besides 6 and 8 , Let the first number be 5.v + 1 , and the second 6x + 2 , the 
difference is x + 1. Divide by 3; suppose the quotient y and the remainder 2 ; 
then a’ + 1 = 3 y + 2 , and x = 3 j/+ I, and 5x + 1 the first number = \5ij + 6; 

and 6 # + 2 the second number = I 83 / + 8 ; their sum is 33 y-\- 14. Let 

^ _ q _3 

= z + rr,‘ then ' - = y = — ; from this is found y = 3 and z = 1C, 

9 33 J ff 

or y = 0 + 3cv and z = 1 + 1 la?; hence 5x+l=45w+6, and 6 tf + 2=54t£>+S, 

“ As the product of these taken according to the question involves remand would 

< f be a long work/’ suppose 45 zt? + 6 — 51 and let the second number be as it 

was; throw out 7 from both, the remainders are 2 and 5te> + 1 ; take their 

product, it is lOw + 2 . Divide by 7 suppose u the quotient and 6 the re- 

. , 10 sx> + 2 6 7^+4 c . 

mainder: ---= u + — 10rv + 2= 7u + 6, ——— — w; from this is 

7 n It) 


found re—6 ov 6 + 7r. The second number being 54re + 8, it is 54X6 + 8 = 332, 
and its augment is 5 1* X 7v = 37Si\ As the first number is 45w + 6, and was 
supposed = 51, its augment is 45 X 7 v. 

The next is, what number is that which being multiplied by 9 and 7 and the 
two products divided by 30, the sum of the two remainders and two quotients 
will be 26 . “Suppose the number x f multiply it by 16 , it is 16 #, for if 1 had 
“ multiplied separately by 7 and 9, by the first figure of the second book, it would 
l< also be l6.if\ Let the quotient of l6 t r divided by 30 be l6a?—30j/ is the re- 

ogy + 26 

mainder, add the quotient y ; \6x — 2 9 y = 26 , and —“ lV ‘ The augment 


being greater than the divisor, subtract *6 from 26 , it is 10 . By the operation of 
the multiplicand, the quotient is found 90 and the multiplicand 50. From 90 
subtract the 29 s , and from 50 the i 6 s ; 3 and 2 remain. Take 3 from 29 and 2 
from 16 , 26 and 14 remain. As 16 was once rejected from the augment, add 
1 to 26 , x = 27, and the quotient is 14 and the remainder 12 . No new values 
can be had in this case by the augment, for then the quotient and remainder 
would be greater than 27 . 

The next is, what number is that which multiplied by 3 , 7, and 9 , and the 
products divided by 30, and the remainders added together and again divided by 
30, the remainder will be 11 . Suppose 'the number x ; let 19 a’he divided by 
30, and let the quotient be y y then 19 # — 30j/= 1 1. “ If we had multiplied 

“ separately, and divided each number by 30, the sum again divided by 30 would 
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also have been equal to 11 ; but this would have been a long operation. The proof 
“ of the rule for such numbers is plain ; for example, if 8 be multiplied by 2 , 3 , and 
“4, it will be lb, 24, and 32, and dividing each by 15, there will remain 1 , 9 , 
“ and 2 . The sum of these, that is 12 , divide by 15 ; there remains 12 . If 8 is 
“multiplied by the sum of these that is 9, it will be 72 ; divide this by 15, 12 

“ remains.** From — — zz x by the operation of the multiplicand is found x = 

2 9 + 30 m, and y zz' 18 4* 19 m. 

The next is, what number is that which being multiplied by 23, and divided 
by bO, and again by 80, the sum of the remainders is 100 ? Let the number be a\ 


Suppose the first remainder 40, and the second bO, and let 


bO 


23a 1 

Again, let -77 


_ 601/ + 40 

x — "03 • “S* 111 * 80 

zz bO?/, from which are found y 
teger. y zz 3 + 4 m, z zz 2 + 3m. 


GO 

+ tlien x : 

bo 


80a + 60 

as ' 


40 , 

~-y + 55* then 

Hence S0;r + 20 


3 and z — 2 ; these values do not make x in- 
Let y zz 7 and z — 5, then x = 20 . By sup¬ 
posing the remainders 30 and 70 , x will be = 00 , and the question may be worked 
without supposing the lemainders given numbers, and by subjecting the quan¬ 
tities separately to the operation of the multiplicand. 

5 x 

In the next example y being the quotient of x + 3 /= 30. “ Here there can 


“ be no multiplicand for no line (of quotients) is found, nor can it be brought 
“ out by interposition" (meaning quadratic equations). Proceed then by another 
method and the question is solved by position ; the number is supposed 13, and 

brought out truly 21 -; afterwards is added, “I say this too may be done by 

“ Algebra thus f’ Cali the number x, 

^5 T 1 Q r 2 

xf + x ZZ - 30, 18* = 390, x = 21-. 

1 j 1 j o 

The next example is. It is said in ancient books that there were three people, 
of whom the first had b dirhems, the second 8 , and the third 100 . They all 
went trading and bought pawn leaves at one price, and sold them at one rate, 
and to each person something remained. They then went to another place where 
the price of each leaf was 5 dirhems; they sold the remainder and the property of 
the three was equal. At what price did they buy first, and at what rate did they 
sell, and what were the remainders ? 


k 2 
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Let the number of leaves bought for 1 dirhem be a, and suppose the price they 
sold for to be a certain number. For example: Suppose 110 leaves sold for 1 
dirhem, then the leaves of the first person were 6a 1 ; let the quotient of 6a, 
divided by 110 bey, which is the number of dirhems first had ; 6a — llOy is the 
number of leaves remaining. Multiply by 5, 30a — 5.5Oy is their price; add 
the former result y, 30a—*549y is the amount of the first person’s property. Then by 
four proportionals is found what theproduceof 8a and 100a will be, that of 6abeing 

y . 

y; the second person is found to have y + ^and the third l6y + -j. After 


working as above, according to the terms of the question, the amount of the 

120a — qi06?/ 

second person’s property is found-- —and in like manner the third 


, 1500a — 12745Oy 

person s ---- 


From 30a zr 54 9y, a is found ~ 0, and its augment 


549, this is ~ a, and y ~ 30*. It is added that unless a number is assumed the 
question cannot be solved without the greatest difficulty. 

This book closes with some general remarks about the attention and acuteness 
requisite for solving questions like these. 


* Some of these numbers are evidently brought out wrong, for * should be divisible by 5 and by 21. Taking 
525 (instead of 549) for x, and putting a, b , c for the leaves sold at 110 per dirhem ; we get b — 1 100 + a, and 
c = 51700 -f* a ; where a may be 110, or the mulliples of 110 up to 770. 


END OF THE THIRD BOOK. 





BOOK 4. 

“ ON THE INTERPOSITION (Lox^y) OF MANY COLOURS." 


_/\.ND that relates to making the squares of many colours equal to number. 
{: Its operation is thus: When two sides in the said condition are equal, in the 
“ manner that has been given above for the interposition of one colour, suppose 
“ a number and multiply or divide both sides by it, and add or subtract another 
“ number, so that one of the two sides may be a square. Then the other side 
u must necessarily have a root, for the two sides are equal, and by the increase or 
“ decrease of equal quantities, equals result; then take the root of that which is 
<£ easiest found. And if in the second there is the square of a colour and a 
“ number, suppose the square the multiplicand and the number the augment, 
“ and find the root by the operation of the square which was given above, and 
“ this certainly will be number. Make the first root of colours equal in these 
“ two, and know that you must equate so that the square, or the cube, or the 
ie square of the square, of the unknown may remain. And after the operation of 
“ the multiplication of the square, the less root is the quantity of the root of the 
“ square of the colour of that side which was worked upon ; and the greater root 
“ is the root of all that side which was equal to the root of the first side. Equate 
“ then in these two sides. And if in the second side there is the unknown, or 
“ the square of the unknown, the operation of the multiplicand cannot be done. 
“ Then assuming the square of another colour perforin the operation. Thus it is. 
“ If there is the unknown with numbers, or the unknown alone, whose root does 
t£ not come out by the multiplication of the square, unless by assuming the square 
“ of another colour; when the root of this is obtained, equate in both and find 
t£ the quantity of the unknown. The result of this is, that you must apply your 
mind with steadiness and sagacity, and perform the operation of multiplication 
“ of the square in any way that you can.” Here follow a few lines of general 
observations not worth translating. 
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Example. What number is that which being doubled, and 6' times its square 
added to it, will be a square ? 

Let the number be x, and let + 6 x* ~ y 1 . Multiply by 24, which is 6 mul¬ 
tiplied by 4, and add 4; then divide by 4 , it is 12r + 36j ,z 4- 1 zz 6y z 4- 1 ; 
x/(i2.r 4- Sfrp 1 4- 1) — 6 x 4- 1. As the root of the other side 6 jf 4- 1 cannot be 
found, perform the operation of the multiplication of the square. Suppose the 

q 

less root, or g — <2; then 6 g z 4-1 ~ 5 Z ; 5 ~ 6x -f 1. ,r“ - , By the rule of 

cross multiplication for new values g zz 2 X 10 4- 2 X 10 ~ 40 and 6 x 4- 1 —49, 
whence x = 8. 

The next is: What numbers are those two, the square of the sum of which, 
and the cube of their sum, is equal to twice the sum of their cubes: 

Let the first number be .r — g; and the second x 4 - y, their sum will be 2.r: 
then 4x z 4- 8a? 1 z= 2 ((a? — py 4- (a? 4- g ) 3 ) — 4x l 4- 12a? g 1 ; 4x 4- Tr l = 1 Qy z ; 
4x z 4- 4x 4* 1 = 12j/ a + 1 ; whence Qx 4- 1 — V {\ 2j/ a 4- ]). Then by the mul¬ 
tiplication of the square, making 2 the less root, 7 is the greater, 2a? 4-1=7, 
a?=3, g ~2 : x—g~ 1, x-\-g=5. By cross multiplication new values may be found. 

The next is: What number is that which, when the square of its square is 
multiplied by 5. and 100 times its square subtracted from the product, the re¬ 
mainder is a square? 

y L 

Let the number be x } and let 5.r 4 — 100T 1 ~ g z ; 5x z — 100 zi — = Q. Sup¬ 
pose 10 the less root, then 5 X 10"— 100 rz 400 zz 20*"; whence g zz 200 and 
x ~ 10 . 

The next is: What are those two whole numbers whose difference is a square, 
and the sum of whose squares is a cube ? 

Let the two numbers be x and y ; let g — x zr z% then x z z= g z — °yz 4- z 4 , 
and as x z 4- g % = Q, let <2y z — 2 yz z 4- z 4 = £ 6 . Then 2/ — 2 gz 2 zi z 6 — s 4 , 
and 4 y z — 4 gz* — 2z 6 — L 2z 4 , and 4 g z — 4 yz z 4- z 4 = 2 z 6 — z 4 ; whence 2 g — z* 
z z \/{Qz 6 — z 4 ) ~z z \/{ ( 2z z — 1). Now by the multiplication of the square 
making 5 the less root, 2 X 5 Z — 1 z 49, and 7 is the greater root. Then 
v/(2s 6 — £ 4 ) = 175 = 2 g - z z ; 2j/ — 25 = 175, y ~ 100, x = y — z z = 75. 
Or if z zz 29 new values of x and y will be found as above. 

Here follows a Buie. “ Know that when both sides are equal and the root of 
“ one side is found, and on the other side there is a colour and its squaie, make 
“ this side equal to the square of the next colour, that is to say not to .r, and let 
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“ its square be to that of j/, and if be its square, make it equal to the square of c, 
“ and multiply or divide both sides by a number, and add or subtract something 
“ so that the root of the side may be found. Here then I have found two roots ; 
11 one tlie first, which is the root of the first of the first two sides : and the 
“ second, the root of the first of the second two sides, which is not equal to that 
“ root. Perform the operation of the multiplication of the square with that other 
“ side whose root is not found. Let the less root be equal to the first root, and 
“ the greater root be equal to the second root, and the quantity of these colours 
“ will be found.” 


Example. A person gave to a poor man in one day three units, and gave every 
day with an increase of two. One day the poor man counted all the money, 
and asked an accountant when he should receive three times the sum, at the rate 
paid. Let the number of days passed when he counted his money be d\ and the 
number of days when the sum would be tripled y. First find the amount received 
in the time .r, thus: “ By a rule in the Lilavati.’' (.r — 1 ) X 2 + 3 — 2 a’ 4 - 1 n 

q r _p ] _j_ ^ 

—-- = a’ + 2 zz the gift of the middle day. 


the gift of the last day ; 


Multiply this by the number of days, a ’ 1 4 - 2 a’ is the sum. I 11 like manner the 
sum for the time y is y x 4 - 2 y, which by the question is — 3 a ’ 1 4 - 6 a’; whence 
9^ + 18a 1 + 9 — 3y z + 6 y 4- 9, and 3d’ + 3 ~ V (3y z + 6 y + 9 ). Let 3 y z + 
(h/ 4 - 9 zz c 1 , then will be found 3y + 3 zz \/(3z z — 18). By the multiplication 
of the square, making 9 the less root, 3 z z — 18 zz 1 5 Z , therefore 3 y 4- 3 zz 15 and 
y zz 4 ; and because 3y z 4- 6 y + 9 = z 1 zz 81, and 3a’ 4 - 3 = 9 , z 2 . Thus, 
on the first day, he got 3, and the second 5, and the sum is 8 ; and on the fourth 
clay he had 24, which is three times 8 . I 11 like manner, by making the less root 
33, the greater root will be 57, and y zz 18 and x = 10, and other values may be 
found by assuming other numbers for the less root. 

Then follows a Rule, which is so mutilated that I do not know how to translate 
it. As far I can judge, its meaning appears to he this : If ax x 4 - by x zz the 
quantities are to be found thus : Either find r such that ar x +b — □=/>% and then 
d' will be zz ry and z zz py , or apply the rule given at the end of the 6 th chapter 
of the introduction for the case, when a zz 

Required* a- and y, such that 7 d’ z 4 - 8 j/ a zz Q, and 7a ’ 1 — 8 y z 4 - 1 zz Q 


At this place my copy conies in again. 
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7x % 4- S if is supposed m js 1 . The operation of multiplication of the square is 
directed to he performed, 7a’ 2 being the multiplicand, and Sy 1 the augment: “ I 
“ suppose 2 the less root, and multiply its square which is four by 7 the multi- 
“ plicand; it is 28 ; add 8, the square is 36*; 6 then is found the greater root ; 
“ 6 black then is the quantity of blue, and 2 black the quantity of the unknown. * 
Thus z is found mb//and a 1 m 2y. The second condition is 7a ,z — 8j/ a -f* 1 m Q, 
whence by substituting 2y fora 1 ; 2S i/ z — 8i/ % 4* 1> or 20yr + 1 m □ m tr\ Now 
by the operation of multiplication of the square, supposing the less root, and 
20 X 2 1 -P1 = 81 =zo z ; whence w m Q. Therefore ./• m 4 and y m 2, supposing 36 
the less root, .r will he m 72 and y m 36. 

In the next Example .r and y are required such that a* 4-= □, and 
x -p y m Q. The multiplicand being a square let the augment he divided by y. 

Then by a rule of the 6th chapter of the introduction -—m Let — lf 

za; 1 , then y* +y m 2wk Multiply by 4 and add 1, 4y 1 + 4i/ 4- 1 — Src 1 + 1. 
The root of the first side of the equation is 2 y + ]. Find the root of the second 
side by the operation of multiplication of the square, supposing* 6 the less root, 
17 will he the greater; now 2y 4- 1 m 17 ; whence y m 8 and a* m 2S Other 
values of y and x are 49 = y, and 1176 m x. 

Another method of solving this question is given. Supposing one of the 
numbers 2a? 1 and the other 7 a; 1 ; the sum is 9x\ which is the square of Sx. The 
square of the first added to the cube of the second, is Sa? 6 4- 49a? v ; let this he m y z ; 
divide by x\ the quotieut is 8a? 1 + 49. Perform the operation of multiplication 
of the square, supposing 2 the less root, 8 X 4+ 49 m 81 m 9k Therefore 
x m 2, and the first number 2x x ism8, and the second 7a? 1 ism2S ; and supposing 
7 the less root, 21 will be the greater root; then x m 7, and the first number will 
be 98 and the second 343. 

Rule. “ If a square is equal f, the root of which cannot be found ^ and in 


Viz. If a =/>» (supposing ax 2 4 b =y*), then — ~~- = y; and - 


f Here seems to be an omission. 

% If the number can be reduced to the form (ax 4 WI ^) S it become; rational by makirg ax 4- my = 

_l / r _ 1 \ 2 tr 4 1 \ 2 

—— -y 3 for then 1 — ~y) + ry 2 = \ * n ^ r * Burrow’s copy this rule begins “ If there are two 

sides, the root,’* &c. 
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“which there are two squares of two colours, and the rectangle of those two 
“ colours; take the root of one square, and find from the second square a root, so 
“ that from the two squares that rectangle may be thrown out. 

“ For example: In the second side is 36 square of unknown, and 36 square of 
“ black, and 36 rectangle of unknown and black. Take the root ot 36 square of 
“ unknown, 6 unknown ; and from 36 square of black, take the root of 9 square 
“ of black, 3 black. When we take twice the rectangle of these two roots, the 
“ rectangle which is also 36 will be thrown out; and from the squares 27 square 
“ of black will remain. Divide whatever remains by the colour, of which this is 
“the square; and from the number of the colour of the quotient, having sub- 
“ tracted one, halve the remainder, make what is obtained equal to that root 
“ which has been found. After dividing* the second by the first, the quantity of 
“ the first colour will he obtained.” 

In the next example x and y are required such that x 1 -P y* + ocy z= n, and 
V / (T ,i + y* + xy) X (x-\- y) -p 1 ~ n. c< The first equation being multiplied by 
“ 36 gives 36,r 2 4 - 36 xy* -p 36xy — 36 s 2 . The root of one square and part of the 
“ second square, the rectangle having been thrown out, are found 6 unknown, and 
“ 3 black : there remains 27 square of black.” Then applying the rule, x is 




found = J., whence / = and ,v l + y'- + ay = ~- + jP + ~y = g 

= (t)’ anJ V( ri +y+.!'j/)x(i’+j/)+i=y y )+ 1 - - Gj/ ,j + - 9 ’ make 

this =z rt> 2 , then 56y 2 -p 9 — 9 : 0 *, Then root of 9w* is 3zv , and by the operation 
of multiplication of the square, making 6 the less root, 45 will be the greater root. 
For 56 X 36 + 9 z: 2025 zz 45 2 ; therefore y zz 6 and x zz 10; or making 180 
the less loot, y — ISO and x — 300. 

The next question is: Required x and y such that and x l -p y* 


= n, and x + y -p 2 = Q, and # — 3 / -f 2 — Q, and x* — y* + 8 zz o, and 

1 / - ~- d y + -/(.!■* 4 - /) + \/(>p + y + 2 ) + %/(.r — y + 2 ) + %/(.?*—#* +s) 


n. It is plain that 6 and 8 will answer the above conditions. Pass them 
and find two others. It is required to find them by means of one unknown 
quantity only. Suppose the first number p* — 1 , and the second 2 p. Then 

Xy +y _ (/f ~ 1) X 2p + 2 /> _ Qpl ~ ^ + St - Anri ^ _ 
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2// + 3 + 4/;* —f + 2/4- 1 = (P + l) s . And .r + a/ + 2 = (/ — l) + 2/; + 2 
— / + 2/; + 1 = (/> 4- 3)\ And x x -f-f 2 z=(p —1)\ And ,r*— y* + 8 = 
/—2/4-1 —4/4-Szz/; 4 —6/-f-9 = (/—3)*; and the sum of the roots is equal to 
p 4- (/-fO + (p+0 4- (/>—1) + (/—3) r= C/ 4- 3p — 2. As the root of 
this cannot be found, make it equal to 9*: then 2/ 4- 3p =z 9 a 4- 2. Multiply 
by 8 and add 9 ; 16/ 4- 24/; 4- 9 = 89 s 4- 25. Find the loot of the first side 
♦/(Id/;* 4- 24/; 4- 9) — 4 p + 3. For the root of the second side perform the 
operation of multiplication of the square. Suppose the less root 5, the greater 
root will be 35 ; for 8 X 25 4* 25 ~ 225 15*. Make the root of this equal to 

that of the first side 4/> + 3 = 15, whence/; = 3. In this case x — 8 and y zz 6 ; 

4; 1 1 67 7 

making the less root 30, the greater will he 85; p will then he — and x zz ——- 

and?/ 1 = 41 ; or making the less root 175, the greater will be 495, p zz 123, 
x — 15128, and y zz 2 66 . Or x may be supposed = / + 2 p, and y zz 2. Or 
x ~ / — 2 p, and y zz 2/> — 2. Or x zz / + 4 p + 3, and y zz 2/; -f 4. And 
the numbers required may be brought out in an infinite number of ways besides 
the above. 

Here follows an observation, that in calculation, correctness is the chief point ; 
that a wise and considerate person will easily remove the veil from the object; but 
that where the help of acuteness is wanting, a very clear explication is necessary. 
<{ And so it is when there is such a question as this : What two numbers are those, 
“the sum or difference of which, or the sum or difference of the squaies of 
“ which, being increased or lessened by a certain number, called the augment, 
“ will be a square. If examples of this sort are required to be solved by one 
“ colour onl c y, it is not every supposition that will solve them ; but first suppose 
11 the root of the difference of the two numbers one unknown, and another 
“ number with it either affirmative or negative. Divide the augment of the 
“ difference of the two squares, by the augment of the sum of the numbers, and 
“ add the root of the quotient to the root of the supposed difference abovemen- 
“ tioned ; it will he the root of the two numbers. Take then every one, the 
“ square of the root of the difference of the numbers, and the square of the root 
“ of the sum of the numbers, and write them separately. Afterwards, by the way 
“ of opposition add and subtract, the augment of the difference, and tire sum of 
“ the two numbers aforementioned, as is in the example, to and from the squares of 
“ the two, which, by the question, were increased or diminished. The result of 
“ the addition and subtraction will be known, and from that the two numbers 
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“ may be found in this manner, viz. by the rule —- ^ —-Jll ~ iV) am i 

cc (£±jOzil£zX) rr } 

The next is to find x and y such that x + y + 3 rz □, and ^ ^ + 3 — q 

and it ’ 1 4 - /— 4 = □, and xr — / 4- 12 = □ , and ~ 4- y =z fiz?, and the 

sum of the roots 4- 2 = Exclude 6 and 7 , which it is plain will answer. 
v/{.r — y) is supposed — p — 1 , then x is made ecpial to / — 2 and y zz °p, 
wherefore .r 4- y 4- 3 = (/— 2 ) 4 - 2 p 4- 3 rz (p 4 - ))\ and x — y 4- 3 = (/—g) 
— 2/> 4- 3 =: (/^— and .r* 4 -/—4 = (/—4/4-4) 4-4/—4= (/)\ and J’ z ~/4- 

12 = (/-4/4-4) -4/4 -12 —(/—4) 1 , and ^ 4-Jf = ——4-2/>=/, and 

the sum of the roots 4-2 = (/>4-l) 4- (p— 1) 4-/+ (/—4) 4-/)4-2=:2/4-3/>—2 ; 
make this := /; 2/4-3/)—2=/, and 2/> 4-3/; = /4-2. Multiply by 8 and add 9 . 
](i/4-24/>4-9=S/+25. The root of the first side is 4/;4- 3. Find the root of 
the second side by the operation of multiplication of the square; making the 
less root 175, the greater root will be 495. Therefore 4/>4-3 = 495, and p~ 123, 
and .r= 1.5127, and//=246. 

The next is : Required x and y such that j/ 2 4-1 = □, N and x* 4-/4- 1 zz □. 

Let v*=5/— 1 and /=4/, .v 1 —/-f 1 =/and ^4-/4- 1 =(3/;) 3 . The root of 
4 / is 2 /l Find the root of 5/— 1 by the operation of multiplication of the 
square. Supposing the less root 1 , the greater will be 2 . Supposing 17 the less 
root, the greater will be 38. Or if x* 4 - / — 1 — n, and x* — y z — 1 zz q, let 
x 1 = 5p 2 4 - 1 and y~ = 4/; and so on as in the first case. 

Ride. “ When the root of one side is found, and on the second side there is 
£< a colour, whether with or without a number, equate that side with the square 
“ of the colour which is after it aud one unit. And bring out the quantity of 
u the colour of the second side which is first in the equation ; and bring out what 
“ is required in the proper manner.’* 

Example. To find x and// such that 3x -fl=n, and 5 x 4- 1 = n. Let 
3a* 4- 1 = (3z 4 - l) 1 , then x = 3z 2 4 - 2z, let 5{3z z 4- Qz) 4 - 1 == xv\ whence 
15z z 4- lOszzw*— 1 ; multiply by 15 and add 25 ; 225.Z* 4 - 150z 4* 25 = \5zv'+ 10 . 
The root of the first side is J5z4-5. Find the root of the second side by the 

T. 2 
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operation of multiplication of the square ; making the less root 9 , the greater will 
be 35 ; 15z + 5 zz 35; therefore z zz 2 and ,r zz 16 . By another way: Let 

^ _ ] 5_ o 

r — 1 —-— ; multiply by 5 and add 1 , - z—make this zz zv z ; zz 3 zv % + 2 . 

5 o 

Multiply by 5 ; 25s* zz \5w % + 10 ; the root of the first side is 5s. Find the 
the root of the second as before, making the less root 9 , the greater will be 35 ; 
whence z and x. In the above example other values of x are mentioned besides 
those which I have taken notice of. 

The next example is : Required .r such that 3 d -j- 1 :z and S(3.r + l) 

?/ — i 

+ 1 z Let 3 .r+lzzy ; then 3d zz yp — 1 > and d zz -—-— ; multiply this 

by 3 and add 1 , the result is ?/, the cube cube root of which is^. Let 3y z -f 1 
zz z 2 ; making the less root 4, the greater will be 7 , whence d — 21 , 

The next is : To find x and y such that Q(d z — y") + 3 zz □, and 3(.r 2 — y) -f 3 z: Q. 
“ Know that in bringing out what is required, you must sometimes suppose the 
“ colour in that number which the question involves, and sometimes begin from 
“ the middle, and sometimes from the end, whichever is easiest. Here then 
u suppose the difference of the squares unknown/’ &c. 

Let a 2 —f/’-zz p ; make 2p + 3~q :L ; then -—multiply this by 3 , and add 3 , 

_3 

itis-L—— ; let this bezz?’*; therefore 3q 2 — 3 zz 2r 2 ; multiply by 3 and 

transpose ; 9</ = 6r 2 +9 ; the root of the first side is 3q. Find that of the second 
side by the operation of multiplication of the square. Making the less root 6 , the 
greater will be 15. Or making the less 60 , the greater will be 147. If 3 q—\5 t 
q~5 ; if 3^zzl47, ^=49- In the first case p— 11 , and in the second p zz ] 199 . 

_ 7>~ J ] 

Suppose x — ij — l, x 9 — / being zz 11 , --- zz x + y zz — zz 11 ; and x+ y 

d y 1 

and x — y being given, x and y may be found. In the first case x zz 6 and yzz 5, 
I;i the second x zz 600 and y zz 599. 

Rule. 11 If the square of a colour is divided by a number and the quotient is 
u a colour. If after the reduction of the equation its root is not found, make it 
“ equal to the square of a colour, that the quantity of the black may come 
“ out.” 
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_4 

The next example which concludes this book is: Required x such that —-— 
^ _ 4 

— a whole number. Make —-— — y f then x 2 zz 7 y -f- 4 : the root of the first 

side is x; that of the second side cannot be found. “ Then by the above iule’’ 
let 7z 4- <2 = \/(jy + 4); 49^ -f 28:; + 4 = 7 y + 4; whence 7: 2 + 4s = y. 
“ As the quantity the of black is 7 square of the blue, and 4 blue ; and as 7 blue and 
“ ‘j units were supposed equal to a root which is equal to the unknown, I make 
“ it equal to the unknown. This same is the quantity of the unknown. I sup* 
“ pose the quantity of the blue a certain number.” &c. As7»+2=a?. If 

or —o. x—9. If.s=2, xzn\6. Other values of a 1 may be found in the 

same manner. 

k< After* equating that the two sides may come out, multiply the first side by 
<< a number and take its root, and keeping the second side as it w as, multiply the 
“ number of the second side by the number which the first was multiplied by, 
11 and make it equal to the square of a colour.” 

Example. What number is that whose square being multiplied by 5, and 3 

5x z -f- 3 

added, and divided by lb, nothing remains ? Let the number be x. Let - — — 

— y f a whole number; then 5 x* zz 1% — 3, 5x 2 X 5 ~ 25,r 2 , zz 5x. 

Then there seems to be assumed 3 X5z;‘- 1, and afterwards from — — zz x, 

o 

the question is prepared for solution. 

The next rule is: “ If the cube of a colour is divided by a number, and the 
“ quotient is a colour, make it equal to the cube of a colour. The way to find 
“ that, is this : Assume the cube of a number and divide it by the divisor; there 
“ should be no remainder; and add the number with it again nd again to the 
“ divisor, or subtract it from it; or let the cube be a cube of a number, which 
“join with it; or again multiply that number by the fixed mini her 3, and the 
“ result multiply into the quotient, and divide it by the dividend; also there 


* In Mr. Burrow’s copy the fourth book ends with two rules and two' examples,, which, as far as I can make 
them out, are as above. 
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“ will be no remainder. If a number can be found with these conditions equate 
“ with its cube.” 

Example. What number is that from whose cube 6 being taken and the re- 

jA _ £ 

mainder divided by 5 nothing remains ? Let the number be x and —-- zz y 

5 

a whole number. Hence x l zz 5 y + 6 . Then the cube root of this which is =x 
is assumed zz J z -f- 1 3 and y is found zz 25z % + 1 Sz 4- — 1. 


END OF THE FOURTH BOOK. 



BOOK o 


« ON THE EQUATION OF RECTANGLES.’* 


that relates to the method of solving questions which involve the 
“ rectangles of colours. Know that when the question is of one number multi- 
“ plied by another, if the two numbers are supposed colours, it necessarily comes 
“ under rectangle of colours. The solution of that being very intricate and 
“ exceedingly difficult, if one number is required suppose it unknown ; and if 
Cl two or three, suppose one unknown and the others certain numbers, such that 
“ when they are multiplied together according to the question, no colour will be 
“ obtained except the unknown, and it will not come under rectangle of colours. 
“ And besides multiplication, if the increase or diminution of a number is re- 
“ quired, perform the operation according to the question,, then it will be exactly 
“ a question of the same sort as those in the first book, which treats of the 
“ equality of unknown and number. By the rules which were given there, what 

is required will he found.” 

The first question is to find x and y such that 4.v + 3y + 2 zi xy. Supposing 
y zz 5, then Ax -f- 17 = or, wherefore x — 17 and y — 5. Supposing y = U, 
then x — 10. In like manner any number whatever being put for y the value of 
x will be found. 

The next is to find re, x, y , £, such that (rc+a?+?/-b z) 20 az uwyz. Suppose 
the first re, the second 5, the third 4, and the fourth 2 ; then 20rc + 220~40re, 
and r v zz 11 . Other values of re, x y y , z, are taken notice of. 

The next is to find x and y in integers such that \/(x + y -f- xy + x z + y z ) -p 
x + y — 23, or ~ 53. In the first case, suppose the first number x, and the 
second 2, then \/(v z + 3.r + 6) + .r + 2 = 23, and */ (x z 4- 3a* + 6) — 21 — x, 

29 

and x* + 3.r + 6 = x z — 42r + 441 ; whence x will be found = ; this not 

being an integer, let the operation be repeated. Suppose y zz 3 then x will be 
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found m “ ; this too being- a fraction, suppose y — 5 ; then x will be = 7. In 

the second case a number is pur for y, and a fractional value of .r is found. 
cc And if we suppose the second number 11, the quantity of the unknown will 
£f be 17, and this is contrary ; for if the second number i> supposed 17. the quau- 
£; tiry of the unknown will be 11 ; and if one is supposed a colour ami the other a 
certaiu number, it is probable that the unknown will be brought out a fr ction ; 
<{ and if a wlioie number is required, it may be found by much search. And if 
both are supposed colours, and the question solved by this rule, a whole 
iL number will easily be found/* 

Rule*. i: When two sides are equal, the method of equating them is thus : 
“ subtract the rectangle of one side from the other side, aud besides that what- 
“ ever is on the second side is to be subtracted from the hist; then let both sides 
lt be divided by the rectangle ; and on the side where there are colours let those 
colours be multiplied together. And let a number be supposed, and let the 
* numbers which are on that side be added to it; and let the result be divided 
i£ by the supposed number; and let the quotient and the number of the divisor 
“ be separately increased or lessened by the number of the colours which were 
£i before multiplication, whichever may be possible. Wherever the unknown is 
“ added or subtracted there will be the quantity of the black ; and wherever the 
*‘ black is added or subtracted there will be the quantity of the unknown. And 
*'•' in like manner if there is another number, aud if both addition and subtraction 
u are possible, let both be done, and two different numbers will be found. Also 
if the number of the colours is greater, and cannot be subtracted, subtract the 
“ quotient and the number of the divisor from the colour if possible, what was 
required will be obtained. 

Example . x and y are required such that 4.r 4- £y + - — *y- Multiply 3 by 


* This rale h very ill expressed ; it irust mean — The equation being reduced io ax -7- ly c = xy, c -p 
- —Xf will be ■=. y and b =. x. Because ai -f-i'-K= jr y» e = xy — ax — by, add ab to both s.d^s, thenci-j-e 

=.xy — 21 — by - f* aizz (x — c) [y — a): and inahiEg p = x — r, y — a will be — -— . Therefore x — L -\- 
p, and y — c - ■ More Jonnuls may be had by resolving abx-c into different factors. 
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4, and add 2 to the product 3X4 + 2 = 14. Suppose 1 . Divide 14 bv 1 . Add 4 
to the number 1 , and add 3 to the quotient 4+1 = 5= 3 /, and 3 + ~ r 17 r x. 

Or 4 + ~ = IS —y } and 3 + 1 = Ax, “ And no other case is possible.Di¬ 
viding by 2 , the quotient will be 7 J y = 11 and x = 5 . And by another 
method y will be found = 6 and x = 10 *. 

To find . 2 ’ and y so that lOx + \Ay — 38 = 2 j y. After reducing the equation 
to ox + 7y — 29 = ay, By the rule above given, assume divisors of 5x7—29 ; 
1 being the divisor, 6 is the quotient. 

5 + 1 = 6 = y and 7 + 6=13= .r, 

or 5 + 6 = ll=j/ 7 + 1= S = x, 

or 5—1= 4 = 3 / 7—1= 6 = jr, 

2 being the divisor, 3 is the quotient. 

V = 8 , y - 7, y = 3, 

x = q, t = 10 , JC = 4; 

and no others are possible. 3 being the divisor 2 is the quotient, and the quan¬ 
tities are as above. It is added that these two examples may be proved by 
geometiical figures as well as numbers. 


* In Mr. Earrow's copy there is another example which is wanting in mine. It is as above. 


TI1E EX D. 


M 



Mr. Davis’s Notes. 

1 HERE put together all I have been able to make out of Mr. Davis’s notes of 
the Bija Ganita. What I have extracted literally is marked by inverted commas; 
the rest is either abstract, or m} r own remarks or explanations. I have preserved 
the divisions of the Persian translation for the convenience of arrangement and for 
easy reference. Mr. Davis’s letter to me, authenticating these notes, is annexed. 


Chapter 1st of Introduction. 


The manner in which the negative sign is expressed, is illustrated in the notes 
by the addition and subtraction of simple quantities, thus: ci Addition. —When 
“ both affirmative or both negative, &c. When contrary signs, the difference 


“ is the sum. 

3 

3 

3 

3 


4 

4 

4 

4 


— 

— 

— 

— 


7 

7 

i 

1 


— 

— 

— 

— 

<l Subtraction. 

3 

3 

3 

3 


2 

2 

2 

2 


— 

— 

— 

■ — 


1 

i 

5 

i 
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“ Multiplication. 

“ When both are affirmative or both negative the product is affirmative. 

2X3 = 6, 2X3=6, 2X3=6. 2X3 = 6. 

“ Why is the product of two affirmative or two negative quantities always 
“affirmative? The first is evident. With regard to the second it may be ex- 
“ plained thus: Whether one quantity be multiplied by the other entire, or in 
“ parts, the product will always be the same, thus: 

“ 155 X 12 = 1620 

“1 35 X 8 — j(>SO 

“ 135 X 4 = 540 

1620 

‘ Then, let 135 be X by 4 , but 12 — 4 = 16 and 135 X 4 - 540; 135 X 16 
<r = 121 G(>, and 540 + 2160 — 2700, which is absurd : but 540 + 2 160 = 1620.” 


Mr. Davis remarks to me that there are here evidently some errors and some 
omissions, and he thinks that the meaning of the last part of the passage must 
have been to this effect: 12 may be composed of 16 added to 4. Let 135 be 
multiplied by 12 , so composed 

135 X 16 = 2)60 135 X 16 = 2160 

135 X 4 = 540 15 X 4 = 540 

135 X 12 = 2700 This is absurd : but 135 X 12 = 1620 which is 

right. Thus too 4 may be taken as formed by 12 •+■ 16 =: 4, and if 

135 X 16 = 2160 135 X i 6 = 2160 

1*5 X 12 = 1620 135 X 12 = 1620 

135 X 4 = 3780 which is absurd : but 155 X 4 = 540 which is right. 


Perhaps something like the following might have been intended : 

— 135 X — 12 = l6'20 either + or-; ~ _ 8 ? — 1 o l -0 ei ther + or —; now 4 — 12 = 

— 135 A — 41 


— 8; and 8—12=—4; therefore the sum of 


p 135 X (4 ^H mus tbe=—135X —12, 


— .35X^8—12)3 
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— 135 X — 12) = — 540+ or-1620 

— 135X (8<- 12) = — 1080+ or — 1620 

product —1620 -3240=— 4860 if — X — gives — ; but 

—1620+3240 =+ 1620 if — X — gives +; therefore — 135X — 12 = + 1620, 




Chapter 3. 

« OF QUANTITIES UNKNOWN, BUT EXPRESSED BY LETTERS.” 


(t Jabut tabut . . . 


3TT 

“ Kaluk. 

• • • Sd . . qjT 

“ Neeluk. 



“ Peet . *. 



“ Loheet. 

See, 

. . . 5th . 


“ Commentary adds Hurretaka . 

“ Chitraka. . 

Sc c. 

“ These are styled abekt or unknown, 

“ These may be added to themselves, subtracted, See. but cannot be added 
to, &c. known quantities in the manner explained, or to unlike quantities of 
any kind. The square of cannot be added to 3J7, the addition may be 
: expressed thus 1 add to q~[ ; the reason is, because to add 5 signs 

‘ to 2 degrees we cannot say 5 added to 2 is equal to seven, for this would be 
‘ absurd, we therefore write the sum 5 s 2°‘. But when the unknown quantity is 
‘ discovered it may then be added to the known, into one simple quantity. 
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“ The unknown quantities are usually written first, and the highest powers of 
<( them before the lower.. 

“ 2JT 3*2 | 5JT3 j 3. This is 2d' 2 + 3d' + 3. 

Also 

“ The multiplication of unknown quantities. 

“ To multiply | into 2 | we have 3JT4. 
by 5JT gives its square or 2[T anc i this multiplied by 2J7> gives 2JJ 8c c. 

Also this example of multiplication. 


“ 3T3 

375 


37 ^15 

3n3 

“ #2 

375 

: 

5H10 

^2 




=7T q-i5 

377 1 


which is the product of (5.r — 1) X (3^ -f- 2). 


——«flnuoasaio«»-- 


Chapter 4. 

« OF THE CARNI OR SURD QUANTITIES.” 


“ Example of two numbers, 2 and S. 

“ 2 -f- 8 = 10, the mahti carni. 

“2X8= 16 ; its root is 4, and 4X2=8 the laghoo carni. 
“ The mahti carni .... ]0 
“ Laghoo carni added . . 8 


18, the sum of these carnis. This 18 is the square of 


u the sum of their roots.” 
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And there is another example with the numbers 4 and 9> and the following 

o o 

theorem, “ 2)8(4, its root is 52, H- 1 — I 

3 1 

“3X3=9 9X2 = 18 sum. 

“1X1 = 1 l X 2 = 2 difference.” 

Also this : “ The carni 18 is found ; its root is the sum of the roots of the two 
“given numbers; but if there be two roots there must be two squares, the 
“ difference is the square of the difference between these squares.” 

And the following examples iu multiplication: “ To multiply the square roots 

“ of 2, 8, and 3, by the square root of 3 and the integral number 5. 

“ These are surds, therefore take the square of the sum of the square roots of 2 
and 8, and multiply by the square of 5 . 


4# Square of sum of square roots of 2 and 8 is IS. 



18 1 

1 25 

, 3 I 450, 

54 1 



3 1 

25 

, 3 1 75, 

9 | root of 9 is 3 loop. 





Sqrs. 

Sqrs. Sqrs. 





450 

54 75 — roop 3. 


“ Example second. 









Roop. Carni. Carni. 




“ Multipliers 5, 3, 12. 


“ 5 25 

25, 

3 

625, 75 

25 roop 25 roop 

675 

“ 1 1\ 27 

25, 

3 

675, 81 

9 roop 9 roop 

75 





16 

300 


“The product therefore is 1(5 roop, 300 carni.” 

The square of a negative quantity being made negative is here taken notice of 
as in the Persian Translation: In division the following rule is mentioned. 

“ The carni divisor : reverse of each term, its sign, and multiply both divisor 
“ and dividend.” 

Carni which here means surd, means also the hypothenuse of a right-angled 
triangle. 
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Chapter 5. 


' W HAT is that number by which when 221 is multiplied and 65 added to the 
ie product, and that product divided by 195, nothing will remain. 

“ The dividend bhady , divisor hur or bhujuk , the number added or subtracted 
“ is called chepuk. The bhady is here 221, the bhujuk 195; when divided the 
“ quotient is 1, this is disregarded ; the seke or remainder is 26, by which 195 
“ divided the quotient is 7 disregarded, the remainder is 13, by which divide 
“221, the quotient is 17, the remainder is 0. The quotient 17 is the true or 
“ dirl-bhady. 

“ Then i95 divided by 13, the quotient is 15 ; the remainder 0. This quotient 
“is named dir l-bhujuk. 

“ Then divide 65 by 13, the quotient is 5 ; the remainder 0 ; the quotient is 
“the dirl-chcpuk . 

“ They are now reduced to the smallest numbers. 

“ 17 dirl-bhady. 

“ 15 dirbbhujuk. 
ei 5 dirb chepuk. 

The quotients are found and arranged as in the rule with 5 and 0 below, 

“ 1 

thus: 7 

5 

0 this is called bullee ; the cipher is called ante or the latter; the next (5) 

“ is called upantea . Multiply this by its next number (7) and add the next below 
“ 5, this being 0, the product will be 35. Multiply this by the uppermost number 
“ (1) and add the next below (5) the amount is 40.” 
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Then 40 and 


35 


are directed to be divided by the dirl-bhady and bhujuk. 
17)40(0 
34 

6 tins is called lubd, 

15) 35 (2 
30 


221 X 5 + 65 
1 95 


5 this is called goomik , and it is the number sought. 
6, and directions are given for finding new values of .r and j/, 


(supposing — 1 6 zz y) by adding a (in its reduced state) and its multiples to 

the value of?/ ; and b and its multiples to the value of ,i\ 

The next question in the notes is also the same as that in the Persian. 

“ Bhady 100, bhujuk 63, and chepuk 90. 


“ OPERATION. 

“ These numbers cannot be all reduced to lower proportionals. 

“ 100 divided by 63, the quotient is 1, the remainder 37 ; by this remainder 
et divide 63, the quotient is 1, the remainder is 26 ; by this divide 37, the quotient 
“ is 1, the remainder 11. Divide again; quotient 2, remainder 4. Divide 
“ again ; quotient 2, remainder 3. Divide again ; quotient 1, remainder l; this re- 

1 

“ mainder 1 is disregarded. The several quotients write down thus: 1 
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“ Multiply and add from the bottom as in the former example, 90 X 1 + 0 = 90 , 
“90X2+90=270, ”70x2+90=630, 630X1+270=900, 900X 1 +630= \5oO, 
“ 1330 X 1+900 = 2430. 

u The two last are the numbers sought; then 
“ 100)2430(24 this is disregarded. 

200 

430 

400 


30 Seke or remainder is the lubd. 
“ 63)1534(24 
126 


270 

252 

18 this is the goonuk.” 

100 X 18 + 90 _ 3Qj 
63 

The method of reducing the bhady and chepuk is noticed, and the values of 
x = 171 and y = 27 , being first found the true values are found, thus: 

63)171(2 and 10)27(2 
126 20 

45 7 

63 — 45 = x and (10 — 7 ) X 10 = y. 

The several methods of proceeding : first, by reducing the bhady and chepuk ; 
second, by reducing the bhujuk and chepuk; third, by reducing the bhady and 
ehepuk; and then the reduced chepuk and the bhujuk are also mentioned. 

The following explanation of these reductions is given : 

“ The bhady 27 , bhujuk 15; 

“ these are divided each by 3 .... 9 and 5. 

u Write 27 in two divisions.9 and 18 

“ these again divided by 3 . 3 and 6 

“ these two add 3 + 6 = 9 ; thus the parts added, how many so ever arc, always 
“ equal to the whole, thus therefore they are reduced to save trouble, and there- 
“ fore all these numbers are so reduced ; but the goonuk is as yet unknown. Let 

N 
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“ it be supposed to be 5, by which multiply the parts of the bhady 9 and 18; 
“9 X 5 = 45, 18 X .5 — 90 , which added are 135, and the bhady 27 X 5 = 
“ the same 135 ; this divided in two parts, 60 and 75, and added again, are 135. 
“ The lowest terms of 27 and 15 above, are 9 and 5 ; the common measure 3, 
u multiplied by 5, 3X5 = 15 and 9 X 15 = 135. 

“ Thus too the chepuk must be reduced, and when they are all reduced to the 
“ lowest, the lubd and goonuk will be true; and if their numbers are not reduced 
“ to their lowest terms, the work will be the greater.” 

The principle on which the chepnk is reduced is explained thus : 

11 OF THE CHEPUK.” 

“ The bhady 221, bhujuk 195, chepuk 65; the goonuk was found 5, lubd 6. 
221 X 5 = 1105 
195)1105(5 lubd. 

975 


130 seke, which deduct from the bhujuk 195 — 130 zr 65 equal 
“ to the chepuk, which divide by the bhujuk 195)195(1. The lubd is 5, to 
“ which add 1 ; 6 = the original lubd.” 

In another example the bhady = 60 , bhujuk = 13, and chepuk = 16 or — 16. 
By the bullee are found the numbers SO and 368 ; then 368 —60x6 = 8 the lubd, 
and 80 — 13 X 6 = 2 the goonuk ; 60 — 8 = 52 the lubd corrected, and 

i i 60 X 11 + 16 _ ,60X2—16 

13 — 2 = 11 the goonuk corrected. - —-=52, and—^ -—8. 

to 13 

“ Note in the text: The product by the two uppermost terms of the bullee 
« when divided by the bhady and bhujuk respectively, have hitherto always 
“ quoted the same number, as in the last example 6 the quotient, and the like 
“ also in the foregoing examples, but when it happens otherwise, as in the fol- 
*«lowing: When the bhady is 5, the bhujuk 3, the chepuk 23 affirmative or 
“ negative, what will be found the goonuk ? 

3)5(1 


2)3(1 


— } Bullee. 
23 


1 seke disregarded 0 

23 X 1 = 23, + 0 = 23 5 ) 46 ( 9 3 ) 23 ( 7 

23 X 1 = 23, + 23 = 46 45 21 


1 


2 goonuk 
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“ The two quotients being different numbers they must be taken the same ; 
“ thus instead of 9, take the quotient 7. 

5)46(7 

35 

11 

5 y 2 -4- 03 

“ therefore the goon is 2, the lubcl 11. ^ ~ 11. 

“ Next, when the chepuk is negative, or to be deducted, the rule directs to 
“ subtract the lubd from the bhady, but here it cannot be done ; the rule is 
“ reversed, thus 11—5—6, which is the lubd for the negative chepuk ; next for 
“ the goon of the rliin chepuk 3 — 2 — 1 ; therefore the goon and lubd for the 
“ rhin chepuk are 1 and 2 ; 5X 1=5 ; but from this the rhin chepuk cannot be 
“ taken; therefore take it from the chepuk 23—5 = 18. 

“ 3)18(6 the lubd.” 

18 

0 

Other cases are mentioned for the negative chepuk, and for the chepuk re¬ 
duced, and for new values of the goon and lubd. 


The examples 


S ' v ° and — 


+ 65 


which are in the Persian translation, are 


13 13 

also stated here, but no abstract of the work is given, only the lubd is said to be 
5 and the goonuk 0, which applies to the last of the two only. 


“ The seke in bekullas is termed sood, meaning that it is the chepuk; the 
“ bhady, let it be 60 The coodin or urgun is the bhujuk, from which the lubd 
et will be found in bekullas, and the goon will be the seke of the cullas, which 
“ must be taken as the chepuk; making the bhady again 60, the bhujuk will be 
“ the urgun, the lubd of this will be in cullas, the seke is the seke of the ansas, 
“which seke must be taken as the chepuk; the bhady being taken 30, the 
“ bhujuk is still the urgun, the lubd is in ansas, the seke is the seke of the signs, 
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u . which seke takeas the chepuk ; making the bhady 1 2 , the-bhujuk will be still 
<c the coodin, the lubd here will be signs, the seke is the seke of bhaganas, 
“ revolutions, which seke must be taken as the chepuk ; the lubd will here be 
“ in bhaganas, the seke the urgun.” 

Example. li Let the calp coodin or urgun be 19 , the bhaganas 9, the 
“ urgun 13. 55 

“ Then by proportion if 19 gives 9, what will 13 give?” This is found to be 
6 rev. 1 sign, 26 °, 5031", with a fraction of 11 ; then from — ** = y,' 

i v and y are found x= 10, y—3\ ; then from — — 10 = y\ y' = 50 and x -z 1 6, 

from ^J - 1 - = y", y" = 26, *" = 17, from - 7 -f, y"=l, x"'=3 

Or"" _ 3 

from ————- — 3 /"", y"" ~6 and a!'" = 13, which is the urgun. 

In another Example. Seke bekullas = 11 ", bhaganas — 49, calp coodin or 
urgun =149, Jeist urgun =97. The quantity is found by the rule to be = 
23 rev. 10 signs, 1S°, 23% 3l", the remainder 11. 

“ The addy month 1 , is the bhad}^ ; the coodin 195, the bhujuk ; the seke of 
“ the addy month 95, is the chepuk. 

“ 195)1(0 

1 seke disregarded 

“ 0 X 95 + 0 = 0 
“ 1 ) 0(0 
0 lubd 

“ 95 X 1 - 95 = 0 


0 

95 bullee. 

0 

Raas — 
95 

195)95(0 

95 goonuk. 
195)0(0 


0 
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te The die tits 26 is the bhady; coodin 225, is the bliujuk ; abum seke 220, 
u diepuk. 


“ 225)26(0 

26)225(8 

208 

17)26(1 

17 

9)17(1 


9 

8 ) 9(1 

8 

1 disregarded. 
“ Hence the cliandra days are 95.” 


0 

8 

1 

1 



0 


Raas 660 
5720 

26)660(25 

10 seke the lubd, 

225)5720(25 

95 seke the goonuk. 


26 X 95 — 220 
225 


== 10 


The last rule of this chapter is taken notice of as follows : 

“ OF THE SANSTIST COOTUK.” 

“ By what number may 5 be multiplied and divided by 63, the remainder will 
“ be 7 ; and that number so found, when multiplied by 10 and divided by 63, 
“ the remainder will be 14. 

“ The two goonuks are 5 and 10, the sum is the bhady ; the two sekes are 
" 7 and 14, the sum is the diepuk; the bhujuk in both is the same or 63.” 


The question is solved as before; it ends “ Thus, however numerous be 
u the goonuks given, let them ail be added for the bhady ; and the same with 
“ respect to the given sekes for the chepuk ; the bhujuk will be always the 
“ same.” 
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Chapter 6. 

« THE CIIACRA BALA/’ 


“The multiplication of the square is a chacra bala. There are six cases : 
« The first quantity assumed is called hursua (the smallei) ; its square must be 
“ multiplied by the pracrit , and then must be added the chepuk that is such a 
“ eliepuk as will by addition produce a square, and this chepuk may require to be 
u affirmative or negative, which must be ascertained. The root of this square is 
“ the jeist : these three, the canist or hursua, jeist, and chepuk must be noted 
“ down and again written down.” 

The distinctions of samans babna and anter babna are given as follows : 

“ OF THE SAMANS BABNA*” 

•“ When the jeist and canist are multiplied into each other (budjra beas) 
“ the sum is the hursa or canist. It is called budjra beas from its being a tri- 
“ angular multiplication ; the upper, or jeist, or greater, being multiplied by the 
“ lower, smaller, the canist; and the canist multiplied by the greater or jeist ; 
“ the two products added is the burs. 

“ The two canists multiplied together, and multiplied again by the pracrit, 
“ then the product of the two jeists— added altogether, produces the root of the 
“ jeist; the product of the two chepuks then becomes the chepuk.” 

The anter babna is described thus: “ The difference between the two products 
“ or budjra beas, produces hursa or canist. The product of the canists multiply 

by the pracrit, and the difference between (this and) the product of the two 
“jeists is the root of the jeist, and the product of the two chepuks is the 
“ chepuk.” 

The rest of this is very imperfect, but the cases of 00 = Bp* and 00 and 

the rule a 1 = □> are plainly alluded to. (See notes on the Persian 
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translation.) “ Thus*’ (it is added) “ the root of the canist and jeist may be in a 
“ variety of cases found.” 

After this there are examples the same as in the Persian translation, and worked 
the same way as far as the “ Operation of Circulation and, afrer the examples. 
“ Hence, how various soever the 1st, from the somans babna and an ter babna may 
“ be produced canist, jeist, and chepe; and hence it is called the chacra bala.” 

I find no abstract of the rule for the “ operation of circulation,” but there is 
the first example, viz. 67+ 1 = □, as follows : “ Roop 1 is the canist, 3 is 
“ the chepe; then the pracrit 67 , canist 1, jeist 8. Iiurs 1 is the bhadv, chepe is 
“ the bhujuk, jeist 8 is the chepuk; then by the cootuk gunnit 
“ Bha. 1, chc 8, 

“ Hur 3 ; hence the goonuk 1. 

“then the square of 1 is 1, 67 — 1 =66, but this is not the smallest; then 
“3 + 3 = 6 , 6+1=7; its square 49, deduct from pracrit 67—49 = 1 S; 3)18(6 ; 
“but the negative must be made affirmative 6; and 5x5=25, and 25X67 = 
“ 1675, and 1675+6 = 1681 its root 41 ; then by the cootuk gunnit 
“ Bha 5, che41, 

“ Ilur 6; 

“ then 5X5=25 and 61—25=42, 6)42(7* ; the lubd is the canist 11; 11x11 = 

“ 121, 121X67 = 8107; chepe is 7, S107 + 7 = 8100 its root is 90, which is the 
“jeist; then by the cootuk 

“ Canist is bhady 11, che 90 , 

“ Hur 7 . 

“ Here the goon is 2, che 7 ; 7 + 2=9 the second goonuk; its square is 81 
“ 81—67 = 14 ; 7)14(2 the other chepe.” 

“ The canist 27. This is made jeist 221. 

“ Ca. 27, 221 jeist, che 2. 

“ Ca. 27, 221 jeist, che 2. 

“ Ca. 1 1934, jeist 97684, che 4. 

“ Ca. 5967, jeist 4S842, che 1. 

“ The square ca. 35605089, which multiply by 67, and 1 added, the sum will 
“ be 2385540964, and its root is 48842.” 



BOOK 1 


“ The unknown quantities, &c. must be clearly stated, and then the equation 
“ must be reduced in the manner hereafter shewn by x 3 by - 4 -, by the rule of 
ei proportion, by progression, ratios, by ; still maintaining the equality. 

“ When they are otherwise, add the difference; then sodana the quantities; the 
« same with respect to roots. In the other side of the equation the roop must be 
“ sodanad with the roop. When there are surds they must be sodanad with 
“ surds ; then by the remainder of the unknown quantities division, the roop 
“ must be divided; the quotient is the quantity sought, now become visible” 

“ Then the quantity so found must be utapanad, in order to resolve the 
“ question.” 

It will be remarked that the Persian translation has “ the figure of the bride,” 
for that expression which is represented by in the above abstract. Mr. 

Davis tells me that the original had nothing like a reference to Euclid, and that 
this part related simply to the proportions of right-angled triangles. 

There follow abstracts of the seven first questions of this book, with their 
solutions, which are the same as those in the Persian translation. 

The first part of the first example is : “ One man had 6 horses and 300 pieces of 
“ silver, and the other had 10 horses, and owed 100 pieces of silver ; their pro- 
<< perty was equal. Qucere , the value of each horse, and the amount of the pro- 
“ perty of each person. Here the unknown quantity is the price of one horse. " 

“ Ja 6, roo 300 

(t Ja 6, roo 100 these are equal. 

“ Ja 6, roo 300 

“ Ja 10, roo 100. Sodan, that is transpose. 

“ Ja 6 4 - 300 — Ja 10 — 100 
“ Ja 4 = 400 
“ Ja = 100 
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The third example, where the Persian translator has introduced the names 
Zeid and Omar, is in Mr. Davis’s notes thus: 

“ One man said to another, if you give me 100 pieces of silver I shall have 
“ twice as many as you ; the other said give me 10 pieces and I shall have six 
times as many as you. Queere> the number each had. 

ft Ja 2 roo 100 
“ Ja 1 roo 100 
“ Ja 12 roo 660 
“ Ja 1 roo 110 
“ Diflf. Ja 11 roo 770 
“ Ja roo 70 


BOOK 2. 


“The square root of the sum of the squares of the bhoje and cote is the cama. 
“ Explain the reason of this truth. 

11 The carna is ka ja; the figure thus, . Divide this by a perpen¬ 


dicular ; these are equal triangles. The bhoje is abada or given. 

. In the latter the cote 


/ 5 /\ 

'* The lumb or perpendicular is the cote, ' 


“ is a carna, the lumb perpendicular is the bhoje, the cote is the carna; they are 
•* similar triangles, When the bhoje, now carna, gives the lumb for the cote, 
4t then cote for carna how much? Thus by proportion the cote is found.” 
Also 

** As bhoje 15 is to cama, then from this carna 15 what bhoje? 

o 
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“ Therefore 15 X 15, and divide by Ja 1, and the small bhoje is found = 
295 ' A . 

Ja i 

“ As cote 20, to the carna, so is the carna 20. What cote?” 

400 2^5 6^5 

This is found rz -, and this added to is the carna ; whence 

Ja 1 J.t 1 Ja 1 

25 z= Ja 1. ( 

“ Then from the bhoje to find the perpendicular. 

“ The bhoje *5, Its square 2 15 ; bhoje abada zz 9, its square 81 ; the differ- 
“ ence is 144; its root is the lumb 12. • 

“ So, the cote 20, its square 400 ; cote abada 16 , its square 256 ; difference 
tc of squares 144; its root the lumb is 12.” Again, 

Another way. 

“ Carna ja 1 ; then half the rectangle of the bhoje and cote is equal to the 
u area — 150; therefore the area of the square formed upon the carna in this 
“ manner will he equal to four times the above added to the contained square, 
“ which square is equal to the rectangle of the difference between the bhoje and 
“ cote, which is 5 X 5 rz 25. The rectangle of the bhoje and cote is 15 x 20 

“ =300; and 300X2=600 (or 330 X 4) ; 600 + 25 = 625, which is equal to 

“ the area of the whole square drawn upon the carna, and therefore the square 
“ root of this is equal to the carna zz 25. If this comes not out an integral 
“ number, then the carna is. imperfect or a surd root. 

“ The sum of the squares of rhe bhoje and cote, and the square of the sum of 
“ the bhoje and cote, the difference of these is equal to twice their rectangles; 
“ therefore (theorem) thesquare root of the squares'of the blioje’and cote is equal 
“ to the carna. To illustrate this, view the figure.” 

Here a figure is given which requires explanation to make it intelligible. • 
t( In that figure where 3 deducted from the bhoje, and the square root made of 
“ the remainder, and one deducted from the square root, and where the remainder 
u is equal to the difference’between the cote and carna. Required the bhoje, cote, 
“ and carna. 

“ operation;” 

“ Let the assumed number be 2, to which add 1, its square is madezr 9 ; to this 

“ add 3, whence the bhoje is 12 ; its square is 144, and this by the foregoing is 

?! ■ i am i i i » ' 
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equal to the difference between the squares of the cote and carna; and the sum 
“ of the cote and carna multiplied by their difference is equal to this.” 

Then follows something which I cannot make out, but it appears to be an 
illustration of the rule, that the difference of two squares is equal to a rectangle 
under the sum and difference of their sides, probably the same as that in the 
Persian translation. The end of it is, 

“ Thus the square of 5 is 25, and the difference between 5 and 7, sides of the 
<c square, is 2; the sum of those sides is 12, which multiplied together is 24; 
“ therefore equal to this is the remainder, when from the square of 7 is deducted 
“ the square of 5. 

“ The difference between the squares of these is known, and thence the 
“ cote and carna are discovered thus : This difference of squares divide by the 
“ difference of the cote and carna, or difference of roots, as in the Pati Ganita, 

144 

72, and this is the sum of the two quantities sought, as is taught‘in the 

“ Pati Ganita, hut their difference is 2 ; therefore deduct 2 from the sum, the 
“ remainder is 70, and half of this is the first quantity sought. Again, add 2 to 
“ 72, the sum is 74 ; its half is 37 the other quantity ; therefore the cote is 35, 

the carna 37. 

il When the proposed difference is 1, the numbers are found 7, 24, 25; multi- 
“ply these by 4, the numbers will be 28, 96, 100. 

Then follows a note of the rule, that the difference of the sum of the squares of 
two numbers, and the square of their sum, is equal to twice the rectangle of the 
two numbers, and this example as in the Persian translation. 

“ The two numbers are 3 and 5 ; the sum of squares 9 -f- 25 = 34; the sum 
“ S, its square 64; the difference is 64 —34 —30 ; then 5 X 3= 15, 15X2“30, 

“ equal to the above. But when the sides are not known, hut the difference of 
“their squares, 16 then divide by 2, (viz, by the difference of the numbers) 

16 = S ; this is their sum, and deduct their difference 8 — 2 zz 6, half this is 

" one number, and 8-j-2=lo, and ~ z: 5, the other number.” 
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The next is, 

“ In the figure where the sum of bhoje, cote, carna is 40, and the product of 
“ bhoje and cote 120. What is the bhoje, cote, carna ? 

“ Multiply the product U0 by 2 “240, this will be equal to the difference between 
“ the square of the sum of the bhoje and cote and the carnas square. The sum 
“ of the squares of the bhoje and cote equal to square of the carna ; therefore the 
** product of the bhoje and cote X by 2 is equal to the difference between the 
“ rectangle and cote (the square) of the sum of the bhoje, and the square of the 
“ carna. 

240 

“ Divide this number 240 by the sum of the bhoje, cote, and carna 40, ~6, 

“ which is equal to the difference between the carna and the sum of bhoje and 

“ cote. Hence —” = 17 the carna; 23 sum of bhoje and cote, squared is 

“ 529. Multiply the rectangle of bhoje and cote 120 by 4 — 480, the remainder 
“ 49, and its root 7; this is the difference of bhoje and cote ; deduct this from 

16 

“ tbeir sum 23; 23 - 7 = 16 , its half -g = 8 is the bhoje; 23 + 7 = 30, its 
“ half, is the cote 15.” 


The next is, 

“ Where the sum of bhoje, cote, carna is 56, and their product 4200, what 
“ are the bhoje, cote, carna ? 

“ Ja 1, ja, bha 1. The sum of bhoje, cote, carna. 

u Carna ja 1 ; ja 1, roo 56; these three multiplied, 4200. 

roo 4200 

“ The rectangle of bhoje and cote —— equal to sum of squares of bhoje 
4< and cote is ja bha 1, sum of bhoje and cote ja 1, roo 56; the square ja bha 1, 
il ja 112, roo 3136; the difference between them is equal to ; 

u therefore Ja 112 roo 3136 
Ja 0 roo 8400 

ja 1 
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“ divide both by 112; reduce both sides, and it will be 
Ja 1 roo 28 
Ja 0 roo 75 
Ja 1 

Reduce the fractions. 

“ Ja bha 1, ja 28, roo 0 
“ Ja bha 0, ja 0, roo 75 

“ Multiply by 4, and add the square of 28. 

“ Ja bha 4, Ja 112, roo 300 ( should be 7S4) 

“ Ja bha 0, Ja 0 roo 484 

“The square root4^-| ; then add, divide by 2 — 25, which is 

1 ja 0 roo 22 ja 2 J 

the jabut, and therefore carna. 

“ Then for the blioje cote. The three multiplied are 4200. Divide by carna 
4200 

— = 168 zz blioje X by cote. The sum of blioje and cote = 56'— 25zz31, 

“ and 168X4 = 672. The square of 31=961,” (the difference) “ 289, its square 
a root is the difference of blioje and cote zz 17 ; deduct this, 31 — 17=14; its 
“ half 7, which is the blioje ; and 31 4- 17 zz 48 ; its half 24 is the cote.” 

The lines above have been carelessly drawn. The true Hindoo method of 

75 .1 

writing the equation — .r 4- 28 — — I understand to be this, ja 1 roo 28, and 

x • i — 

Ja 0 Roo 75 

that of — a* 1 + 28.r zz 75 this, Ja bha 1 | ja 28 | roo 0 

Ja bha 0 | ja 0 | roo 75 


Ja 1 
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Books 3, 4, and 5. 


X FIND among Mr. Davis's notes a small part only of the beginning of the 
3d book, which consists of rules for the application of the cootuk to questions 
where there are more unknown quantities than conditions. I find also some 
notes which evidently relate to the first example of this book, but nothing 
distinct can be made out. 

There are no notes relating to the 4th book. 

Of the ,5th book only this: 

“ When there are two or more quantities multiplied, the 1st quantity must be 
“ discarded—then”... -There is also an abstract of the first example, the same as 
that in the Persian translation. 




Extracts from Mr. Davis’s Notes, taken from a modern 
Hindoo Treatise on Astronomy. 


£ * By the method of the Jeisht and Canist from two jyas* being found, others 
“ may be computed by those who understand the nature of the circle (the bow 


* Jya or jaw, sine.—The modern Europeans acquired their knowledge of the sine from the Arabians; and it 
is obvious that they used the term sinus only, because the word jeeb ( by which the Arabians called the 

line in question, is translated sinus indusii. The radical meaning of is to cut, and it denotes the bosom 

of a garment only, because the garment is cut there to make a pocket; accordingly we find that « , -*» 
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“ and arrow), and thus, by the addition of surds, may the sum and the 
“ difference of the arc and its sine be computed whether that arc be 90 degrees, 
“ more or less. 


does not mean bosom, but that among the Arabians it signifies that part of their dress where the pocket is 
usually placed, and in some languages which abound in Arabic words, as the Persian and the Hindoostanee, 
it is the common term, not only for a pocket in the bosom, but for any pocket wherever it may be. In all 
Arab c dictionaries this word is explained as above, and in some, though not in all, (it is not in the Kushfooi 
Logliat) the line we call sine is given as a second meaning. 

The Arabs call the arc kous )> which signifies a bow ; the cord wutr ( 3 * s the bow-string ; 

and the versed sine suhum which is the arrow. But the sine they express by a word which has no 

connexion whatever with the bow. 

The Mathematical history of the Arabians is not known enough for us to speak positively about the first use 
of sines among them, but there seems to he reason to suspect that they had it from a foreign source, probably 
from the Indians. 

The Sanscrit word for the chord is jaw , or more properly jya and jiva. (For these terms see Mr. Davis's 
paper in the second volume of the Asiatic Researches; the literal explanation of the words lias been given me by 
Mr* Wilkins,) and the sine is called jya ardhi, or hall cord ; blit commonly the Hindoos, for brevity, use jya 
for the sine. They also apply the word in composition as we do; thus, they call the cosine cotijya, meaning the 
sine, the side of aright-angled triangle; the sine (or right sine) bhojjya , meaning the sine, the base of a right- 
angled triangle, and cramajya the sine moved; the versed sine they call ootcramajya , or the sine moved up¬ 
wards; the radius they call tridjya, or the sine of three, (meaning probably three signs.) In their term for the 
diameter jyapinda, or whole jya, the word is used in its proper acceptation for chord, and not for jya ardhi , 
or sine. 

It seems as if and jya were originally the same word. Mr. Wilkins (the best authority) assures me 

that/yc, in the feminine jiva, is undoubtedly pure Sanscrit, that it is found in the best and oldest dictionaries, 
and that its meaning is a bow-string. 

The Arabians in adapting a term to the idea of chord, had reference to the thing which it resembled, 
and called it or the bou-string ; but having so applied this term, they had to seek another for sine; 

then they would naturally refer to the name of the thing, and call it by some word in their own language, 
which nearly resembled that under which it was originally known to them. This mode of giving a separate 
designation to the sine was evidently more convenient than that of the Hindoos, so I conjecture that 
lor sine is no other than the Sanscrit word jya or jiva. 

It is remarkable that the Sanscrit terms for the sides of a right-angled triangle have reference to a bow: 
they seein to be named from the angular points which are formed by the end of the bow’, the arm which 
holds it, and the ear to which the string is drawn; thus the side is called coti, or end of the bow; the base 
tfioj, or the arm; and the hypothehu^e carna, or the ear. Some further explanation however is desirable 
to shew why bhojjya is the term for the sine,' and not (as it should be by analogy) the cosine, and cotijya the 
cosine instead of the sine. ■ 


The Hindoos have a word for the versed sine, sur , which signifies arrow, answering exactly .to the Arabic 
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“ Multiply the jaw of one of two arcs by the colejaw of the other arc, divide 
“ the product by the tridjaw, add the two quotients and also subtract them ; the 
“ sum is equal to the jaw of the two arcs, the other is the jaw of the difference 
between the two arcs. 

“ Again, multiply the two bojejaws together, and likewise the two cotejaws 
“together; divide by the tridjaw. Note the sum and the difference. The sum 
“ is the cotcjaw of the sum of the two aics, the difference is the cotejaw of the 
41 difference of the two arcs. 

“ In this manner Bhascara computed the sines in his Siromony, and others 
“ have given other methods of their own for computing the same. 

The author of the Marichi observes, “ that the author of the Siromoni derived 
tl his method of computing his sines by the jeisht and canist, and diagonally multi- 
“ plied (bajera beas), the jeisht and canist being the cotejaw and the bojejaw; 
f* hence he found the sines of the sum and difference of two arcs, the third 
“ canist being those quantities. He did not use the terms jeisht and canist, but 
“ in their room bojejaw and cotejaw. I shall therefore explain how they 
“ were used. 

44 The bojejaw rr canist (small). 

“ Cotejaw n jeisht (larger). 

“ (The theorem then is what square multiplied by 8, and 1 added, will produce 
,£ a square). 

“ Multiply the given number (8) by the square of the canist, and add the 
“ chepuk, the sum must be a square. 

“ The bojejaw square deducted from the tridjaw square, leaves the cotejaw 
“ square, therefore the bojejaw square is made negative, and the tridjaw square 
‘‘ added to a negative being a subtraction, the tridjaw square is made the chepuk. 

“ The canist square, which is the bojejaw square, being multiplied by a negative 
“ becomes a negative product, therefore the quantity is expressed by ] roop 
“ negative. 

“ Then the bojejaw square multiplied by 1 roop negative, and added to the 
4< tridjaw, its square is the cotejaw. 

44 Hence the bojejaw and cotejaw iu the theorem by Bhascara, represent the 
44 canist and jeisht, and 1 roop negative is the multiplier, and the chepuk is the 
u square of the tridjaw, and the equation will stand as follows : 

u Canist 1st. jaw 1 : jeisht 1st. cotejaw 1 : chepuk, tridjaw square 1, 

44 Canist 2d. jaw 1: jeisht 2d. cotejaw 1: chepuk, tridjaw square 1. 
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“ These multiplied diagonally produce 

“ 1st jaw 1. 2d cotejaw 3. 

“ 2d jaw 1. 1st cotejaw I. 

“ These added produce the first canist, viz. 

“ 1st jaw + 2 cotejaw. 

“ 2d jaw + 1 cotejaw, 

“ which is the sum (or joge) and the difference. 

“ 1st jaw — 2 cotejaw. 

“ 2d jaw — 1 cotejaw. 

“ Thus from the sum and difference are produced two canists, and the square of 
“ the tridjaw squared is the chepuk ; but the chepuk wanted being only the 
“ square of the tridjaw, then as the Bija Ganita directs divide by such a number 
“ as will quote the given chepuk. 

“ Therefore the tridjaw being the ist, or assumed, or given quantity, divide 
“ the canist by it, the quotient will be the tridjaw square, and hence the theorem 
ec in Bhascara for the bojejaw. 

“ And in like manner the cotejaws are found ; but Bhascara did not give this 
“ theorem for the cotejaws, because it was more troublesome. He therefore gave 
“ a shorter rule. But since the cotejaw square is equal to the bojejaw square 
“ deducted from the tridjaw, therefore the same rule may he applied to the 
“ cotejaw, by making the cotejaw the canist, and the bojejaw jeisht; then by the 
“ foregoing rule the cotejaw of the sum or difference of the arcs may be found*V 


HMSOllIltMK 
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Second Extract. 




« Sloca. The munis determined the equations of the planets centres for the 
“ use of mortals, and this can be effected only by computations of the sines of 
“ arcs. I shall explain and demonstrate their construction and use. 

“ 2. And for this purpose begin with squares and extractions of roots, for the 
“ satisfaction of intelligent persons of ready comprehension. 

“ 3. The square is explained by the ancients to be the product of a number 
« multiplied by itself. (lie goes on to show how squares are found and roots 
“ extracted as in the Lilavati). 

“ 6. Square numbers may be stated infinitely. The roots may be as above 
lt extracted, but there are numbers whose roots are irrational. (Surds.) 

* 

“ 7 . The ancients have shewn how to approximate to the roots of such 
“ numbers as follows: Take a greater number than that whose root is wanted; 
“ and by its square multiply the. given number, when that given number is an 
u integer. Extract the root of the product, divide this root by the assumed 
« number, and the quotient will approximate to the root required. If the given 
“ number be a fraction, multiply and extract as before. To approximate the 
u nearer the munis assumed a large number, but the approximation may be made 
“ by assuming a small number.” 

And after a blank. 

<< In like manner surds are managed in the abekt or symbolical letters, 
<< (Algebra) expressing unknown quantities.” 

Again, after a blank. 

“ Some have pretended to have found the root of a surd, and that this might 
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“ lie effected by the Cutuca Ganita, attend and learn whether or not this could 
“ have been possible. I shall relate what Bliascara and others have omitted to 
“ explain. A root is of two kinds; one a line, the other a number. And the 
root of a square formed by a line expressing 5, may be found, though the root 
“ of 3 cannot be numerically expressed; but the numbers 1 , 4, 9, &c. may be 
“ expressed both ways. 2, 3,3, &c. are surds, and can have their roots expressed 
“ only by lines, (lie goes on to shew the impossibility of finding the root of a 
surd, though it should be eternally pursued through fractional quantities.) 

“ The root of a surd may be shewn geometrically 


I Have copied these two extracts exactly as I found them ; there appear to be 
one or two errors which it may be as well to mention. In the first extract the 
latter part of the first sentence should, perhaps, run thus : “ By the addition of 
“ the jeisht and canist may the sines of the sum and difference of arcs be 
“ computed,” See, 

I observe that where jeisht and canist first occurred in these notes Mr. Davis 
translated it originally “ arithmetic of surds,” and afterwards corrected it; 
probably from oversight it was not corrected in the second place, 

The value of the cosine of the sum of two arcs is given instead of that of the 
difference and vice versa. 

There is an error also in writing the sum and the difference of the cross pro¬ 
ducts. 

I know nothing of the author of the Marichi. Possibly he might have 
observed that the jeisht and canist rule corresponded with the formula; for the sines 
and cosines, and the latter were not derived from the former by Bhascara, but 
invented at a later period, or introduced among the Hindoos from foreign 
sources. Probably however the application and the formula; are both of Indian 
origin. 

As for the second extract the rule for approximating to the square root is the 
same as that given by llecorde, in his “ Whetstone of Wit,” which was pub¬ 
lished in 1337; and by his contemporary Buckley; (for an account of whose 
method see Wallis's Algebra, p. 32. English edition.) I have before stated, that 
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this rule is also in the Lilavati. I mentioned it generally then only because of 
its connexion with a trigonometrical proposition. The following is a literal 
translation of the rule, as given by Fyzee: “ Take the squares of the base and 
“ side, and add them together; then multiply by the denominator and write it 
“ down. Then assume a large number and take its square. Then multiply it 
“ by that which was written down. Take the square root of the result and call 
“ it the dividend. Then multiply that denominator by that assumed number, 
“ and call it the divisor. Divide the dividend by the divisor, the quotient is the 
“ hypothenuse.” This is not delivered with perfect accuracy, the true meaning 
however is plain. If the assumed multiplier is decimal the method gives the 
common approximation in decimal fractions. The writer denies that the root of 
a surd can be found by the cootuk, but he speaks of it as a subject to which the 
cootuk was said to have been applied. It is very improbable that such a thing as 
this should have found its way from Europe to India, and it is very probable that 
many things of this sort were to be had from Hindoo sources. 
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Explanation of Sanscrit Words used in Mr. Davis’s 

Notes. 


BIJA GANITA —Algebra—Literally seed counting. 

Pati Ganita —Arithmetic—Ganita seems to be used as we use arithmetic. Thus as we 
have arithmetic of integers, arithmetic of surds, decimal arithmetic, &c. the 
Indians have bija ganita, pati ganita, cutuca ganita, &c. 

Jabut Tabut —The unknown quantity, as w^e use x —Literally as far, so far . It is not clear 
how this comes to be so used. It would be more conformable to the rest of 
Hindoo notation, if the word pandu (white) were applied ; the first letter of 
pandu is very like that of jabut, and they might easily be confounded. 

Kaluk , neeluky —Unknown quantities—Literally the colours black, blue, <Scc. 

A bekt —Unknown, 

Garni , surd —Hypothenuse—Literally ear. 

Mahti and /ag/ioo—Greater and less. 

Roop —Known quantity—Literally form, appearance. 

Bhady —Dividend. 

Bur —Divisor. 

Rhujuk —Divisor. 

Sekc —Remainder. 

J)irl —Reduced. 

Chepuk or chepe —Augment. 
lluilec —Chain or series. 

Unte —Last. 

Upantea —Last but one. 

Lubd —Quotient. 

Gnonuk or Qoon —Multiplicand. 

Rhtn —Minus—Literally decrease. 

Goodin— An astronomical period. 

L'rgan —Number of days elapsed. 

Rebuilds —Seconds. 

Cullas —Minutes. 

A n sa v—D egrees. 
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Bh aga nas .—Rcvol u tions, 

Calp —The great period. 

Raas — Literally a heap, a sum total, a constellation. 

Cootuk —The principle on which problems of this form aX £ C zz y are solved, 

Sanstist —Ditto of ~ y + c and zz z + e. 

Chacra-ba)a —Ditto of ax % + b zz y- —Literally strength. 

Hursita , Ivirs , hursa — a: in the above form —Literally small. 

Pracrit—a in Ditto—Literally principal. 

Jeist or Jeisht—y in Ditto—Literally greatest, 

Canist—x in Ditto—Literally least. 

Samans babna —If ax ' 2 4- /3 = y' 2 and a/* P — g 2 , then the rule x" — x'g f yf is called 
samans babna—Literally contemplation of ecpial degrees. 

Anter babna — In the above form, when x n — x'g — y'f, it is called anter babna—Literally 
contemplation of difference. 

Badjra beas —Cross multiplication which produces the above forms —Literally cross 
diameter. 

Cootuk gunnit or cutuca ganita. —Cootuk Calculation • 

Sodana —Reduce—Literally purify, 

Utapana —Brought out. 

Bhoje — Base of a right-angled triangle—Literally arm. 

Cote— Side of Ditto —Literally end of a bow. 

Carna —Hypothenuse—Literally ear. 

Bumb —Perpendicular—Literally length. 

Abada —Given. 

1st —Assumed. 

Jaw or Jya —Sine or chord—Literally bow-string. 

Bojejaw —Sine. 

Cotejaiv —Cosine. 

Tridjaw— Radius—Literally sine of three ; perhaps meaning of three signs or 90 degrees. 
Add y —I n te r ca 1 a ry. 

Che-tits (Cshaya tithij— Difference of solar and lunar days. 

Ahum —? For bhumi savan—solar days. 

Chandra —Lunar. 


For the literal explanation of these terms, as far as they could be made out, I am obliged 
to Mr. Wilkins. Most of the words are written here according to their com-mon pronun¬ 
ciation in Bengal. 


NOTES. 
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Dear Strachey, 

Haying just laid my hands on a parcel of papers of notes, containing abstracts and trans¬ 
lations from the Bija Ganita, made by me, with the assistance of a Pandit, as long ago as 
when I was stationed at Bhagulpore*, I send them to you with full liberty to make any use 
of them. Ever since my removal to Burdwan these papers have lain unnoticed, and might 
have continued so had it not occurred to me that you are occupied in such researches. There 
may be trifling inaccuracies in some places, the translations having been made carelessly and 
never revised ; but their authenticity may be depended on, as they were made from the original 
Sanscrit Bija Ganita, which was procured for me at Benares, by Mr. Duncan. I send also 
a book of memoranda, containing chiefly trigonometrical extracts from a modern astronomical 
work in Sanscrit, which I suppose to have been written in Jey Sings time. 

I am very sincerely your’s. 


Portlafid Place, Jan. 1812. 


S. DAVIS. 


THE END. 


* About the year 1790. 


Glendinning. Printer , Hatton Garden, London, 
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Some Observations on the originality> extent , and importance of 
the Mathematical fcience of the Hindoos; with Extracts 
from Perfian Tranjlations of the Leelawuttee and Beej 
Gunnit — By Edward Strachey, of the Bengal Civil 
Eftablifhment. 

T HE charafter which Sir William Jones has given of Perfian 
tranflations from the Sanfcrit is enough to deter men from the 
labour of examining them. To difeover the full extent of Hindoo learning 
the Sanfcrit originals fhould be ftudied. 

Nevertheless fome of thefc tranflations have their value. If examin¬ 
ed attentively and without prejudice, they will, on many points, give an 
infight into Hindoo fcience without hazard of deception, although they are 
juflly open to a general obje&ion of confufion and inaccuracy. 

The tranflator feldom diflinguiflies the text from his own additions, 
but he fometimes introduces matter which he muft have been incapable of 
fupplying, if he had not had accefs to fome extraordinary means of infor¬ 
mation, which means I conclude to be the original work he pretends to 
tranflate, or fome other Hindoo books of fcience. 

In works which arc avowedly tranflated from ancient or obfeure authors, 
but are fufpe£led to abound with interpolations, we cannot pronounce any 
propofition to be original, without a previous confldcration of its nature, 
and of the circumftances of the tranflator and the reputed author. 
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If the proportion in quefiion is thought to have been invented at a 
period later than the age of the perfon now faid to be the author, and is to 
be found in books to which the tranflator undoubtedly had, or podibly 
might have had, accefs, we may well fufped that it is not ge¬ 
nuine. 

If, however, it is direflly deduced, or deducible from, or in any way 
intimately conne&ed with unfufpccled matter, we may perhaps be difpofed 
to admit its claim to originality; at all events we Ihall hefitate in pronoun¬ 
cing it fpurious. 

But if the proportion could not be derived from any of the common 
fources of knowledge which were extant in the time of the tranflator, wc 
muff hecefTarily fuppofe the exigence of fome other fource: and the 
difeovery of a well connected feries of fuch proportions, would afford 
ample proof of the exigence of a fund of fcicncc, to which the world has 
not hitherto had accefs. 

Let thefe principles be applied to an examination of the Perjian tranfla- 
tions of the Beej Gunnit and Leelawuttee ; and many new and curious fafis 
will be afeertained, illuftrative of the early hiftorv of Algebra and of the 
fUte of Mathematical knowledge among the Hindoos. 

The Beej Gunnit and Lelaivuttce , were both written by Bhasker 
Acharij, a famous Hindoo mathematician and aflronomer, who lived about 
the beginning of the 13th century of the Chrijlian er.i : the former of the 
two treatifes is on Algebra with, fome of its application; the latter is on 
Arithmetic and Algebra, and Menfuration, or Practical Geometry. The 
Beej Gunnit was tranllated into Perjinn in 1634 A. C. by Utta Ulla 
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Rusheedee, (at Agra or Dehli probably), and the Lee la-unit tee 111:587 
A. C. by the celebrated Fyzee. 


Before any opinion is formed of the extent to which the tranflators might 
have interpolated, a view of the fources of their knowledge fhould be taken. 

It is well known that the only Petjian fcience is Arabian , and that the 
Arabs had much of their mathematical knowledge from the Greeks ; It is 
certain that they had their Arithmetic from the Indians , and mod likely their 
Algebra was derived from the fame fource; but the time and other circum- 
fiances refpe&ing the introdu&ion of thefe fcicnces among the Arabs is 
unknown *. 

As we arc not informed of the full extent of Greek knowledge among 
the Arabs , ncr of the Greek and other books, which may have been tranfla- 
ted into Arabic , and which Utta Ulla Rusheedee and Fyzee, might 
have had accefs to; and as we cannot be certain that they had not the 
means (through travellers for indance) of becoming acquainted with the 
modern European difeoveries, wc mud fuppofe that they might have had 
the benefit of all the Greek , and all the Arabian , and all the modem 
European learning, which was known in their time‘f*. 

* The firft account of any Indian mathematical fciencc among the Arabs , is, I believe, of Indian aftro- 
nomv, which was known in the reign of Al Mamoon. 

In later times, many Mohammedans have had accefs to the Hindoo books: There are accounts of feveral 
in the Ayeen Ackbety, and in D’Herbelot. Abul Fuzl gives a lift of Sanfcrit books, which were trans¬ 
lated into Perftan in Ax be it’s time. The Leelawuttee is the only mathematical work amongft them. 

+ Bernier, who arrived in India in 165 ^, is faid to have tranflated or explained the philofophy of Gas- 
rENDi and Dis Cartes for his patron at the Moguls court, but it is likely that only the metaphyfics of 
thefe writers are alluded to. Bernier had a good opportunity of making refearches into the learning of 
the Hindoos, and he has given feme account of it ; but his information appears to have been very circum- 
ferihed ; he was entirely ignorant of the extent of their mathematical faiences, and knew fcarcely any thing 
of rheir aftronomy. In the beginning of the eighteenth century, Jva StNC had accefs to the modern Euro - 
fean aftronomy and mathematics, and introduced a great deal cf them into India, (See Mr. Hunter's 
paper in the fifth volume of the Af a:\ck Refearches. 
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It is however probable, that, exclufive of what they might have had 
from the Hindoos , Utta Ulla Rusheedee and Fvzee had no means 
of acquiring fcience except through Arabic books* 

From the tranflation of the Lteia'wuttee fhould be reje&ed, as not cer¬ 
tainly genuine, all fuch proportions as were known to the Greeks or Arabs „ 
or to the modern Europeans , till the end of the fixteenth Century j and from 
the tranflation of the Beej Gunnit , all fuch as were known till the beginning 
of the feventeenth century, except fuch as are intimately conncdled with 
others whofe originality cannot be doubted. 

It is very defireable that fomc perfon properly qualified for the talk 
fhould compare the Algebra of the Arabs , and that of the Greeks and 
that of the modern Europeans with the Perjian tranflations of the Beej 
Gunnit and Leelawuttce 

I have no doubt that the rcfult of the comparifon would fliewr 

That the Algebra of the Arabs is quite different from that of Dio-. 
phantus, and that neither of them could have been taken from the 
other, though both might have been taken from one common fourcc« 

That if the Arabs did learn from the Indians , (as they probably did) 
they did not borrow largely from them r 


* The only known book of Greek Algebra, is Diophantu:, 

Algebra, no full account, as fa* as I know, has hitherto been given, but it is certain that the 
firft European treatifes were taken from it entirely. Many Arabic Algebraical works are extant, and well 
known in India ; fome of them have been tranflated into Eerfiaiu 
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That the Perfian t ran flations of the Beej Gunnit and Ledawuttie con* 
tain principles, which are fufficient for the folution of any proportions 
in the Arabian^ or in the Diopbantine Algebra : * 

That thefc transitions contain proportions, which are not to be 
folved on any principles which the Arabian or the Diopbantine Algebra 
could fupply : 

That the Hindoos were farther advanced in fome branches of this 


* Perhaps this may Joe going too far; it is not eafy to fay.,what principles are necefiary for the develope- 
ment of the Diopbantine Algebra, which is merely a collection of difficult queftions, {hewing more ingenuity 
than mathematical knowledge. 

The Beej Gunnit will be found to differ much from Diophantus’s work. It contains a great deal of 
knowledge which the Greeks had not; fudr as the ufe of an indefinite number of unknown quantities and 
the ufe of arbitrary marks to exprefs them; a good arithmetic of Surds ; a perfed theory of indeterminate 
problems of the firft degree), a very extenfive and general knowledge of thofe of the fecor.d degree; z 
knowledge of quadratic equations, &c. The arrargement and manner of the two works will be lound as 
effentially different as their fubftance. The one conftitutes a body of fcience, the other does not. The 
Beej Gunnit is well digefted and well conneded, and is full of general rules, which fuppofe great learning; 
the rules arc illuftrated by examples, and the folutions are performed with {kill. Drop h ant us, though not 
entirely without method, gives very few general propofitions, and is chiefly remarkable for the ability with 
which he makes affumptions in view to the folution of his queftions. The former teaches Algebra as a 
fcience, by treating it fyfte made ally; the latter {harpens the wit, by folving a variety of abftrufe and com¬ 
plicated problems in an ingenious manner. The'author of the Beej Gunnit goes deeper into his fubjed, and » 
treats it more abftradedly, and more methodically, though not more acutely, than Dtophantus. The for¬ 
mer has every charaderiftic of an affiduous and learned compiler; the latter of a man of genius in the infancy 
of fcience. This comparifon however, it muft be admitted, is made from a view fomewhat partial and 
fuperficial. The Beej Gunnit is feen through a very defedive medium. It may have been improved, or it 
may have been deteriorated by the tranflator : and the account here given of Diophantus, is not the rcfult 
of deep ftudy of that very difficult author, but of ahafty review of his work, and an examination of a irw 
only of his material propofitions. 

It may be proper to advert to the following point, which may be thought important : “ Whether it Is 
,c poffible, or, if poffible, w! ether it is probable, that the Algebra of the Hindoos is nothing more than a 
« branch of Greek fcience long loft, but now reftored ? M I am perfuaded that it is not : but a goxi difeufiton 
of this queftion is neceffary,, before the originality of the Indian fcience can be eftabliflied on folid grounds. 

The intent of this peper is to throw out hints, for inquiry into the mathematical fciences of the Hindoos, 

I cannot by any means pretend to embrace the fubjed in its full extent p my opinions therefore will be re¬ 
ceived with caution; they are fubmitted with deference, 
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fcience than the modern Europeans , with all their improvements, till the 
middle of the eighteenth century. 

Annexed, are a few fpccimens of Arithmetic, Geometry, and Algebra, 
taken from the tranflations of the Beej Gunnit and Leelawuttee . 


On Series 9 with Extracts from the Leelawuttee. 

In the tranflation of the Leelawuttee , is a chapter on combinations, and 
another on progreflions, as follows: 

Combinations. 

4< To find a number from the mixture of different things/ 5 * 

“ If it is required to add different things together, fo that all the com» 
“ binations arifing from their addition may be known, this is the rule : 

“ First, write them all with one, in order, and below write one 
“ the laft oppofite to the Gift in order. Then divide the firfl term of 
44 the firft line, by the. number which is oppofite to it in the fecond 
“ line. The quotient will be the number of combinations of that 
“ thing. Multiply this quotient by the fecond term of the firft line, 
“ and divide the product by the number which is oppofite to it in the 
“ fecond line, the quotient will be the number of combinations of that 
“ thing; and multiply this quotient by the third term, and divide by 
“ that which is below it, and add together whatever is obtained below 
l< each term, the fum will be the amount of all the combinations of 
tl'.efe things.” 
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Or fhortly : The rule for combinations of any number of things (n) 
taken 2 by 2, 3 by 3, 4 by 4, &c. is fx — x^—x^&c. continued tc 
as many fadors as there are things to be combined. 


Example. 

“ The fix flavoured, called in Bindce Khut Rus , contains ifl a fweet, 
“ 2d a fair, 3d a four, 4th a foft, 5th a bitter, 6rh a fharp. I would 
“ know the number of different mixtures which may be had by adding 

6x$ 


“ thefe together. Write them thus 


*1 *1 3 I 4l 5 6 


6| 5 l 4 l 3 l »1 » 


— = 6 , 


-= ' 5 » 


<4 “ = i s. ^■= 1 > the funi is 63. The number of mixtures then 

<< of 6 things is 63.” 


Progression. 

“ Of numbers encreafing. This may be of feveral kinds; Firff, with 
** one number, that is, when each number exceeds the preceding by 1. Ths 
“ way to find any number is; Add 1 to that number, and multiply by 
“ half that number. To find the fum of the added numbers ; Add 2 to 
fl ‘ whatever number you fuppofe the laff, and multiply by the fum of 
11 that number ; Divide by 3, the quotient will be the rum of the added 
number, or this number which was fuppofed the ^£1.** 

The rule is illuflrated by thefe examples. In a feries encreafing from 
1, to find the fum of 4 terms* 

*+*+3+4= In the fame feries to find the fum of 6 terms 

7+6 x -|rr 2I> (tie f um Q f g 4erms 7+9X-f - 4S * 
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This is when the encrcafe is by i. To find the fum of the added terms 
“ with 3;” X .+--+3 = 10 with 4 , 7+ T x~+ m -ao, with g, T^T 

3 3 

* -ha-f 3+4+5-f 6 --7-r8 4~9 ~ 1 

3 - 


66 If a perfon gives away at this rate, i ft day i, 2d day 2, 3d day 3, 4th 
44 day 4, and fo on, encreafing by 1 to 9 days. According to the 1 ft rule by 
46 the 3d day he will have given 10, by the 4th 20, by the 6th 45, by the gth 
“ 165.” Thefe rules .are ftiortly * + ~ n x—-= S; where n is the num¬ 
ber of terms, and s the fum of the feries 1, 2, 3, 4, 5, &c. and 
_(a_ -h n ) x _s the fum of the triangulars. 


The next rule is for tlie fummation of feries of fquarc and cube 
numbers, applied to the feries i, 4, 9, 16, 25, &c. and 1, 8, 27, 64, 
125, dec. The fum of n terms of the former will be z 3 n —■ * and 
the fum of n terms of the latter will be s*. Rules are then given 
for arithmetical progreflions, viz. (fuppofing a to reprefent the firft 
term, m the middle tern), z the laft term, d the common difference) 


— 1 * d 7*“ = *> ^r= xJ r~ - = d |(*-f) +. 


s J - a + ■ 


A rule for fumming a geometrical progreffion comes next. 

“ A person gave a number the firft day; the 2d day he added that > 
24 number multiplied by itfelf, ‘ and fo on for feveral days, adding every 
41 produ>fl multiplied by the firft number. The rule for finding the fum 
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ct is this; firft, obferve whether the number of the time is odd or even: 
cr if it is odd, fubtrad i from it, and write it fornewhexe, placing a 
“ mark of multiplication above it. If it is even, place a mark of a fquarc 
4< above it, and halve it till the number of the time is finifhed ; after 
“ that, beginning at the bottom with the number of encreafe, multiply, 
“ where there is a mark of multiplication, and take the fquare, where 
46 there is a mark of a fquare : fubtrad i from the produd, and divide 
“ what remains by the number of encreafe lefs i, and multiply the 
“ quotient by the number of the firft day: the produd will be the fum 
u of the progreffion.” 

Example, where the number of terms is even, 2, 4 &c. to 30 terms — 
Example, where the number of terms is odd, 2, 6, 18, 54 &c. to 7 
terms. In thefe examples the refult is given without any detail of the 
application of rule to the cafe. Probably there is fome error in the 

n 

rule ; it ffiould be T jzl x a = s . From want of books one cannot in this 

r— 1 

country have the means of afeertaining precifely the time when each particu¬ 
lar mathematical rule was invented in Europe , but I have no doubt it will 
appear, that all the rules which are in thefe two chapters were not known in 
Europe till after the fixteenth century. The formula ~ x n -A- x & c . j s 
the fame as that for finding the coefficients in the binomial theorem, which 
was in Europe firfl taught by Briggs about the year 1600. It does not 
Appear whether this ufe of it was known to the Hindoos. Mr. Reuben 
Burrow publiffied in the Afiatick Refearches a queftion folved by the laft 
mentioned rule, inferring from it, that the Hindoos had the binomial 
theorem. 


Peletarius in his Algebra, uhich was printed in 155S, gave a table of 
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fquare and cube numbers, remarking, among other properties of thefe 
numbers*, “ that the fum of any number of 'the cubes taken from the be¬ 
ginning, always makes a fquare number, the root of which is the fum of 
the roots of the cubeswhich is the fame thing as the Leelawuttee rule. 

It does not appear whether the Hindoos had any knowledge of figurate 
numbers further than what is here given. 


On the menfuration of the Circle and Sphere, with extracts from 

the Leelawuttee. 

The rules in the Leelawuttee for the menfuration of the circle and of 
the fphere are thefe : 

, To find the circumference of a circle, multiply the diameter by 3927,, 
and divide the product by 1250; or multiply the diameter by 22, and 
divide by 7. 

And (fuppofing D to be the diameter and C the circumference) = 

area. D x C = furface of a fphere. = folidity of a fphere. Other rules 

given are area. = area — +-7— = folidity of a fphere, (v 

21 

being the verfed fine, and c the chord of an arch a ). 

= vand 2 x ^lDTv)v = c, .-, nd 2., _ a. 

4 4D+C 

* Quoted from Hutton’s Diffionary, Art. Algebra. 















( 11 ) 

Rules for finding the fides of regular figures infcribed in a circle*. 

6 gon Dv<6 ^ 


gon 




4 gon 2 * 3 iU 

' D 120009 


5 g° n 


P* T0534 


7 £ on 

8 gon 

9 S on 


120000 
PX52055 
120000 
DX45923 
12^000 

Px 4i°3f 


It is to be lamented that the method or deducing thefe rules is not 
Hated. 


The ratio for that of the circumference of a circle to its diameter 
22 : 7 is the fame as that of Archimedes ; that of 3927 : 1250 is, I believe, 
a nearer approximation than was known in Kurope before Viet A. This 
is mofl probably (if not certainly) an Hindoo invention, and therefore 
fhould give the credit of originality to the other rules which are conne&ed 
with it. 


On Quadratic Equations, with extracts from the Leelawuttee, the 
Beej Gunnit, and Diophantus. 

In the tranflauon of the Leelawuttee, the rule for quadratic equations is, 
“ When the number, by which the root of the number thought of is 
“ multiplied, is given; and, the fum or difference of the produ 61 when 
“ added to, or fubtrafted from, the number thought of, is alfo given; the 
“ rule for finding the number is; Take half the multiplier and fquare it, 
“ add what remains to it; take its root; add, or fubtraff, half the multi- 
“ plicand to the root, according as the queftion is of fubtradlion, or addi- 


* Some of thefe numbers appear to be wrong. 
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te tion ; take the fquare of the aggregate, and that will be the number 
thought of 

A rule is given, for clearing the higher power of fractional coefficients. 

Thus: 

“ To add to the number thought of, or to fubtrad from it, a fra&ion of 
“ that number, the rule is: Add, or fubtradf, the fraction from I ; divide 
“ the multiplier and the remainder by the fum or the difference, and pro- 
“ ceed according to the foregoing rule, with the quotients of the multiplier 
“ and remainder Jj. n 

In the tranflation of the Beej Gunnit , the rule is ; 

lc The fquare of unknown being equal to number, multiply both, or 
:{ divide both, by an afTumed number, and add a number to the two 
c< refults, or fubtraCl it from them, that both may be fquares. For 
<{ one fide being a fquare, the other will alfo be a fquare; for they are 

equal and by the equal increafe or diminution of two equals, 
“ two equals will be obtained. Take the roots of both, and, after 
“ equating, divide the number by the root of the fquare of un- 
“ known : the refult will be what was required. ,J 


t a and b are given, x is required. Rule ^^ll_ 2 +b _L 


11 If x ± 
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Again, “ After equating, if the two fides are not fquares, the me- 
•« thod of making them fquares is this : Afiume the number 4, and mul- 
“ tiply it by the fquare of the unknou n of the firfl fide, and multiply 
“ both fides by the produdl, and in the place of number encreafe both 
“ fides by the fquare of the thing of unknown which is on that fide. 
“ Both fides will be fquares. Take the roots of both and equate them, 
“ and the quantity of unknown will be found 

This rule is not very accurately exprefTed, but there can be no doubt 
of what is intended by it. The following example will ferve to illuf- 
trate the rule, and fhew the manner in wich the equation is reduced, 

“ Some bees were fitting on a tree ; at once, the fquare rcot of half 
“ their number flew away ; again, eight-ninths of the whole flew away 
“ and two bees remained. How many were there ? The method of 
«« bringing it out, is this: From the queftion it appears that half the fum 
“ has a roor. I therefore fuppofe 2 fquare of unknown; and I take 
** one unknown, that is the root of half; and L ; and as the queftioner 
“ mentions, that 2 bees remain; 1 unknown and — of two fquare of 
“ unknown that is ^ of 1 fquare of unknown, and 2 units is equal to 
“ 2 fquare of unknown. I perform the operation of equating the frac- 
“ tions in this manner. I multiply both fides by 9, which is the deno- 
* c minator of a ninth, 16 fquare 6f unknown and 9 unknown and a8 
11 units is equal to 18 fquare of unknown. I equate them thus:—I fub- 
<: tracl 16 fquare of unknown of, the firfi: fide from iS fqmre of un- 
“ known of the fecond fide. It is a fquare of unknown affirmative, 

* Should b?, It ax. 2 -f bx r c multiply both fides by 4 a, and add b 3 ; then extraft the roc.: 
?nd reduce the equation. 
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a * and in like manner I fubtraft 9 unknown of the firft: Tide from cipher 
“ unknown of ffie fecond fide, 9 unknown negative remains. Then 
41 I fubtradf cipher the numbers of the fecond fide from 18 units of the 
“ firft fide. It is the fame. The firft fide then is 2 fquare of unknown 
“.affirmative and 9 unknown negative, and the‘fecond fide is 18 units 
44 affirmative. In this example there is equality of fquare of unknown* 
“ and unknown, to number; that is equality of fquare and thing to 
44 number. As the roots of thefe two fides cannot be found, fuppofe 
64 the number 4, and multiply it by 2 which is the number of-the 
44 fquare 01 unknown ; it is 8. I multiply both Tides by 8. The s firft 
44 fide is 16 fquare of, thing, and 72 unknown negative ; and the fecond 
a fide is 144 units.' I then add the fquare of the number of the un- 
44 .known, which is 81 to the refult of both fides. The firft fide is iS 
44 fquare. of unknown, and 72 unknown negative, and 81 units; and 
44 the fecond fide is 225 units. I take 'the roots of both fides. The 
44 l*oot of the firft fide is 4 unknown, and g units negative; and the root 
44 of the fecond fide is 15 units affirmative. I equate them in this man- 
* 4 ner. I fub tracl cipher unknown of the fecond fide from 4 unknown 
44 of the firft fide; and 9 units negative of the firft fide, from 15 units 
44 affirmative of the fecond fide. - The firft is 4 thing and the fecond fide 
44 is 24 units affirmative. I divide; 6 is the refult, and this is the 
44 quantity of the unknown, and 36, is the fquare of the unknown. 
44 And as we fuppofed 2 fquare of unknown, we double 3S; the whole 
44 number of bees then was 72.” 

Farther, 44 When on one fide is thing and the numbers are negative, 
44 and on the other fide the numbers are lefs than the negative numbers on 
44 the firft fide, there are two methods. The firft is to equate them without 
44 alteration—The fecond is, if the numbers of the fecond fide are affirma- 
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“ tive, to make them negative; and if negative, to make them affirmative. 
“ Equate them; 2 numbers will be obtained, both of which will pro- 
“ bably anfwer.” 

From this it will appear chat in the tranflations of the Leelawutte and 
Bee] Glimit , the knowledge of quadratic equations is carried as far as it 
was among the Arabs and the modern Europeans before Cardan, and no 
farther. Hutton* fays of Lucas de Burgo, whofe book was printed 
about the end of the 15th century, * lie ufes both the roots or values of 
* the unknown quantity, in that cafe of the quadratics which lias two 

pofitive roots, but he takes no notice of the negative roots in the other 
‘ two cafes. 5 

Bachet in his commentary on the 33d queftion of the iff book cf 
Diophantus, takes a view of the rules for the folutionof quadratic equa¬ 
tions which were known in his time—And he thinks that Diophantus 
had fimilar rules : He judges fo, becaufe in the 30th and 33d q'uefticns of 
the 1 ft book, Diophantus has thefe propofitions, which he gives as the 
conditions of his queftions, x y = D and 4 x y + (x-y) 2 =□, and 

fays of each of them & & t*to Bachet is of opinion, that thefe 
words indicate that rules for quadratic equations may be deduced from 
the propofitions, and he accordingly deduces rules, calling them Dio- 
phantus’s method. Diophantus however had no fuch method. He 
always affumes his numbers fo as to avoid quadratic equations: He no¬ 
where folves quadratic equations, and therefore it may be prefumed that 
he did not underftand them. 

In the 45th queftion of the 4th book, however, he has a procefs which 

* Mathematical Dictionary, article Algebra. 
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is very like that of the foliation of a quadratic equation “ *6 N + 12 
«* minus font quam 2 Q~6. Adjiciantur quae defunt utrimque unitates, 
“ erunt 2 O majores quam 6 N 4- 18. In requatione autem hac expli- 
“ canda, dimidium numerorum in fe ducimus, et fit 9. Ducimus etiam 
“ quadratos in unitates, ct hunt 36. et addito 9 hunt 45. cujus latus 
“ non minus eft 7 adde femiffim numerorum, et divide per quadratos, 
“fit 1 N minor 5.” And, in queftion 33, book 4, Diophantus, 
having the equation 3 x 4- i 3 = 5 x% proceeds thus: 11 et non eft rati- 
“ onalis atqui 5 Q eft quadratus unitate auflus. Oportet itaque hunc duc- 
“ turn in unitates 18 et adfumentem quadratum femiffis 3 N nimirum 2% 
“ facere quadratum*’ &*c. (fee queftion and Bachet’s commentary) but 

no quadratic equation is folved. 

* 

It may be prefumed from what has been faid above, that the knowledge 
which the Arabians had of Algebra, as far as regards quadratic equations, 
%vas not derived from the Diophantine Algebra, but either that it was in¬ 
vented by themfelves, or, which is mod likely the cafe, that it was had 
from the Hindoos . % 


On Indeterminate Problems of the 2 d Degree , with extracts from 
Diophantus and the Beej Gunnit. 

The 1 6th Queftion of the 6th book of Diophantus is as follows : 

“ Datis duobus numeris, ft aliquo quadrato in unum eorum duflo, et 
“ altero de produdto fubtradto, fiat quadratus: invenietur et alius qua- 
“ dratus major quadrato prius fumpto, qui hoc idem praeftet. Dentur 
“ duo numeri 3 et 11, et quadrato aliquo, puts a latere 5 dudto in 3 et 

* Bachet’s tranflation. ' 


v 




“ a produdto detra&o 11 fiat quadratus a latere 8. oporteat invenire alium 
“ quadratum majorem quam 25 qui hoc ipfum praeflet. Elio latus qua- 
44 drati 1 N -f 5 fit quadratus 1 O+10 N + 25—Hujus triplum dempto 11 
“ ht 3 O4-30 N + 64 3squale quadrato; fit ejus latus 8-2 N et fit N, 62. 
“ Eft ergo latus 67 quadratus 4489, qui praeflat imperata.” 

And in the next example, referring to this, he fays, by purfuing this 
method an infinite number of fquares may be found. 

In the Beej Gunnit this problem is folved very generally and fcicnti- 
fically, by the affiftance of another, which was in Europe firft known in 
the middle of the .17th century, and firft applied to queftions of this 
nature by Euler in the middle of the 18th century. 

Abstracting from the fign, the Beej Gunnit rule for finding new 
values of a x + b = y 2 is: Suppofe a f 1 + b = g 2 a particular cafe-, 
find m and n fo that a n a + 1 = m then x = n g + m f and y = m 
g + A n f. 

General methods according to the Hindoos for the folution of inde¬ 
terminate problems of the ifl and 2d degrees will be found in the 5th 
and 6th chapters of the Beej Gunnit. 

POSTSCRIPT. 

Since writing the above I have had accefs to Englijh tranflations of the 
Eeelawuttee and part of the Beej Gunnit ; and I have the fatisfadtion to find 
that in all the mod material points they agree with the Pcrfian tranflations. 









III. 


On the early History of Algebra. 


By EDWARD STRACHEY, Es 2 . 


if it were as generally known as it is certainly true, that there is a 
fine field for oriental research in the mathematical sciences, and that it is 
easy of access, the subject would not be so much neglected as it is at 
present. 

Four years ago I printed at Calcutta , some observations on the ma¬ 
thematical sciences of the Hindus. In that tract I proved, that an exten¬ 
sive and accurate knowledge of the Algebra of the Hindus might be had, 
by means of translations," extant in the Persian language, of certain 
Sanscrit books. As the Persian language is understood by most of the 
Company’s civil servants in Bengal , I conceived that a consideration of 
the fact might induce persons who were competent to such studies, to 
direct their attention to them. Of the Bija Ganita , or Hindu Algebra of 
Bha'scara Acha'rya, I have sent home a full account, which I suppose 
must have been published by this time. In that account (derived en- 
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tirely from a Persian translation) it is proved, that the Hindus had made 
a wonderful progress in some parts of Algebra; that in the indeterminate 
analysis they were in possession of a degree of knowledge, which was in 
pAirope , first communicated to the world by Bachet and Fermat, in the 
seventeenth century, and by Euler and De La Grange, in the eighteenth. 
It would be very curious to push these inquiries into the Hindu indeter¬ 
minate analysis, as far as possible. They might, perhaps, shew that the 
Indians had a knowledge of continued fractions, and possibly speculations 
in physics and the higher geometry, that we know nothing of: for the 
foundation of the indeterminate analysis of the Hindus is directly ex¬ 
plicable on the principle of continued fractions. And there are branches 
of natural philosophy and mathematics, where equations will arise, which 
can be solved only by the rules of the indeterminate analysis. In the in¬ 
troduction to the Brja Ga?iita f where the first principles are given, a 

* 

method is taught of solving problems of the form Ax-\*b=i Q. This, 
simply considered, may be thought only a vain speculation on numbers; 
but, in the body of the Bija Ganita , the rule is applied to the solution of 
equations. It is true, that these equations arise from questions purely 
numeral; yet it appears, nevertheless, that the application of the rule was 
understood. But whatever may be thought of this argument, it is, at all 
events, interesting, to ascertain the progress which has been made in the 
sciences, by different nations, in distant times. 

A good comparison of any of the mathematical sciences of the Greeks , 
the Arabs , and the Indians , would be exceedingly valuable; and every 
information, which will serve to illustrate the subject, is of importance to 
the early history of science. 

We know but very little of Algebra, in its infancy and first progress. 
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It was introduced into Europe , from Arabia , towards the beginning of the 
thirteenth century; and the work of Diophantus became known about 
three hundred years after. From the difference between his Algebra and 
that of the European writers, there was reason to believe that they were* 
not of the same origin. 

Some learned persons thought that Diophantus was the inventor; but 
the more received opinion was, that his writings bore internal evidence of 
the contrary; and that Algebra must have been known long before his 
time. 

In 1579, Bombelli published a treatise of Algebra, in which he says, , 
that he and a lecturer at Rome , whom he names, had translated part of 
Diophantus, adding, “ that they had found that in the said work the 
Indian authors are often cited ; by which they learned that this science 
“ was known among the Indians before the Arabians had it.” (Hutton’s 
Dictionary .) 

Dr. Hutton has adopted the opinion, that the Arabians had their Al¬ 
gebra from the Greeks. In his dictionary (article Algebra) we find, “ the 
“ -Arabians say, it was invented amongst them, by Mahomet* Bin- 
Mu s a or son of Moses, who it seems flourished about the eighth or 
ninth century.” It may be observed, by the way, that no Arabian 
writer has been cited in support of this. It does not appear on what 
foundation the assertion stands; I imagine it is taken from Wallis. The 
learned Muslemans in India , certainly consider the science as having 
originated among the Indians; and the arithmetic, which in their treatises 
always precedes Algebra, is undoubtedly Indian. 


fK . M ?r D "? IN ’^ U ?' a ' ul ’^ ha ' rezmi ? according to D’Herkelot, flourished under 

t 1 at / A AM V rH’ anc ^ a se * °* astronomical tables, which were highly esteemed, 
fcelo-ie NasVuddin IVsi published his. . 


B 
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Dr. Hutton goes on : “ It is more probable, however, that Mahomet 
“ was not the inventor, but only a person well skilled in the art ; and it 
“ is further probable, that the Arabians drew their knowledge of it from 
u Diophantus or other Greek writers; and, according to the testimony 
“ of Abulpharagius, the arithmetic of Diophantus was translated into 
“ Arabic , by Mahomet-Bin-Yahya-Baziana." This I suppose is taken 
from Pococke’s translation,* but the word which he has explained by 
“ interpretatus est ” is^A meaning he commented on, rather than he 
translated. Surely, this is not sufficient to give rise to a probability, that 
the Arabians derived their Algebra from the Greeks . The Algebra of 
the Arabians bears no resemblance to that of Diophantus, the only 
Greek writer on the subject who has ever been heard of. Inquiries have 
been made, in different parts of India and Persia , for the supposed transla¬ 
tion of Diophantus ; but without success. In the five first propositions 
of the 13th book of Euclid, and in the 10th and 1 tth propositions of Ar¬ 
chimedes’ book on spiral lines, and in the 9th proposition of the . 2d 
book of his Isorropics , Wallis thought he saw traces of Algebra; and it 
is to be presumed, that no farther evidence of its existence, among the, 
ancient Greeks , is discoverable; for, except the above, I do not know that 
any authors have been directly quoted, in proof of the argument; although 
there has been much assertion, in general terms, that the works of cer¬ 
tain writers do contain traces of Algebra. If there were any undoubted 
marks of it, in the writings of the ancients, they could not have escaped 
the notice of so learned and so indefatigable a Scholar as Wallis. What 
he says on this subject, appears to result from a prejudiced conviction of 
the antiquity of the science, and not from an unbiased search for truth. 


* Biopliantt librum de Algebra interpretatus est. 



HISTORY OF ALGEBRA. 


5 


If the analysis of the five first propositions of the 13th book of Euclid 
were (as is believed) by Theon, they could not well be adduced in proof 
of the ancient Greeks having a knowledge of Algebra ; because Theon is 
supposed to have been nearly contemporary witfi Diophantus. He could 
not have been long before him, if it is true, that his daughter Hypatia 
commented on a work of Diophantus. But, be this as it may, the ana¬ 
lysis of the propositions in question is not at all Algebraical. It is the 
common analysis of the ancient geometers, which is quite different from 
Algebra; the former being geometrical and the latter arithmetical. 
Wallis's reasoning, on the three propositions of Archimedes, to which 
he refers, amounts to no more than this. The demonstrations, as they 
now stand, are difficult; they might have been done by Algebra with ease; 
therefore, it is probable they were done by Algebra. We know of no 
Greek writer on Algebra, but Diophantus ; neither he, nor any known 
author, of any age, or of any country, has spoken, directly or indirectly, 
of any other Greek writer on Algebra, in any branch whatever; the Greek 
language has not even a term to designate the science. The instance of 
Diophantus’s treatise, with some indirect and disputable arguments, 
drawn, by inference, from works on other subjects than Algebra, is not 
sufficient. It is unlikely that the ravages of time and the depredations of 
barbarians should have destoyed all the direct and indisputable proofs. 
Such causes might account for the deficiency of our information on cer¬ 
tain particulars, but will not authorise forced constructions, to argue the 
existence of a complete science, from its supposed demolition. The ge¬ 
neral extent of the literature of the Greeks , especially in mathematics, is 
well known; and that they had Algebra, can be established only by clear 
and positive evidence. For the different arguments which have been 
used, and the authorities which have been quoted on this question, see 
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on o-ne side Wallis's Algebra, Chap. 1, 2, 75, &c. with the authors he 
refers to ; and, on the other side, the French Encyclopedic Art. Algebre t 
Application , Diophante by D’Alembert, and Analyse by De Castillos. 
See also Montucla, Though Bhascara Acha'rya, who is compara¬ 
tively a modern writer, could not have been one of the authors whom 
Diophantus is said to have quoted, it is by no means improbable that 
some Alexandrian merchant, trading to India , might have learned a little 
Algebra from the Bramins , and instructed some of his countrymen ; or 
Diophantus might have learned from Indians at Alexandria . If there 
is doubt of the Diophanthie Algebra being of Greek origin, it is worthy of 
remark that its author had opportunity of communicating with persons 
from whom he might have drawn materials for his work, and whom 
there is evidence of his having actually cited. It is objected that Bqm- 
belli is the only person who has taken notice of Diophantus* reference 
to Indian authors, and that no such reference is now to be found in his 
work. But the authority of Bombelli, on this point, cannot be overset, 
till it is ascertained that the manuscript of the Vatican , which he par¬ 
ticularizes, does not contain the citations. One would think that Bom- 
belli’s assertion must have had some foundation, that it is not a mere 
fabrication. Though it does not appear that any Sanscrit works on this 
science, of greater antiquity than the Btja Ganita , have yet been dis¬ 
covered, we are not to conclude, therefore, that there are none ; for the 
author of the Bfja Ganita expressly says, his work is extracted from 
three copious treatises. These books have not been found; we know 
nothing of their contents nor their dates. The following w r as the result 
of a general comparison of the Btja-Ganita with Diophantus.* “ The 


* From “ observations/’ &c. above referred to. 
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« Bija Ganita will be found to differ much from Diophantus’ work. 
“ It contains a great deal of knowledge which the Greeks had not; such 
“ as the use of an indefinite number of unknown quantities, and the use 
“ of arbitrary marks to express them ; a good arithmetic of surds; a 
11 perfect theory of indeterminate problems of the first degree ; a very 

extensive and general knowledge of those of the second degree ; a 
“ knowledge of quadratic equations, &c. The arrangement and man- 
“ ner of the two works will be found as essentially different as their 
“ substance. The one constitutes a body of science, which the other 
" does not. The Bija Ganita is well digested and well connected, and 
“ is full of general rules which suppose great learning: the rules are 
“ illustrated by examples, and the solutions are performed with skill. 

Diophantus, though not entirely without method, gives very few ge- 
“ neral propositions, and is chiefly remarkable for the ability with which 
“ he makes assumptions in view to the solution of his questions. The 
ct former teaches Algebra as a science, by treating it systematically ; the 
“ latter sharpens the wit by solving a variety of abstruse and complicated 
“ problems, in an ingenious manner. The author of the Bija Ganita 
“ goes deeper into his subject, and treats it more methodically, though 
“ not mc 5 re acutely, than Diophantus. The former has every charac- 
“ teristic of an assiduous and learned compiler; the latter of a man of 
“ genius in the infancy of science/’ 

The Greek Algebra may be seen in Diophantus, who is the only 
Greek writer on the subject who has ever been heard of. 

The Indian Algebra may be seen in the Bija Ganita , and the Lilavati 
(by the author of the Bija Ganita,) and as the Persian translations of 
these works contain a degree of knowledge, which did not exist in any of 
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the ordinary sources of science, extant in the time of the translators, they 
may be safely taken as Indian , and of ancient origin. To give some idea 
of the Algebra of the Arabians , whereby we may be enabled to judge, 
whether, on the one hand, it could have been derived from Diophantus; 
or, on the other, that of the Hindus could have been taken from them, 
the work entitled Kh it las a t-u l- Hi sab , may be taken as a specimen ; 
especially because, as will be more particularly stated in another place, 
there is a part of this book which marks the limits of Algebraical know¬ 
ledge, in the time of the writer. 

We have seen, that the first European Algebraists learnt of the Ara¬ 
bians, but no account has been given of the nature, the extent, and the 
origin of Arabian Algebra. No distinct abstract or translation of any 
Arabic book, on the subject, has appeared in print; nor has it been esta¬ 
blished beyond controversy, who taught the Arabians. The KhuldsaU 
ul-Hisdb is of considerable repute in India; it is thought to be the best 
treatise on Algebra, and it is almost the only book on the subject, read 
here. I selected it, because I understood, that as well as the shortest, it 
was the best treatise that could be procured. Besides general report, I 
was guided by the authority of Maulavi Roshen Ali, an acknowledged 
good judge of such matters, who assured me that among the learned 
Muslemdns it was considered as a most complete work; and that he 
knew of no Arabian Algebra beyond what it contained. In the SuldfaU 

A 

ul-Asr , a book of biography, by Niz n am-ul-din-Ah'med, there is this ac¬ 
count of Bah'a-ul-dix, the author of the Khulasat-ul-Hisdb. “ He was 
“ born at Balbec , in the month D'hilhaj , 953 Hijri , and died at Isfahan 
“ in Shazvdl , 1031.” Mention is made of many writings of Baha-ul-dLy 
on religion, law, grammar, &c. a treatise on astronomy, and one on the 
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astrolabe. In this list of his works, no notice is taken of his great trea¬ 
tise on Algebra, the Behr-ul-Hisdb , which is alluded to in the Khulasat - 
ul-Hisab. Maulavi Rosheh An tells me the commentators say, it is 
not extant. There is no reason to believe that the Arabians ever knew 
more than' appears in Baha-ul-d:n's book, for their learning was at its 
height long before his time. 

From what has been stated it will appear, that from the Khuldsat-ul - 
Hisdby an adequate conception may be formed of the nature and extent of 
the Algebraical knowledge of the Arabians; and hence I am induced to 
hope that a short analysis of its contents will not be unacceptable to the 
society. I deem it necessary here to state, that possessing nothing more 
than the knowledge of a few words in Arabic , I made the translation, 
from which the following summary is abstracted, from the viva voce in¬ 
terpretation into Persian of Maulavi Roshen Ali, who perfectly under¬ 
stood the subject and both languages, and afterwards collated it with a 
Persian translation, which was made about sixty years after Bah'a-ul- 
Din’s death, and which Roshen Ali allowed to be perfectly correct. 

The work, as stated by the author in his preface, consists of an in¬ 
troduction, ten books and a conclusion. 

The introduction contains definitions of arithmetic, of number, which 
is its object and of various classes of numbers. The author distinctly 
ascribes to the Indian sages the invention of the nine figures, to express 
the numbers from one to nine. 

Book i, comprises the arithmetic of integers. The rules enumerated 
under this head are Addition , . Du plat ion, Subtraction , Halving , Multi¬ 
plication, Division, and the Extraction of the Square Root . The method of 
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proving the operation by throwing out the nines is described under each 
of these rules. The author gives the following remarkable definitions of 
multiplication and division, viz. “ Multiplication is finding a number 
“ such that the ratio which one of the factors bears to it shall be the 
“ same as that which unity bears to the other factor/* and “ division is 
“ finding a number which has the same ratio to unity as the dividend has 
“ to the divisor/* 

For the multiplication of even tens, hundreds, &c. into one another, 
the author delivers the following rule, which is remarkable in this res¬ 
pect, that it exhibits an application of something resembling the indexes 
of logarithms. 

“ Take the numbers as if they were units, and multiply them together 
“ and write down the product. Then add the numbers of the ranks to- 
“ gether, (the place of units being one, that of tens, two, &c.) substract 
<c one from the sum and call the remainder the number of the rank of 
“ the product. For example, in multiplying 30 into 40, reckon 12 of the 
<c rank of hundreds ; for the sum of the numbers of their ranks is 4, and 
“ three is the number of the rank of hundreds, multiplying 40 into 500, 
“ reckon 20 of the rank of thousands, for the sum of the numbers of the 
<c ranks is 5.** 

The following contrivances have sufficient singularity to merit par¬ 
ticular mention. 

I. To multiply numbers between 5 10. Call one of the factors 

tens, and from the result, subtract the product of that factor by the dif¬ 
ference of the other factor from ten* For example, to multiply 8 into 9. 
Subtract from 9 0 the product of 9 by 2, there remains 72. Or add the 
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factors together, and call the excess above 10, tens. Multiply together 
the two differences of the factors from 10, and add the product to the 
former number. For example, to multiply 8 by 7, add to 50 the product 
of 2 into 3. 

II. To multiply units into numbers between units and 20 ; add the 
two factors together, call the difference of the sum from 10, tens. From 
this result, subtract the product of the difference of the simple number 
from 10 and of the compound number from jo. For example, to mul¬ 
tiply 8 by 14. Subtract from 120, the product of 2 into 4. 

III. To multiply together numbers between 10 and 20 ; add the units 
of one factor to the other factor and call the sum tens: add to this the 
product of the units into the units. For example to multiply 12 into 13, 
add 6 to 150. 

IV. To multiply numbers between 10 and 20 into compound num¬ 
bers between 20 and 100 ; multiply the units of the smaller by the tens of 
the greater, add the product to the greater number and call the sum tens. 
Add to it the product of the units in both numbers. For example, to 
multiply 12 into 26, add 4 to 2 6 and call 30, tens. Finish the operation, 
it is 312. 

V. To multiply numbers between 20 and 100, where the digits in the 
place of tens are the same ; add the units of one factor to the other and 
multiply the sum by the tens, call the product tens, and add to it the 
product of the units multiplied by the units. For example, to multiply 
23 by 25, multiply 28 by two. Call the product 56 tens, finish the 
operation; 575 is obtained. 
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VI. To multiply numbers between 10 and ioo, when the digits in the 
place of tens are 'different. Multiply the tens of the smaller number 
into the larger number; add to the result, the product of the units of the 
smaller number into the tens of the greater; call the sum tens ; add to 
this the product of the units into the units. For example, to multiply 23 
into 3 4, add 9 to 68, add 12 to 770. 

VII. To multiply two unequal numbers, half the sum of which is 
simple ( Mufrid J take the sum of the two and multiply half of it into 
itself. From this product, subtract the square of half the difference of 
the two numbers. For example, to multiply 24 by 36 . From 900 sub¬ 
tract the square of half the difference of the numbers, that is 36. There 
remains 864. 

For multiplying numbers consisting each of several places of figures, 
the method described by this author, under the name of Shabacah or net 
work, and illustrated by the following example, may have suggested the 
idea of Napier's bones. 

Multiply 62374 by 207. 

6 2 3 7 4 
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Ox the other rules, nothing is delivered differing so much from those 
contained in our common books of arithmetic, as to require specific men¬ 
tion. 

Book second, contains the arithmetic of fractions; and book third, the 
rule of three, or to find an unknown number by four proportionals. 
Book fourth, delivers the rule of position, or to find an unknown number 
by assuming one once or twice, and comparing the errors. Book fifth, 
gives the method of finding an unknown number, by reversing all the 
steps of the process described in the question. 

The sixth book, treats of mensuration. The introduction contains 
geometrical definitions. Chapter I. treats of the mensuration of rec¬ 
tilinear surfaces. Under this head the two following articles are deserv¬ 
ing of notice. I. To find the point in the base of a triangle where it will 
be cut by a perpendicular, let fall from the opposite angle. Call the 
greatest side the base; multiply the sum of the two lesser sides by their 
difference; divide the product by the base, and subtract the quotient from 
the base; one half the remainder will shew the place on the base, where 
the perpendicular falls towards the least side.* 


* Let a be the base, or longest side, b the middle, c the 
smallest, and *r the distance of the perpendicular from the 
least side. Then 



i * l = a l + c 2 — 2 ax (Eucl. 13. 2.) 

2 ax = a z + c 2 — b 2 

- n 1 1 ~~ c * 

A “ 2 ~~ 2 a 


But b 2 — c 1 = H c X i — i' 
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2. To find the area of an equilateral triangle. Multiply the square 
of a quarter of the square of one of the sides by three: the square root 
of the product is the area required.* 

Chapter second, treats of the mensuration of curvilinear surfaces. 
For the circle the rule delivered in many common books of mensuration 
is given : viz. multiply the square of the diameter by 11, and divide the 
product by 14,‘f- 

Chapter third, on the mensuration of solids, contains nothing of sin¬ 
gularity sufficient to merit particular notice. This chapter concludes 
with the following sentence. “ The demonstrations of all these rules are 
te contained in my greater work, entitled Bahr-ul-Hisab (the ocean of 
“ calculation,) may God grant me grace to finish it.” 

Book seventh, treats of practical geometry. Chapter first on levelling, 


a b + c X b — c 
Therefore x = ——-^ 


See the geometrical demonstration iu the elements of plane trigonometry, annexed to Simsox’-s 
Euclid , prop. 7. 



+ This is founded on the rough proportion of the diameter, to the circumference as 7 : 22. 
Bha scara, in the Lilavati, assigns 1250:3927, which is 1:3.1416 and differs only 0.000007 
from the most accurate computation hitherto made. 
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“for‘the purpose of making canals. In this are described the plummet 
level, and thle water level on the same principle with our spirit level. 

CHAPTEk’second, on the mensuration of heights, accessible and inaccessi¬ 
ble. Under the ftirrner of these heads are delivered the common methods, 
by bringing th'e top' of a pole whose height is known, in a line between the 
eye and the top of the height required ; by viewing the image of the top 
in a horizontal mirror; by taking the proportion between a stick c€ 
known length, set up perpendicular to the horizon and its shadow; and 
by taking the length of the shadow of the height when the sun’s altitude 
is 45 degrees. The last method is this', “ Place the index of the astro- 
“ labe at the mark of 45 degrees, and stand at a place from whence the 
“ height of the object is visible through the sights, and measure from th’e 
“ place where you stand to the place where a stone would fall from the 
u top; add your own height, and the sum is the quantity required." 

For the mensuration of inaccessible heights the following rule is de¬ 
livered, “ Observe the top of the object through the sights, and mark on 

what shadow line (division) the lower end of the index falls. Then 
(( move the index a step forward or backward, and advance or recede 
“ till you see the top of the object again. Meas-ure the distance between 
“ your stations, and multiply by 7 if the index is moved a Dhil-Kadam y 
f< and by 32 if it is moved a Dhil-Asba ,* according to the shadow lines 
“ on the Astrolabe. This is the quantity required. 


* This part of the astrolabe'eonsists of fwo squares put together laterally ; the index df 
the'instrument being at the point of the adjacent angles above. One square has seven, and 
the other, twelvealivisions: the former called Dft //-/- Kntlam , the latter Dhil-i-Asbd. The 
squares are graduated on the outer sides from' the top, anil at the bottom from the point of 
the adjacent angles. The divisions on the upright sides are those lines which Chaucer, in 
his treatise on the astrolabe, calls Umbra-recla ; those on the horizontal he calls Umbra-vena* 

E 
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Chapter third. On measuring the breadth of rivers and the depth of 
wells.' ist. Stand on the bank of the river, and through the two sights 
look at the opposite bank ; then turn round and look at any thing on the 
land side, keeping the astrolabe even. The distance from the observer 
to the object is the same as the breadth of the river, ad. Place something 


Chaucer’s astrolabe had only one square, Dhil-i-As'bd, being divided into twelve parts. 
The Umbra-recta is called DkilrMustam , and the versa , DhiUMaciis . 


The rule in the text is very inaccu¬ 
rately delivered; for the only case in 
which it will apply is when at the first 
station the index coincides with the dia¬ 
gonal of the square, and being afterwards 
moved one division on the horizontal 
side, the observer advances towards the 
object, till the top is again seen through 
the sights. For let AC be the height 
required, B the first station, D the se¬ 
cond. As the angles at A and B are 
equal, A C— B C. But at the second 
position A C t D C :c 7 : 6. There¬ 
fore A C= 7 B D. 

But suppose at the first station B , the 
index falls on the fourth division, Dhil- 
Kadajjiy on the vertical side; and that, by 
retiring from the object to JD, it is brought 
on the third ; then it is evident that 
B C: A C :: 7 : 4, and 
DC : A C :: 7 : 3 . 

Therefore D C = ^A 
= Consequent¬ 

ly 7:3:: 

12 B D u 


A 

i 




7 
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over the well which shall serve for its diameter ; from the center of this 
diameter drop something heavy and shining till it reach the bottom, and 
make a mark at the center ; then look at the heavy body through the two 
sights of the astrolabe, so that the line of vision may cut the diameter. 
Multiply the distance from the mark on the diameter to the place where 
the line of vision cuts it, by your own height, and divide the product by 
the distance from the place where the line is cut to the place where you 
stand. The quotient is the depth of the well.* 

Book eighth. “ On finding unknown quantities by Algebra. In this 
book are two chapters. 

“ Chapter first. Introductory. Call the unknown quantity Shai 
(thing,) its product into itself Mai (possession,) the product of Mai into 
Shai, Cab (a die or cube,) .of Shai into Cab, Mal-Mdl; of Shai into Mal- 
i-Mal, Mal-Cdb ; Shai into Mdl-i-Cdb, Cdb-i-Cdb; and so on, without 
end. For one Cab write two Mai, and from these two Mats one becomes 
Cab; afterwards both Mdls become Cab. Thus the seventh power is 


* The impossibility of attaining accuracy 
in either of these operations is abundantly ob¬ 
vious. The first depends on the principle, 
that on a level plain, two places, which with 
a given height of the observer's eye haye the 
same dip below the horizon must be at equal 
distances. The second is thus: let the body 
drop from a to e ; and let the observer at c d 
observe it in the line d c which cuts a c iu b* 

rpi * , . O b X C (i 

Ahen v c i c d:: a b : a c = —-- 


cO 
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Mal-i-Mdl-i-Cdb, and the eighth Mal-i-Cab-i-Cdb, in the ninth Cdb-i-Cdb* 
Cab, and soon. All these powers are in proportion, either ascending or 
descending. Thus the ratio of Mdl-i-Mdl to Cab is like the ratio of CdS 
to Mai, Mai to Shai, and Shai to one, and one to one divided by Shai; 
and one divided by Shai to one divided by Mai; and one divided by Mat 
to one divided by Cab; and one divided by Cab to one divided by Mal-i - 
Mai . To multiply one of these powers by another, if they are both on 
the same side, (viz, of unity) add the exponents of their powers to¬ 
gether; the product will have the same denomination as this sum. For' 
example, to multiply Mal-i-Cdb by Mal-i-Mdl-i-Cdb, the first is the 5th 
power and the 2d the 7th. The result then is Cdb-i-Cdb-i-Cdb-i-Cdb or 
four Cabs , which is the 12th power. If the factors are on different sides, 
the product will be the excess on the side of the greater. The product 
of one divided by Mal-i-Mdl into Mal-i-Cdb is Shai; and the product of 
one divided by Cab-i-Cdb-Cdb into Cdb-i-Mdl-i-Mdl, is one divided by 
Mai: and if the factors are at the. same distance (.from one,) the product' 
is one. The particulars of the methods of division, and extraction of 
roots and other rules, I have given in my greater book. The rules of 
Algebra which have been discovered by learned men are six, and they 
relate to number and Shai and Mai. The following table will shew the 
products and quotients of these, which are here given for the sake of 
brevity. 


HISTORY OF ALGEBRA. 


19 



Multiplier. 


1 

a x 

1 

a 

1 

a 

a 2 


Dividend. 

a 2 

1 

a 

a 8 

a 3 

a 4 i 

a 2 

Multiplicand. 

a 

1 

a 

1 

a 

a 2 

a 3 ; 

a 

1 

~ 

7* 

1 

a 

1 

1 

a 

a 2 

1 

T 

a 

a 3 

M 

i 2 
a 

1 

a 

a 

1 

a* 

a 4 

1 

a 3 

1 

a 2 

1 

a 

1 

1 


a 2 

a 

1 

a 

1 


Divisor. 


“ The use of the table is this : multiply the co-efficient of one of the 
two quantities by that of the other ; the result is the co-efficient of the 
product, which is of the denomination contained in the square where the 
lines from the two factors meet. If on either side there be a substrac- 
tive (negative) quantity, call the minuend plus or affirmative, and the 
subtrahend minus negative. The product of plus into plus and minus into 
minus are both plus , and the product of different kinds are minus. Mul¬ 
tiply the quantities together, and subtract the negative from the affirma¬ 
tive. For example, the product of 10 and one Sliai into 10 all but one 
Shaiy is 100 all but Mdl. The product of 3 all but Shai, by 7 all but Shai 
is 35 and one Mdl all but 12 Shai. Another example. The product of 
4 Mdl and 6 all but 2 Shai, into 3 Shai all but 5, is 12 Cab, and 28 Shai all 
but 26 Mdl and 30. In division, find a number which multiplied by the 
divisor will produce the dividend. Divide the co-efficient ol the dividend 
by that of the divisor, the quotient is the coefficient of the quantity which 
is opposite to the dividend and divisor. 

F 
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“ Chapter second. On the six rules of Algebra. To find unknown 
quantities by Algebra depends on acuteness and sagacity ; an attentive 
consideration of the terms of the question, and a.successful application of 
the invention to such things as may serve to bring out what is required. 
Call the unknown quantity Shai , and proceed with it according to the 
terms of the question, as has been said, till the operation ends with an 
equation. Let that side where there are negative quantities be made per¬ 
fect, and let the negative quantity be added to the other side : this is cal¬ 
led restoration (Jebr.) Let those things which are of the same kind, and 
equal on both sides, be thrown away : this is opposition (Mitkdbalah.) 
Equality is either of one species to another, which is of three kinds, called 
(Mufriddt) simple ; or of one species to two species, which of three kinds, 
called (Muktarindt) compound. 

“ Case the first. JSIufriddt . Number is equal to things. Divide the 
number by the co-efficient of the things, and the unknown quantity will 
be found. For example; a person admitted that he owed Zaid 1000 

A A 

and one half of what he owed Amer; and that he owed Amer 1000 
all but one half of what he owed to Zaid. Call Zaid’s debt Shai. Then 
Amer's debt is 1000, all but half of Shai. Then Zaid’s is 1500 all but a 
fourth of Shai. This is equal to Shai. After Jebr , 1500 is equal to one 
Shai and a quarter of Shai. So for Zaid is 1200 and for Amer 400/' 

“ Case the second. Multiples of Shai equal to multiples of Mai. 
Divide the co-efficient of the things by that of the Mai; the quotient is 
the unknown quantity. Example. Some sons plundered their father's 
inheritance, which consisted of Dinars. One took 1, another 2, the third 
5, and so on increasing by one. The ruling power took back what they 
had plundered, and divided it among them in equal shares. -Then each 
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received 7. How many sons were there, and how many Dinars? Sup¬ 
pose the number of sons Shai y and take the sum of the extremes, that is 
to say, 1 and Shai. Multiply them by half of Shai. This is the number 
of Dinars. For the product of the sum of any series of numbers in 
arithmetical progression, is equal to the product of the sum of the two 
extremes, into half the number of terms. Divide the number of the 
Dinars by Shaiy which is the number of the sons; the quotient, according 
to the terms of the question, will be seven. Multiply 7 by Shaiy which 
is the divisor; 7 Shai is the product, which is equal to -§■ Mai and ± Shai . 
After Jebr and Mukabalahy one Mdl is equal to is Shai. Shai then is 13; 
and this is the number of the sons. Multiply this by 7. The number of 
Dinars will be found 91/' 

“ Questions of this sort may be solved by position. Thus, suppose 
the number of sons to be 5 ; the first error is 4 in defect. Then suppose 
it to be 9, the second error is 2 in defect. The first Mahjudh is 10 and 
the second is 36 ; their difference is 26 ; the difference of the errors is 2. 
Another method,* which is easy and short, is this. Double the quotient, 
(the number 7 in the question) subtract one, and the result is the num¬ 
ber of sons. 

“ Case the third. Number equal to Mdl . Divide the number by the 
co-efficient of the Mdl ; the root of the quotient is the unknown quantity. 
For example. A person admitted that he owed Zaid the greater of two 
sums of money, the sum of which was 20 and the product 96'. Suppose 
one of them to be 10 and Shaiy and the other 10 all but Shai. The pro¬ 
duct, which is 100 all but Mdl, is equal to 96' ; and after Jebr and Mukd- 
baldhy one Mdl is equal to 4, and Shai equal to 2. One of the sums then 
is 8 and the other 12, an.l 12 is the debt of Zaid. 
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“ First case of Muktarinat. Number equal to Mai and Shai. Com¬ 
plete the Mai to unity if it is deficient, and reduce it to the same if it ex¬ 
ceeds, and reduce the numbers and Shai in the same ratio, by dividing all 
by the co-efficient of the Mai. Then square one half the co-efficient of 
the Shai, and add this square to the numbers. Subtract from the root of 
the sum half the co-efficient of the Shai , and the unknown will remain. 
Example. A person admitted that he owed Zaid a sum less than 10, so 
much that if the square of it was added to its product by \ what it wants 
of 10, the sum would be 12. Suppose the number Shai, its square is Mai; 
half the remainder from 10 is 5 all but half of Shai. The product of Shai 
by this is 5 Shai all but \ of fylal. Therefore i of Mai and 5 Shai are 
equal to 12. One Mai and 10 Shai are equal to 24. Subtract half the 
co-efficient of the Shai from the root of the sum of the*square of \ the co¬ 
efficient of the Shai and the numbers. There remains 2, which is the 
number required. 

Second case. Shai equal to numbers and Mat. After completing or 
rejecting, subtract the numbers from the square of half the co-efficient of 
the Shai, and add the root of the remainder to half the co-efficient of the 
Shai; or subtract the former from the latter; the result is the unknown 
quantity. Example. What number is that which being multiplied by half 
of itself and the product increased by 12, the result is five times the 
original number. Multiply Shai by half itself, then half of Mai added to 
12 is equal to 5 Shai. One Mai and 24 is equal to 10 Shai. Subtract 24 
from the square of 5, there remains one, and the root of one is one. The 
sum or difference of 1 and 5 is the number required. 

Third Case. Mai equal to number and Shai . After completion or 
rejection, add the square of half the co-efficient of the Shai to the numbers, 


history or algebra; 


and add the root of the sum to half the co-efficient of the Shat. This is 
the unknown quantity. For example. What number is that which being 
subtracted from its square, and the remainder added to the square, Ls 10? 
Subtract Shai from Mai and go on with the operation, 2 Mai all but Shai 
is equal to 10; and after Jebr and Radd, Mai is equal to 5 and \ of Shai. 
The square of half the coefficient of the Shai and 5, is 52nd half an 
eighth, and its root is 2-£. To this add the result is 2^, which is 
the number required. 

Book ninth, contains twelve rules regarding the properties of numbers, 

viz. 

1st. To find the sum of the products of a number multiplied into itself 
and into all numbers below it: add one to the number, and.multiply the 
sum by the square of the number; half the product is the number 
required. 

2d. To add the odd numbers in their regular order: add one to the 
last number and take the square of half the sum. 

$d. To add even numbers from two upwards: multiply half the last 
even number by a number greater by one than that half. 

4th. To add the squares of the numbers in order: add one to twice 
the last number, and multiply a third of the sum by the sum of the num¬ 
bers. 

5ih. To find the sum of the cubes in succession: take the square of 
the sum of the numbers. 

6th. To find the product of the roots of two numbers: multiply one 
by the other, and the root of the product is the answer. 

G 
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7th. To divide the root of one number by that of another: divide one 
by the other, the root of the quotient is the answer, 

8th. To find a perfect number: that is a number which is equal to the 
sum of its aliquot parts, (Euclid, book 7, def. 22.) The rule is that 
delivered by Euclid, book 9, prop. 36. 

9th. To find a square in a given ratio to its root: divide the first num¬ 
ber of the ratio by the second ; the square of the quotient is the square 
required. 

10th. If any number is multiplied and divided by another, the product 
multiplied by the quotient is the square of the first number. 

11th. The difference of two squares is equal to the product of the sum 
and difference of the roots. 

12th. If two numbers are divided by each other, and the quotients 
multiplied together, the result is always one. 

Book tenth, contains nine examples, all of which are capable of solu¬ 
tion by simple equations, position, or retracing the steps of the operation, 
and some of them by simple proportion; so that it is needless to specify 

them. 

The conclusion, which marks the limits of algebraical knowledge in the 
age of the writer, I shall give entire, in the author’s words. “ Conclu¬ 
sion. There are many questions in this science which learned men have 
to this time in vain attempted to solve ; and they have stated some of 
these questions in their writings, to prove that this science contains dih 
culties, to silence those who pretend they find nothing in it above their 
ability, to warn arithmeticians against undertaking to answer every ques- 
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tion that may be proposed, and to excite men of genius to attempt their 
solution. Of these I have selected seven. JSt. To divide 10 into s parts, 
such, that when each part is added to its square root and the sums are mul¬ 
tiplied together, the product is equal to a supposed number, ed. What 
square number is that which being increased or diminished by 10, the 
sum and remainder are both square numbers? 3d. A person said he owed 

A 

Zaid 10 all but the square root of what he owed Amer, and that he owed 
Amer 5 all but the square root of what he owed Zaid. 4th. To divide a 
cube number into two cube numbers. 5th. To divide 10 into two parts, 
such, that if each is divided by the other, and the two quotients are added 
together,the sum is equal to one of the parts. 6th. There are three square 
numbers in continued geometrical proportion, such, that the sum of the three 
is a square number. 7th. There is a square, such, that when it is increas¬ 
ed and diminished by its root and 2, the sum and the difference are squares. 
Know, reader, that in this treatise I have collected in a small space the 
most beautiful and best rules of this science, more than were ever collect¬ 
ed before in one book. Do not underrate the value of this bride ; hide 
her from the view of those who are unworthy of her, and let her go to 
the house of him only who aspires to wed her/* 

It is seen above that these questions are distinctly said to be beyond 
the skill of algebraists. They either involve equations of the higher or¬ 
der, or the indeterminate analysis, or are impossible. 

It does not appear that the Arabians used algebraic notation or abbre¬ 
viating symbols; that they had any knowledge of the Diophantine Alge¬ 
bra, or of any but the easiest and elementary parts of the science. We 
have seen that BAHA-uL-DiK ascribes the invention of the numeral fig¬ 
ures in the decimal scale to the Indians , As the proof commonly given 
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of the Indains being the inventors of these figures is only an extract from 
the preface of a book of Arabk poems, it may be as well to mention that 
all the Arabic and Persian books of arithmetic ascribe the invention to the 
Indians. The following is an extract from a Persian treatise of arithme¬ 
tic in my possession. 

“ The hulai.i sages, wishing to express numbers conveniently, invent- 
“ cd these nine figures j v I* f v a q. The first figure on the right hand 
“ they made stand for units, the second for tens, the third for hundreds, 
u the fourth for thousands. Thus, after the third rank, the next follow- 
“ ing is units of thousands, the second tens of thousands, the third hun- 
u dreds of thousands, and so on. Every figure therefore in the first rank 
M is the number of units it expresses ; every figure in the second the nutn- 
“ ber of tens which the figure expresses, in the third the number of hun- 
“ dreds, and so on. When in any rank a figure is wanting, write a cipher 
“ like a small circle o to preserve the rank. Thus ten is written io, a 
" hundred ico ; five thousand and twenty-five 5025." 

Of the Indian Algebra in its full extent the Arabians seem to have been 
ignorant ; but it is likely they had their Algebra from the same source as 
their Arithmetic. The Arabian and Persian treatises on Algebra, like the 
old European ones, begin with the Arithmetic, called in those treatises the 
Arithmetic of the Indians , and have a second part on Algebra ; but no 
notice is taken of the origin of the latter. Most likely their Algebra, be¬ 
ing numeral/was considered by the authors as part of Arithmetic. 

Though part only of the Khulasat-ul-Hisab is about Algebra,the rest, 
relating to arithmetic and mensuration, must be thought not wholly un¬ 
connected with the subject. It is to be hoped that ere long we shall 
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have either translations from the Sanscrit of the Bija Ganita and Lila- 
zvati , or perfect accounts from the originals; and that other ancient Hindu 
books of Algebra will be found, and made known to the world. But as 
there is no immediate prospect of these desiderata being realized, the 
translations into Persian will be found well deserving of attention. Only 
let them be examined without prejudice. 

There are principles which will safely lead to a distinction of what is 
interpolated from what is original; and it is the neglect of these princi¬ 
ples, and not any fair examination of the translations, that may lead to 
error. 
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PREFACE. 


A.n arch being formed (according to the usual modes of construction) 
by the apposition of wedges, or sections of a vvedge-like form, the pro¬ 
perties of arches seem to be naturally derived from those of the wedge, 
on which principle the inquiries in the ensuing Tract are founded. 

By considering the subject on this ground, it appears that the theory 
of arches may be inferred from geometrical construction, depending 
only on the known properties of the wedge and other elementary laws 
of mechanics, without having iecourse to the more abstruse branches of 
geometry in explaining this practical subject, to which a more direct and 
obvious method of inference seems better adapted. 

A geometrical construction for adjusting equilibration on these 
principles, extended to arches of every form, with the various con¬ 
sequences arising from, or connected with it, are the subject of the 
ensuing pages, in which rules are investigated, in the first place, for 
establishing the equilibrium of arches on two distinct conditions, 
namely, either by adjusting the weights of the sections accoiding 
to the angles which are contained between their sides, supposed to be 
given quantities : or, secondly, by supposing the weights ol the wedges 
or sections to be given, and investigating what must be the angles con¬ 
tained by their sides, so that the pressures on them, may he an exact 
counterpoise to the weight of each section, due regard being had to its 
place in the arch. In the case when the arch is designed to support an 
horizontal plane or road, on which heavy weights are to be sustained. 
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the intermediate space between the arcli and the horizontal road way, 
ought to be filled up in such a manner, as not'only to afford the sup¬ 
port required, but also to add to the strength and security of the entire 
fabric. If this should be effected by columns erected on the arch, and 
acting on the several sections by their weight in a direction perpendi¬ 
cular to the horizon, rules are given in the following ^ages forestab- 
lishing the equilibrium by adjusting the angles of the sections to their 
several weights, including the weights of the columns superincumbent, 
so that the pressure on the sides of each section, may be a counterpoise 
to its weight, taking into account the place it occupies in the arch. But 
in structures of this description, the columns of masonry which 
are erected upon the arches of a bridge, as a support to the road way, 
cannot be expected to act on the sections of an arch according to the exact 
proportions required, which are assumed as data in the geometrical pro¬ 
positions, for determining the equilibration, as these proportions would 
probably be altered either by the differences of specific gravity which 
may occasionally be found in the materials used, or by differences in 
the cohesive force, which would prevent the columns from settling 
and pressing on the several parts of the arch with their full weights,, 
such as the theory requires. Perpendicular columns of iron would not 
be liable to this objection : by adopting supports of this description, 
the weights of the columns, added to the weight of the road, would 
press on the interior arch, to be sustained in equilibrio, by adjusting the 
angles of the sections to the superincumbent weight, according to the 
rules determined in the pages which follow. But perhaps the space be¬ 
tween the interior arch and the road might be more effectually filled 
up, by other arches terminated by circular arcs, drawn from centres 
situated in the vertical line which bisects the entire arch, so as to be¬ 
come united in the highest or middle wedge. The sections of these 
arches may be adjusted, by the' rules here given, so as to become 


PREFACE. 


v 


distinct arches of equilibration, which when united, will constitute a 
single arch of equilibration, similar in form to that which is expressed 
in the plan of an iron bridge, of one arch, which has been proposed to 
be erected over the river Thames,* as it is represented in the engraving 
inserted in the Third Report of the Committee of the House of Com¬ 
mons, for the further Improvement of the Port of London. 

According to this plan of construction, each part of the edifice would 
partake of the properties of equilibration, contributing additional 
strength and security to the whole building. 

In the course of this inquiry, exclusive of the general principles 
which have been here described, sundry other properties are investi¬ 
gated, which, it is presumed, may be of use in the practice of architec¬ 
ture, in the construction of arches of every kind, as well as in ex¬ 
plaining some particulars relating to the subject, which have not hitherto 
been accounted for in a satisfactory manner. 

Some propositions of this kind are comprised in six general rules, 
inserted in page 19, which are expressed in simple terms, and are easily 
applicable to practical cases. 

Supposing an arch to consist of any number of sections or wedges, 
adjusted to equilibrium ; this arch resting on the two abutments, may 
be considered analagous to a single wedge, the sides of which are in¬ 
clined at an angle equal to the inclination of the two abutments : 
the forces therefore which would be necessary to sustain such an arch 
or wedge when applied perpendicularly to the sides, ought to be equal 
to the reaction of the pressures on the two abutments; this principle is 
found on examination to be verified by referring to the tables annexed ;+ 
whether the arch consists of sections, without, or with the load of super¬ 
incumbent weight, and whether the angles of the sections are equal or 

♦ Designed by Messrs. Telford and Douglass, 
f Appendix, Tables, I. II. III. IV. V. 
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unequal : For according to all these tables, the weight of the semiarch 
is to the pressure on the corresponding abutment, or the reaction there¬ 
of, as the sine of half the angle between the two opposite abutments, is to 
the radius ; which is a proportion equally applicable to the wedge, and 
to the arch, when adjusted to equilibrium. 

From the second of these rules it appears, that the lateral or hori¬ 
zontal pressure of any arch adjusted to equilibrum depends wholly on 
the weight and angle between the sides of the highest, or middle sec¬ 
tion : If therefore the weight and angle of this highest section should 
continue unaltered, the lateral force or pressure will be invariably the 
same, however the height, the length, the span, and the weight of the 
whole arch may be varied. This lateral force is called, in technical 
language, the drift or shoot of an arch, and the exact determination of 
it has been considered as a desideratum in the practical construction 
of arches. 

When the dimensions of the sections composing the rectilinear or 
flat arch appeared to follow from the general construction for deter¬ 
mining equilibration, the author was inclined to suspect, from the 
apparent paradox implied in this inference, that some mistake or 
misapprehension had taken place, either in the general proposition, or in 
the deductions from it : but finding from trials on a model of an arch 
of this description, that the sections formed according to the dimensions 
stated for the flat arch in page 35 of this Tract, Fig. 15, were supported 
in equilibrio, without any aid from extraneous force, he was convinced 
that the properties of equilibration deduced from the principle of the 
wedge, are no less true when applied to practice, than they are in 
theory. Oil inquiry it appears, that this species of arch has been long 
in use among practical artists; the dimensions of the wedges having 
been formed according to rules established by custom, but without 
being referred to any certain principle. 
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A few observations may be here added, concerning the principles as¬ 
sumed in this Tract, as truths to be allowed. It is supposed, that the 
constituent parts of an arch are portions of wedges, the sides of which 
are plane surfaces inclined to each other at an angle. Each wedge is 
considered as a solid body perfectly hard and unelastic, in respect to 
any force of pressure which can be applied to crush or alter its figure 
when forming part of an arch, the equilibrium of which is established 
by the pressure and gravity of the sections only, independently of 
the ties or holdings, which are applied for the purpose of prevent¬ 
ing the extrusion of the wedges by the force of any occasional weight 
which may be brought to press on the arch. These fastenings supply 
in some degree the place of the natural force, by which the parts of 
solid bodies cohere till they are separated by artificial means. When 
the weights of the sections are not very great, a defect of equilibrium 
to a certain extent may subsist, without producing any material change 
in the figure of the arch, or endangering the security of the fabric. 
But if heavy massive blocks of stone or iron should be placed toge¬ 
ther in the form of an arch, without being well adjusted, any con¬ 
siderable defect of equilibrium would cause a stress on the fastenings, 
which would overbear the weak alliance of cement or the mechanical 
ties and fastenings, that are applied to prevent the separation of the 
sections. In other cases, when sections of less weight are used, the 
cohesion which takes place between the surfaces of blocks of stone, 
with the aid of cement, and fastenings of various kinds, may impart a 
considerable degree of strength to edifices; insomuch, that although 
many arches have been counterpoised according to rules which produce 
rather a fortuitous arrangementof materials for forming the equilibrium, 
than an adjustment of it, according to correct principles, the cohesion 
of the parts have, notwithstanding, preserved them from falling; or 
from experiencing any considerable change of form. But this power 
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has been sometimes too much relied on, especially by the architects 
of the twelfth, thirteenth, and the centuries immediately succeeding, 
who, in particular instances, entertained the bold idea of erecting 
lofty pillars, subject to a great lateral pressure, without applying any 
counterpoise. The consequence has been a distortion of figure, too evi¬ 
dently discernible in the pillars which support the domes in most of the 
old cathedral churches. However great the force of cohesion may be, 
which connects the parts of buildings, every edifice would be more 
secure by having all the parts of it duly balanced, independently of 
cohesion or mechanical fastenings, by which means, that distortion of 
shape would be prevented which the want of equilibrium in structures, 
must always have a tendency to create, whether the effects of it should 
be sufficient to produce a visible change of figure, or should be too small 
to be discernible by the eye. When arches are not perfectly balanced, 
and a change of figure ensues, the only security for the preservation of 
the fabric from entire disunion, is the excess of the cohesive force above 
the force tending to separate the parts of the building, arising from the 
want of counterpoise; and as cohesion is a species offeree, which can¬ 
not be estimated with exactness, where the circumstances of an edifice 
are such as may weaken this force, or render the effects of it precarious, 
the more attention is necessary to establish a perfect equipoise between 
the weights and pressures of the several parts. 


A 


DISSERTATION 


ON THE 


CONSTRUCTION OF ARCHES. 


As the exterior termination of an arch always exceeds the 
interior curve (usually called the curve of the arch), the sections 
or wedges of which it is composed will partake of a similar dispro¬ 
portion, the length of the exterior boundary in each wedge always 
exceeding that of the interior. A consequence of this wedge-like 
form is, that the weight of each section by which it endeavours 
to descend towards the earth, is opposed by the pressure the sides 
of it sustain from the sections which are adjacent to it. If the 
pressure should be too small, the wedge will not be supported, 
but will descend with greater or less obliquity to the horizon, 
according to its place in the arch. If the pressure should be too 
great, it will more than counterpoise the weight of the section, 
and will force it upward. The equilibrium of the entire arch will 
consequently depend on the exact adjustment of the weight of 
each section or wedge, to the pressure it sustains, and the angular 
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distance from the vertex. This equilibrium is understood to be 
established by the mutual pressure and gravity of the sections 
only, independent of any aid from friction, cohesive cement, or 
fastenings of any kind. 

When an arch is erected, fastenings are necessarily applied, 
to prevent the extrusion of the wedges by any force of weight 
which may be occasionally brought to press upon the several 
parts of the arch. The ensuing geometrical constructions are in¬ 
tended, in the first instance, to adjust the equipoise of the wedges 
or sections which are disposed according to the direction of any 
curve line that may be conceived to pass through the extremities 
of their bases, requiring only, as conditions to be given, the weight 
of the highest or middle wedge, and the angles contained by the 
sides of the several wedges or sections. From these data, the 
weight of each section is to be inferred, so that when the whole 
are put together, they may balance each other in perfect equipoise 
in every part. Since, according to this construction, the weights 
of the sections are dependent on the given angles between their 
sides, the exterior termination of the sections, or the weights 
superincumbent on them, will usually take some form which 
cannot be altered, without a change m the conditions given : to 
effect this change, when requisite, other considerations will be 
necessary, which are the subject of the latter part of this tract. 

For these reasons it appears, that the principle of establishing 
the equilibrium of an arch, by inferring the weights of the sections 
from their angles, not requiring a determinate form to the exte¬ 
rior boundary, is best suited to the construction of those arches 
which are erected either to connect the several parts of an edifice, 
or for their support and ornament, to which they so eminently 
contribute in many of those ancient monuments of skill and 
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magnificence, which still remain to be contemplated with delight 
and admiration. 

According to this principle of construction, the architect is not 
restrained to curves, observing any particular law of curvature, 
but may adopt any that require mechanical delineation only, for 
describing the forms of arches he may wish to erect; to this ad¬ 
vantage is added, that of having each arch balanced within itself, 
and the pressure on each part, as well as on the abutments, exactly 
ascertained. And, as the angles of the sections may be varied at 
discretion, by properly altering the adjustment of the equilibrium, 
according to the rules here given, the force of pressure on the abut¬ 
ments may be made to take any direction which best contributes 
to the strength of the edifice, so far as the limits of those rules 
will allow. 

In addition to the principles which have been the subject of the 
preceeding observations, the following case is next to be con¬ 
sidered. It has been already observed, that when the weights of 
the sections are inferred from the angles between their sides, the 
heights of the masses added to the sections, or making a part of 
them, will be terminated by some line depending on the dimen¬ 
sions of these angles. But arches are often constructed for the 
purpose of supporting considerable weights, the terminations of 
which are required to be of particular given forms. In the case 
of bridges, a wall of masonry is usually erected on the arches, 
as a support to the road-way, which is always horizontal, or 
nearly so; the superincumbent weight of this wall, by adding pro¬ 
portionally to the weights of the sections, must require a stronger 
force of pressure on their sides as a counterpoise to it; this is 
effected in consequence of two alterations, by which the loaded 
arc differs from the arc constructed only for supporting its own 
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weight, ist. The weight of the highest or middle section, being 
augmented, increases the pressure, and the reaction between the 
surfaces of all the sections; and to compensate for the different 
degrees of weight which are superadded to the other sections, the 
angles contained between their sides, and the pressures upon 
them, are to be increased in due proportion. For as the angles 
of the wedges are increased, a given force of pressure acting on 
their sides, will have the greater effect in supporting the inter¬ 
mediate wedges. The heights of the wall built on the several 
sections proportional to the weights superincumbent on them, are 
supposed to be given quantities, so that the upper extremities may 
terminate in an horizontal, or any other given line: instead there¬ 
fore of inferring those heights, or weights, from the angles of the 
sections considered as given, according to the principle of construc¬ 
tion, which has been described in the preceding pages, we are to 
consider the heights of the wall, or weights on the several sec¬ 
tions, as given quantities, and to infer from them, what must be 
the magnitudes of the angles contained by the sides of the sec¬ 
tions, so that the weight of each, including the weight superin¬ 
cumbent, may be an exact counterpoise to the pressure on the 
sides of it. The curve line, which passes through the bases, may 
be of any form, without affecting the equilibrium established 
according to these principles. For the counterpoise of gravity 
and pressure between two or more wedges, is wholly independent 
of the line which may be drawn through their bases. 

If it should be objected that the more nearly an arch approaches 
to a right line, the less weight it will securely bear, it may be re¬ 
plied, that this insecurity is caused by circumstances which are 
quite independent of the equilibrium. 

If the materials of which an arch is constructed, were perfect!}' 
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hard and rigid, so as not to be liable to the smallest change in 
their form, and the abutments were immoveably fixed, an arch, 
when the sections have been adjusted, although but little deviating 
from a right line, would be equally secure, in respect to equilibrium, 
with a semi-circular, or any other arch. 

From these general observations, the object of the ensuing 
tract appears to consist principally in the solutions of two statical 
problems, which may be briefly expressed in the following 
terms; ist, from having given the angles contained by the sides 
of the wedges which form an arch, together with the weight of 
the highest or middle section, to infer the weights of the other 
sections; and conversely, from the weights of each wedge given, 
together with the angle of the first section, to determine the 
angles between the sides of the other sections, so as to form an 
arch perfectly balanced in all its parts. 

In the construction of circular arches, the joinings of the 
sections, or sides of the wedges, are usually directed to the 
centre of the circle. In the following constructions, the sides 
of the wedges are directed to any different points; but there is 
no reason to suppose, that the equilibrium of the arch would be 
altered, or that the construction would be less secure, from this 
circumstance. 

Considering that an arch supports the weights which press upon 
it, and preserves its form in consequence of the wedge-like figures 
of the sections ; the principle of its construction and properties 
seem naturally to be referred to those of the wedge, which prin¬ 
ciple has been adopted in the ensuing disquisition founded on 
plain geometry and statics, or the doctrine of equilibrium or equi¬ 
poise, as established by Gallileo and Newton. 

Fig. l. K C G A, D B G A, D B F E, represent three of the 


C 6 3 

sections or wedges which form an arch, the lower curve of which 
passes through the points C, A, B, E, &c. 

The wedges are also, for brevity, denoted by the letters B, A, 
and C respectively. 

The highest wedge of the arch is GAD B, which (being here 
considered isosceles) is terminated on each side, by the lines D B, 
G A inclined to each other at the angle BOA, which is termed, 
for the sake of distinction, the angle of the wedge or section. 
The termination of this wedge on the lower side is the line B A, 
the extremities of which coincide with the curve of the arch, and 
on the upper part, by the horizontal line D G parallel to B A. If 
therefore D G is bisected in the point V, a line V O joining the 
points V and O, will be perpendicular to the horizon. In like 
manner, the inclination of the sides KC, GA forms the angle 
of the wedge C, and the inclination of the two sides D B, F E is 
the angle of the wedge B. In the construction of arches, the 
angles of the sections are commonly made equal to each other, 
but in a general investigation of the subject, it will be expedient 
to consider the angles of the sections of any magnitude, in gene¬ 
ral, either as quantities given for forming the equilibrium of the 
arch, by the adjustment of their weights, or as quantities to be 
inferred, from having the weights of their sections given. 

Fig. 1. The wedge A when unimpeded, endeavours by its 
gravity, to descend in the direction of the line V O, but is pre¬ 
vented from falling by the pressure of the wedges on each side of 
it, acting in the direction of the lines PO, K I, perpendicular to 
the surfaces DB, GA respectively. 

By the principles of statics, it is known, that if the force P Q, 
or its equal K I, should be to half the weight of the wedge, in the 
same proportion which the line O D bears to V D, that is, in 
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the proportion of radius to the sine of half the angle of the 
wedge V O D, the weight of the wedge will be exactly counter¬ 
poised by these forces ; and conversely, if any wedge is sustained 
in equilibrio by forces applied perpendicularly to the sides, these 
forces must be to the weight of the wedge in the proportion which 
has been stated. 

It is to be observed, that all pressures are estimated in a direc¬ 
tion perpendicular to the surfaces impressed; for if the direction 
of the pressure should be oblique, it may be resolved into a force 
perpendicular to the surface, and some other force, which neither 
increases nor diminishes the pressure. 

Fig. 2. If the wedge A when unsupported, should not be at 
liberty to’descend freely in the direction of the vertical line V O, 
but should be moveable only along the line G A, considered as 
a fixed abutment,* the force P Q singly applied will sustain it in 
equilibrio, the reaction of the abutment supplying the necessary 
counterpoise. For produce P Q (Fig. 2.) till it intersects the 
line G A in the point X, and in line X P, take M X equal to 
P Q; the force P Q, considered as applied perpendicular to the 
surface D B, will have no effect in impelling the wedge toward 
the point O in the direction D B, or in the opposite direction B D, 
but the same force M X acting in an oblique direction on 
the line GA, may be resolved into two forces, M R perpendi¬ 
cular to G A, acting as pressure on it, and the force R X which 
impells the wedge directly from, the point O in the direction of 


* To prevent repetitions and unnecessary references, it is to be observed in the fol¬ 
lowing pages, that the lower surface of each section is considered as a fixed abutment, 
on which the weight of the section, and of all the sections above it, are supported. For 
this reason, the angle between the Iov/er surface of any section and the vertical line, is 
termed, for brevity, the angle of the abutment of that section. 


C * 3 

the line A G. Through any point A, in the line A G, draw A a 
parallel to the line V O representing in quantity and direction 
the weight of the wedge A ; through the point a draw a H per¬ 
pendicular to AG; then will H A represent the force by which 
the wedge endeavours to descend in the direction of the line G A, 
considered as a fixed abutment. If then the line H A should be 
proved equal to the line R X, the contrary directions of these 
equal forces will balance each other, and the wedge so impelled 
will remain at rest in equilibrio. The proof that the lines H A 
and X R are equal is as follows. 

By the construction, the line A a represents the weight of the 
wedge A, and the angle H Aa is equal to the angle VOG, or 
half the angle of the wedge. And because the line M X is per¬ 
pendicular to B D, and M R perpendicular to G A, it follows that 
the inclination of the lines G A, D B is equal to the inclination of 
the lines MX and MR, or the angle XMR is equal to the angle 
DOG. By the construction, and the properties of the wedge 
MX:{Afl:: radius : sine of V O G 
and RX : M X :: sine X M R : radius 

Joining these ratios 

RX : }Aa :: sin. of XMR : sin. VOG 

or because X M R is equal to D O G 
RX: Aa :: sin. DOG : 2 sin. VOG 

also by con-l 

. ... } A a : H A :: radius : cos. H A a or V O G 


Joining these ratios 

RX : H A: radius x sin. DOG :: 2 x sin. VOG x cos. YOG. 
But because the angh DOG is double to the angle VOG, 
from the principles of trigonometry it follows, that’sin. DOG 
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x radius is equal to 2 sin. VOG x cos, VOG: therefore since 
the line RX is to the line AH, as sin. DOGx radius, to 2 x sin, 
GOV x cos. GOV, it follows that the line R X is equal to the 
line A H. 

All the successive sections or wedges, which form the arch being 
by the supposition balanced and sustained by their gravity and 
mutual pressure, independent of any other force, if the whole of 
the arch is considered as completed, whatever force P Q (Fig. 1 
and 2.), is necessary for sustaining the wedge AGDB in equi- 
Iibrio will be supplied by the reaction of the wedge adjacent to the 
surface D B. And in every part of the arch, when perfectly ba¬ 
lanced, whatever force of pressure is communicated to any section 
from that which is contiguous to it, the force of reaction will 
be precisely equal between the two sections. It appears, there¬ 
fore, that the equilibrium of the wedges will depend on the due 
adjustment of their successive weights to the pressures sustained by 
the sides of the sections. To effect this, the several sections are 
to be successively balanced; first, the wedge A alone; consider¬ 
ing it as moveable along the line G A, as a fixed abutment. 

It has been shewn, that if the force (Fig. 1.) P O is to half the 
weight of the wedge A, as the line DO is to the line V D, this 
force P O acting perpendicularly against the surface D B, and 
communicating an equal pressure M X obliquely on the line G A 
will sustain the wedge A from descending along the line G A. In 
the next place, let the wedge B (Fig. 2.) be adjusted to equipoise 
conjointly with the wedge A; and let it be required to ascertain the 
weight of B, in proportion to the weight of A, so that they may 
continue in equilibrio, when moveable along the fixed abutment 
K B. (Fig. 2 and Fig. 3.) To effect this, produce MR till it 
intersects the line K B in the point V, and in the line R M pro¬ 
duced, take M N equal to the line H a. In V N take V Q equal 
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to RN ; and from the point Q draw Q W perpendicular to the 
line K B produced if necessary, intersecting it in the point W: 
from any point B in the line K W, take B H equal to W V, and 
through the point H draw Hs (indefinite) perpendicular to the 
line KB. Through B draw Bx (indefinite) parallel to the line 
V L O, intersecting the line H s? in the point b; then, the line B b 
will represent by construction the weight of the section B, when 
the line A a denotes the weight of the section A, and the wedges 
are balanced in equilibrio, although freely moveable in the direc¬ 
tions of the lines G A, KB. 

For the pressure PO or M X, which impels the wedge A 
upward along the line A G with the force R X, is perfectly 
counterpoised by the force of gravity A H referred to that direc¬ 
tion, because it has been proved, that the line R X is equal to 
AH. If the pressure Ha or MN* on the line G A, arising 
from the weight of the section A, be added to the pressure M R, 
the sum or R N, will be the entire pressure on the surface A G, 
equal to VO by construction, or the oblique pressure on the 
line B K; that isRM+Ha = RN = OV; Q V is resolved 
into two forces, O W, perpendicular to K B produced, and W V 
in the direction of that line. The force O W, acts as pressure 
on the line B K, and the force W V impels the wedge in a direc¬ 
tion contrary to gravity along the line B K. The weight of 
the section B, is by the construction denoted by the line B b , 
and being resolved into two forces, H B acting in the direction 
of that line, and H b perpendicular to it; the force H b acts; as 
pressure, and the force H B is that part of . the weight which 
impels the wedge B to descend in the direction of the line K B. 
But, by the construction, the line H B, is equal tp the line W V, 

* The lines Ha MN, represent the quantity and direction of these pressures, but are 
not to be understood as determining the..point or place where the pressures are applied. 
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these equal and contrary forces will therefore balance each other; 
and the wedge so impelled, will remain at rest, so far as regards 
the direction of the line B K. In respect to the forces Q\V, 
H b, which act in a direction perpendicular to the surface K B, 
they are perfectly balanced by the reaction of the abutment B K, 
or the reaction of the wedge C, when the forces in the direction 
of the line F C have been adjusted to equilibrium. 

The result is, that when the weights of the sections A and B, 
have been adjusted according to, the preceding construction* 
each of the forces both of pressure and gravity is exactly coun¬ 
teracted by an opposite force which is equal to it. (Fig. 3.) The 
weights of the wedges C and D are adjusted to equilibrium by a 
similar construction. Produce O W till it intersects F Z in. the 
point X. In W O produced, set off O b equal to H b, and in 
the line X b take X Y equal to W b ; through the point Y draw 
Y Z perpendicular to F C produced, and from any point C in 
the line C F, take C H equal to Z X; through H draw the inde¬ 
finite line YLz perpendicular to CF, and through the point C 
draw the indefinite line C x parallel to V L O ; the intercepted 
line C c will represent the weight of the section C. The weight 
of the section D is constructed on the same principle, by making 
the line D H equal to the line FB, and drawing Dr parallel to VO, 
and H s perpendicular to I D, cutting off the line D d, which is the 
weight of the section D. If the sections D, C, B, A, then adjusted, 
are placed contiguous, and the opposite semiarch is completed, 
when the extreme sections D, D, are supported on the two abut¬ 
ments, the.whole will remain in equilibrio, although freely move- 
able in the direction of the lines I D, F C, K B, G A, D C, &c. 

These and the remaining weights having been thus adjusted, 
so as to form an equilibrium, the lines A a, Bb , C c, Del, to 
which they are proportional, might be determined by lineal 
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construction, according to the rules which have been given; but 
as the correctness of such graphical delineations depends both 
on the excellence of the instruments employed, and on the 
skill of the person who uses them, to supply the want of these 
advantages in any case that may occur, as well as to view 
the subject under a different form, it may be expedient to ex¬ 
press the several weights and pressures which have been hitherto 
represented geometrically, by analytical and numerical values. 
From the preceding observations, it has appeared, that the 
weights and pressures depend in a material degree, on the weight 
of the highest or middle wedge A, which is bissected by the ver¬ 
tical line V O. (Fig. 1, 2, and 3.) The weight of this section has 
been denoted by the line A a in the construction, and is represented 
in the analytical values, by the letter w; all other weights being 
in proportion to it. The initial pressure acting obliquely against 
the side of the wedge A G, represented by the line P Q = M X, 
has been found = 2 sin ^ v q y = p i and because the line M X 
is perpendicular to DC, and MR is perpendicular to GA, it 
follows that the inclination of the lines DC, G A, is equal to the 
angle XM R; or if A 0 is put to represent the angle contained 
between the sides of the wedge A, it will follow that A° = 
XMR=AOB 

Since therefore p = - - s ?”T a° =MX = PQ, the direct pres¬ 
sure against the,surface G A, that is, M R is = M X x cos. A °=p 
x cos. A°. And as the additional pressure arising from the weight 
of the, wedge A is = Ha = A ax sin, \ A° = w x sin. A 0 , the 
entire pressure on the surface G A ==p x cos. A°-j- w x sin..^A°; or 
since p = . x - r^o > the entire pressure on G A == M R + H a 


• x cos • A° . 


[■A 0 


w x sin.-JA ? = 


cos,. A 0 -f 2 sin. 4 4 A 0 

■ * W ’ ° r bcCaUSe 


2 sin. 1 4- A°= the versed sine of the angle A°, it follows that 
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MR + Hd= VO= - x sin. | a° = P • But, because the line O V 
is perpendicular to GA, and QW is perpendicular to KB, the 
inclination of the sides K B, G A of the wedge B is equal to the 
angle VO W, which may be denoted by B°; and because O V = />, 
it follows that QW = p x cos. B°, and VW =/> x sin. B°; which 
is equal to the line H B, by the construction. If, therefore, the 
angle H B b, or the angle at which the abutment K B is inclined 
to the vertical line V O, or B b should be represented by V*, since 
V W or B H = p x sin. B°, H b will be = p x sin. B° x tang. Y b , 
and the line B6 will hep x sin. B° x secant V* x which is the 
weight of the section B ; the pressure on the next section, or C, 
is Q W -f H 6, which is =p x cos. B° + p x sin. B° x tang. V*: 
let this be made = q ; then the weight C c of the section C will be 
found in like manner to be = q x sin. C° x sec. V c , and the pres¬ 
sure on the next section D = q x cos. C° -f q x sin. C° x tang. V r , 
and so on, according to the order of weights and pressures which 
are here subjoined. 

It is to be observed, that A 0 , B°, C°, D°, &c. denote the angles 
of the sections A, B, C, &c. Y a signifies the angle of inclination, 
to the vertical, of the line G A, on which the section A rests, = to 
the angle GOVorHAff. In like manner V* is the inclination 
to the vertical of the line K B, on which the section B rests = to 
the angle H B b : V c is the inclination to the vertical of the line 
F C, on which the section C rests, = to the angle H C c, and 
so on. The initial pressure^ = -~ s ”' ? A0 . 

Sections. Weights of the Sections. Pressures on the Sections next following. 

A w p x cos. A° -f p x sin. A° x tang. Y a =p 

B p x sin. B° x sec. V* p x cos. B 0 -j-/> x sin. B° x tang. Y b = q 

C q x sin. C° x sec. Y c q x cos. C° + q x sin. C° x tang. Y c = r 

D r x sin. D° x sec. r x cos. D° -j- r x sin. D° x tang. Y d = s 

E 5 x sin. E° x sec. V s jx cos. E° -(- s x sin. E° x tang. Y e = t 
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Or the weights of the sections and pressures on them may be 
expressed somewhat differently thus : the weights of the succes¬ 
sive sections being denoted by the letters a , b, c, d, respectively. 

Sections. Weight of the Sections. Pressures on the Section next following. 

A a — w fix cos. A 0 a x sin. Y a = p 

B b =zp x sin. B° x sec. V* p x cos. B° + b x sin. Y b = q 

C c = q x sin. C° x sec. Y c q x cos. C° 4* c x sin. Y c = r 

D d — r x sin. D° x sec. Y d r x cos. D° + d x sin. Y d = s 

E e = s x sin E° x sec. Y e s x cos. E° -f e x sin. Y e = t 

In the following illustration of these analytical values, the 
angles of the sections are assumed equal to 5 0 each, and the 
weight of the first section is put = 1 : consequently, the initial 
pressure or p = - - V- gQ 3o> = 1146279 = the pressure on the 

second section or B : for infendng the weight of the second sec¬ 
tion, we have p = 1146279, sin. B° = .087156, Y b = 7 0 30', and 
sec. V’= 1.008629; wherefore the weight of B =p x sin. B°x sec. 
V* = 1.00767. The pressure on the section next following, or C, 
= p x cos. B° p x sin. B° x tang. 11.550708 = q s and 

therefore the weight of C = q x sin. C° x sec. Y c = 1.03115, and 
the pressure on the next section D = q x cos. C° + ^ x sin. C° 
x tang. V f = 11.72992; and thenceforward, according to the 
values entered in the table No. 1. 

When any number of sections have been adjusted to their pro¬ 
per weights on each side of the vertical line V O, the whole being 
supported on the abutments, on the opposite sides, will remain in 
equilibrio, balanced by the mutual pressure and gravity of the 
sections only; so that if the contiguous surfaces were made smooth, 
and oil should be interposed between them, none of the sections 
would be moved from their respective places. 

But if the wedges should be put together without adjustment, 
the weight of the sections near the abutments, if too great, 
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would raise those which are nearer the vertex, and would them¬ 
selves descend from their places, in consequence of their over¬ 
balance of weight; contrary effects would follow, from giving too 
small a weight to the lower sections. In either case, they would 
not retain their places in the arch, unless the fastenings applied 
in order to prevent them from separating, should be stronger 
than the force created by the imperfect equilibrium, impelling 
the sections toward a position different from that which they 
ought to occupy in the arch. 

But a distinction is to be made between the deficiency of equi¬ 
librium which is inherent in the original construction, and that 
which is caused by an excess of weight, which may occasionally 
be brought to press on an arch. 

In the case of occasional weight, such as loads of heavy mate¬ 
rials which pass over the arches of a bridge, the stress on the 
joinings is temporary only ; whereas the stress which arises from 
a want of equilibrium in the construction, acts without inter¬ 
mission, and in a course of time, may produce disturbance in 
the fastenings, and in the form of the arch itself, which might 
resist, without injury, a much greater force that acts on the 
several parts of it during a small interval of time. 

When the wedges which form an arch have been adjusted to equi¬ 
librium, the whole will be terminated at the extremities by two 
planes coinciding with the abutments, and the entire arch will 
in this respect, be similar in form to a single wedge, the sides 
of which are inclined to each other, at an angle equal to the 
angle at which the planes of the abutments are inclined. (Fig. 4.) 
I V C, represents an arch adjusted to equilibrium, and termi¬ 
nated by the curve lines I V C, F B D. 

The extremities of the arch are placed on the abutments I F, 
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C D, which lines when produced, meet in a point O. If the 
arch be bisected in V, a line joining the points V and O will 
be perpendicular to the horizon. Let the line K L be drawn 
perpendicular to the surface IF and MN W perpendicular to C D. 
The arch acts by its pressure in a direction perpendicular to the 
abutments, the reaction of which is equal and contraiy to the 
pressure, and in the direction of the lines K L, M N. 

From the principles of statics before referred to, it appears, that 
if forces are applied in the directions KL, MN, perpendicular 
to the surfaces IF, CD, considered as the 'sides of a wedge, 
those forces K L, M N, will sustain the wedge, provided each of 
them should be to the weight of the semiarch, as radius is to 
the sine of the semiangle of the wedge, that is as radius to the 
sine of V O C. If therefore, the abutment should be considered 
as removed, and two forces or pressures equal to the forces K L, 
MN, should be substituted instead of them, each being in the 
proportion that has been stated, the wedge or arch will be sus¬ 
tained in the same manner as it was by the abutments. . 

The force that sustains the arch or wedge, is the reaction of 
the abutments, which is exactly equal and contrary to the.force 
of pressure upon either of them, and has been ascertained in the 
preceding pages, when an arch consisting of any number of 
sections is adjusted to equilibrium as in the table. No. 1. If, there¬ 
fore, the forces K L, or M N, be made equal to the pressure on 
the abutment, determined as above, the following proportion 
will result: : ■ • r * 

As the force of pressure on the abutment is to half the weight 
of the wedge or arch V B C D, so is radius to the sine of the incli¬ 
nation of the abutment to the vertical line, or is as radius to the 
sine of the angle VOC, 
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Thus, referring to the order of weights and pressures, stated 
in page 13, let the semi-arch consist of any number, suppose 
five sections, including half the first section, or \ A: then the 
Weight of the semi-arch will be^-A + B-j-C-fD + R 

The pressure on the abutment which sustains the section E 
is = s x cos. E° + 5 x sin E° x tang. V" = t. E° is the angle of E, 
the fifth wedge = 5 0 , and V e is the angle of inclination to the 
vertical of the abutment on which the section E rests: or V c = 
22®. 40'; then according to the proportion which has been stated, 
as the sum \ A -f-B + C + D + E is to the pressure t , so is the 
sine of the angle V c ‘ to 1, which may be verified by referring to the 
numerical Table I. according to which, |-A-(-B-{-C-|-D-|-E 
= 4.7436; V'=VON = 22°30'; and the pressure on this 
abutment appears, by the same table, to be =5 12.3954: the sine of 
22° 30' = .38268, which being multiplied by the pressure 12.3954, 
the product is 4.7434, scarcely differing from 4.7436, as entered 
in the table. In general, let the letter S denote half the weight 
of an arch, when adjusted to equilibrium : and let Z represent the 
pressure on the abutment, the inclination of which to the vertical 
is V*; then S = Z x sin. V~. 

Fig. 4. I F B D C represents an arch of equilibration, which is 
bisected by the vertical line VO; CD is one of the abutments in¬ 
clined to the vertical line in the angle VO C : through any point N 
of the abutment draw the line M W perpendicular to C D, and 
through N draw the line T O perpendicular to the horizon. In the 
line N W set off N E representing the pressure on the abutment 
CD, and resolve N E into two forces, E A, in the direction parallel 
to the horizon, and AN perpendicular to it. Then, because the 
angle A N F is equal to the angle N O V, or the inclination of the 
abutment to the vertical, denoted by the angle V z , it follows, that 
the angle N E A is equal to the angle A N F or V O C = V*, from 

D 
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whence the same proportion is derived, which has been otherwise 
demonstrated before, namely, as NE : N A :: i : sin. VOC; that is, 
the force of pressure on the abutment is to the weight of the semi- 
arch, as radius is to the sine of V 25 = N O V. It is observable that the 
additional weight of wedges, by which the weight of the semiarch 
is increased, reckoning from the vertex, or highest wedge, always 
acts in a direction perpendicular to the horizon ; but neither in¬ 
creases nor diminishes the horizontal force, which must therefore 
remain invariably the same, and is represented by the line EA. But 
the initial force of pressure which has been denoted by the letter^, 
is not precisely horizontal, being in a direction perpendicular to the 
surface of the first wedge A, although it is very nearly parallel to 
the horizon, when the angle of the first section is small, and might 
be assumed for it as an approximate value: a force which is to the 

initial pressure, orp= - ^ L Ao , as the cosine* of | A° (Fig. 5.) 

to radius, will approximate still more nearly to the constant force, 
the direction of which is parallel to the horizon, and is therefore 

= w x cos ‘ j-ft- =- — -y— . For the sake of distinction, let this 

force be represented by p ' = - — ta ^ - - Ao > to he assumed as an 

approximate value, which will differ very little from the truth 
when the angles of the sections are small, and in any case will 
be sufficiently exact for practical purposes. Then, because E A 
is denoted by p\ N E = Z (Fig. 4.) represents the pressure 
on the abutment, and N E is the secant of the angle N E A, or 
V O C, to radius E A, it appears that Z = p’ x secant V*: by the 
same construction, AN is the tangent of the angle NE A to 
radius E A; also A N is the sine of the angle N E A, or V O C, 
to the radius N E. 


* Note in the Appendix. 
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The following general rules are derived from the proportions, 
which have been inferred in the preceeding pages: 

Rule i. The initial pressure is to the weight of the first section, 
including the weight superincumbent on it, as radius is to twice 
the sine of the semiangle of the middle, or highest wedge, or 
, _ 

” — 2 X sin. ± A°* 

Rule ir. The horizontal force, which is nearly the same in 
every part of the arch, is to the weight of the first section, as ra¬ 
dius is to twice the tangent of the semiangle of the first section. 


Rule iii. The horizontal or lateral force is to the pressure on 
the abutment, as radius is to the secant of the inclination of the 
abutment to the vertical, or Z = p' x sec. V*. 

Rule iv. The horizontal force is to the weight of half the arch 
as radius is to the tangent of the inclination of the abutment to 
the vertical, or S = p' x tang. V K . 

Rule v. The weight of the semiarch is to the pressure on the 
abutment, as the sine of the said inclination of the abutment is to 
radius, or S = Z x sin. V*. 

Rule vi. The horizontal force is to the pressure on the abut¬ 
ment as the cosine of the inclination of the abutment is to radius, 
or p' — Z x cos. V*. 

By these rules, the principal properties of the arch of equilibra¬ 
tion are expressed in simple terms, and are easily applicable to 
practical cases. 

Rule 3d. The horizontal force, or p\ being the weight divided 
by twice the tangent of the semiangle of the first section, deter¬ 
mines the pressure on any abutment of which the inclination to 
the vertical line is V*; the pressure being == p' x secant V*. 

D 2 
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Rule 4th. The weight of the semiarch, when adjusted to equili¬ 
brium, is found by the fourth rule to be == p' x tang. V s ; or the 
horizontal pressure increased, or diminished, in the proportion of 
the tangent of the vertical distance of the abutment to radius. 
From this property, the reason is evident, which causes so great 
an augmentation in the weights of the sections, when the semiarch, 
adjusted to equilibrium, approaches nearly to a quadrant, and 
which prevents the possibility of effecting this adjustment by 
direct weight, when the entire arch is a semicircle. 

Rule 5th. The fifth rule exemplifies the analogy between the 
entire arch when adjusted to equilibrium, and the wedge. For let 
the angle between the abutments be made equal to the angle of 
the wedge, the weight of which is equal to the weight of the arch; 
and let Z be either of the equal forces, which being applied per¬ 
pendicular to the sides of the wedge, sustain it in equilibrio : then 
by the properties of the wedge, the force Z is to half the weight 
of the wedge as radius is to the sine of the semiangle of the 
wedge, which is precisely the property of the arch; substituting 
the angle between the abutments instead of the angle of the wedge, 
and the pressure on either abutment instead of the force Z. 

Rule 6th. The lateral pressure, or the pressure on the abutment, 
reduced to an horizontal direction, is nearly the same in all parts 
of the arc; being to the weight of the first section, as radius is 
to twice the tangent of the semiangle of the wedge. 

The force of pressure on the abutment is therefore at every 
point resolvable into two forces; one of which is perpendicular to 
the horizon, and is equal to the weight of the semiarch; and the 
other is a horizontal or lateral force, which is to the weight of the 
first section, as radius is to twice the. tangent of the semiangle of 
that section. 
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These conclusions are the more remarkable from the analogy 
they bear to the properties of the catenary curve, although they 
have been deduced from the nature of the wedge, and the principles, 
of statics only, and without reference to the catenary or other 
curve, and will be equally true, when applied to the sections of 
an arch, which are disposed in the form of any curve whatever. 

Many cases occur, in the practice of architecture, in which it 
must be highly useful to form an exact estimate of the magnitude, 
and direction of pressure, from superincumbent weight, both on 
account of the danger to be apprehended if such pressure is suf¬ 
fered to act against the parts of an edifice without a suitable 
counterpoise; and from the consideration, that when the extent 
of the evil to be provided against is not certainly known, it is 
probable, that more labour and expense will be employed in 
making every thing secure, than would have appeared necessary 
if the pressure to be opposed had been exactly estimated. 

The Gothic cathedrals, and other edifices built in a similar 
style of architecture, which very generally prevailed in this and 
other countries of Europe, during several centuries, have been 
constructed on principles to which the preceding observations 
are not intirely inapplicable. 

The striking effects for which these structures are remarkable, 
seem principally to be. derived from the loftiness of the pillars, 
and arches springing from considerable heights, which could not 
be securely counterpoised without making great sacrifices of ex¬ 
ternal appearance, and bestowing, much labour and expense in 
imparting sufficient stability to the whole fabric: while, there¬ 
fore, the eye is gratified by the just proportions and symmetry of 
design, displayed by the interior of these edifices, with an apparent 
lightness of structure, scarcely to be thought computable with 
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the use of such materials, the external building presents the 
unpleasing contrast of angular buttresses, with their massive 
weights, which are indispensably necessary for the preservation 
of the walls, as a counterpoise to the lateral pressure from the 
ponderous arched roofs. 

That the security provided has been perfectly effectual, is 
evident from the solidity and duration of these buildings; but 
whether any part of their heavy supports might have been spared, 
or whether the form of applying them might not have been 
changed, without diminishing the security of the walls, is a ques¬ 
tion which would require much practical experience and informa¬ 
tion to decide. An estimate of the lateral force from arches of 
this description, may be readily obtained by referring to the rules 
given in the preceding pages; from which it appears, that the 
lateral or horizontal force arising from the pressure of any arch 
is always to the weight of the highest or middle wedge, as radius 
is to 2 x tangent of the semiangle of the wedge. Some of the 
highest wedges, in roofs of this description, are said to weigh two 
ton ; the angle of the wedge may be taken (merely to establish 
a case for illustrating the subject) equal to 3 0 : the tangent of 
half this angle, or i° 30', is .02618, and the lateral force, or pres¬ 
sure from any part of the arch, will be - 2 q26i8 = 38.2 ton, 

which weight of pressure, acting on walls of great height, must 
certainly require a very substantial counterpoise for their support; 
and it is for this purpose, that a buttress is erected against the 
external walls corresponding to the key-stone of each arch. In 
this estimate, the arch is supposed to h^ve reference to one plane 
only; which passes through both the buttresses and the key¬ 
stone : but in the case of groined arches, or such as are traversed 
by other arches crossing them diagonally, on which the same 
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key-stone acts, the lateral pressure in any one plane will be less 
than has been found according to the preceding estimate. 

In the preceding geometrical constructions, the angles of the 
several sections have been assumed equal to each other, or as 
given, although of different magnitudes, from which data the 
weights of the sections have been inferred when they form an 
arch of equilibration. 

Let DC V D, &c. (Fig. 6 .) be the curve-line passing through 
the bases of the sections which form an arch : because the wedges 
increase as they approach the abutment; the exterior line a b 
c d , &c. will take a form not very dissimilar to that which is re¬ 
presented in the figure, (Fig. 6.) : the arch being here adjusted 
to equilibrium in itself without reference to any extraneous weight 
or pressure. Although in many cases, it is immaterial what may 
be the form of the line a b c, &c. yet it often happens, that the 
termination of the sections, or exterior boundary, must of neces¬ 
sity deviate greatly from that which is represented in the figure; 
particularly in the case of bridges, over which a passage or road¬ 
way is required to be made, which is either horizontal, or nearly 
so. Let E D L D E (Fig. 7.) represent an arch by which an 
horizontal road, P a Q, is supported. For this purpose a wall of 
masonry is usually erected over the arches; the weight of which 
must press unequally on the several sections, according to the 
horizontal breadth and height of the columns, which are super¬ 
incumbent on them: through the terminations of the wedges ~ 
A, B, C, D, &c. (Fig. 7.) draw the lines A a, B b, C c, &c. 
perpendicular to the horizontal line P Q, and in the lines a A, b B, 
c C, cl D, &c. produced, if necessary, take the line b B of such a 
magnitude, that it shall be to the line a A in the same proportion, 
whiGh the weight of the wedge B, with the weight above it, bears 
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to the weight of the wedge A, with the weight above it, and so 
on; each line c C, d D, &c. being taken proportional to the weight 
of the respective wedges, including the weights superincumbent 
on them. In the next place we are to ascertain from these con¬ 
ditions, together with the angle of the first section or A°, the 
other angles B°, C°, D°, &c. so that the entire are, when loaded 
with the weights, denoted by the lines A a, B b, C c> &c. may be 
equally balanced in all its parts. Admitting that the angle of any 
section D°, can be ascertained from having given the weight of 
the section D, and the pressure on it, together with the inclination 
of the abutment of the preceding section, or the angle of the 
abutment C to the vertical, it follows as a consequence, that, by 
the same method of inference, the angles of all the sections will 
be successively obtained from the angle of the first section, and 
the initial pressure, which are given quantities in the construc¬ 
tion of every arch. 

Suppose, therefore, any number of the sections A, B, C, to have 
been balanced by the requisite adjustments. It is required to 
determine the angle of the next section or D°,. on the following 
conditions. 

ist. That the direct pressure on the abutment F C of the 
section D, from the preceding sections shall be given, equal to 
the oblique pressure on the line I F, denoted by the line S B, 
which is drawn perpendicular to the line F C produced. (Fig. 8.) 

2d. That the weight of the section D, including the weight 
superincumbent on it, shall also be given: let this weight be 
represented by the line D d. 

3d. The angle c C H being the inclination of the line F C, or 
the abutment of the preceding section C to the vertical, is also a 
given quantity. 
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Referring to figure 3, we observe, that the adjustment of the 
angle D 9 depends on the equality of the line H D representing 
the force arising from gravity, and urging the section to descend 
along the line I D, and the force B F, which impels it in the op¬ 
posite direction DI (Fig. 3.) In this case, F B is the sine of the 
angle *BSF = D° to a radius = B S, and HD is the cosine 
of the angle HDrf to a radius = D d. Through the point D 
draw D A parallel to C F; so shall the angle A D d be equal to 
the angle H C c, which is given by the conditions: moreover, the 
angle I D A is the unknown angle of the section D 9 , which is 
required to be determined, and the inclination of the line I D to 
the vertical line D d, when constructed, will be equal to the sum 
of the angles AD^-f I D A = ID d. 

B S represents the pressure on the section D (Fig. 8.) From 
these conditions the angle required D° or I D A, and the inclina¬ 
tion of the abutment I D d are determined by the following con¬ 
struction : through the point D, which terminates the base of the 
section D, draw the line D d perpendicular to the horizon and 
equal to the given line which represents the weight of the section 
D: with the centre D and distance D d describe a circle: through 
the point D draw the line D A parallel to C F, cutting off an arc 
A d, which measures the angle AD d equal to the given angle 
c C H. Through the points D and d , draw the indefinite lines 
DZ dY perpendicular to the radius D d, and through the point 
A draw the indefinite line AW parallel to d Y. In the line AW 
set off AN equal to the given line B S, and through the points 
N and D draw the line D N, intersecting the circle in the point H : 

* Because S B, S F are by construction perpendicular to the lines F Z, I F respectively; 
consequently the inclination of the lines F Z, IF, that is, the angle of the section D°, 
will be equal to the inclination of the lines SB, S F, or the angle B S F. 

E 
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from the point A set off an arc AI, equal to the arc GH, and through 
the points I and D draw the line IDO. The angle 10F or IDA 
will be the angle of the section D, which was required to be de¬ 
termined by the construction, and I T>d will be the inclination of 
the abutment D I of the section D to the vertical line D d. The 
demonstration is as follows: through the point S draw S F per¬ 
pendicular to I Q, and S B equal to the line denoting the given 
pressure on the line F I, and perpendicular to F O; also through 
G draw GO perpendicular to DG, and through H draw HP per¬ 
pendicular to DG; also produce DN till it intersects dY in L: 
produce N A till it intersects D^ in the point F, and through d 
draw d H perpendicular to DI. It is to be proved that the cosine 
of the angle \Y>d to the radius D d } is equal to the sine of the 
angle I D A or G D O to the radius B S, or that the line D H or 
D K is equal to the line B F. 

By the similarity of the triangles PHD, NDF, as PH : DP 
::DF:NF; but by the construction NF== BS + AF. Where¬ 
fore P H : D P :: D F : B S + A F, and P H x B S + P H x A F 
= DF x DP, or PHxBS = DFx DP-PHx AF: dividing 

both sides by the radius Dtf, — ^ 2 — = - JTd -• 

But because the angle I D A is equal to the angle G D O, 
DF x DP is the rectangle under the cosines of the angles AD^, 
IDA, and PH x AF is the rectangle under the sines of the 
said angles: wherefore, by the principles of trigonometry, the 
difference of those rectangles divided by the radius D d , that is, 

df x dp— ph x af w |j| ^ t h e cosine of the sum of the angles 

ADJ + AD I, or the cosine of ID d = D H or DK. But it 

lias been shewn that — Drf - -; therefore 
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= and by the similar triangles PHD, BSF, as 
P H : D H or D d :: B F : B S; consequently, B F = —jjjA 
But = DK; therefore B F is equal to D K, which was 


to be proved. 

The angle of the section D° will be readily computed from the 
value of the Fig. 8. tangent G O = 


DrfxDF D x D F 


DF 


Nf 


BS +AF 


* BS -f AF 


to radius = l; or if the given angle HCr = ADdbe represented 
by V% we shall have DF = D d x cos. V f , and AF = Dix sin. V f . 
Wherefore, putting B S = r, the tangent in the Tables of the 


i Tvs D d x cos. V f 
an § le D = r+brfx«in.V> 

To express the solution of this case generally by analytical values, 
let the weight of the first section or A be denoted by the letter w; 
and let the angle of the first section = A 0 . The initial pressure ==p 
= z x and let the given weights of the successive sections, 

(Fig. 7.) including the weights superincumbent, be denoted by 
the letters a, b, c, d , &c. respectively, which are represented in the 
figure by the lines A a, B b, C c, Dd, &c. the angles of each sec¬ 
tion, and the pressures on the section next following are as they 
are stated underneath, for adjusting the arch to equilibration. 


Sections* 'l^hf Tangents of the Angles of the Abutments ^from E«ir= Pressures on the Sections next 

Sections. Sect,ons ' . the vertical Line. follow.ng. 

A a tang. A° = tang. A 0 V i! = V" = |A° p x cos. A 0 + a x sin. V*=p 
B b tang. B° = V 4 = V* + B° p x cos. B° + x sin. V 4 = q 

C c tang. C*= - ^ c ; s s : n V ; t V‘ = V 4 + C° q x cos. C’+c x sin. V*= r 

D d tang. D°= - * c -^ Fc V J = V' + D° r x cos. D° + r/ x sin. W= s 

E e tang. E° = ■ * * cos ~ V' = V' + E 3 s x cos.E° 4- e x sin. V‘ = t 

° S+CXCOS.V 4 * 1 * 

E 2 
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The application of these analytical values will be exemplified 
by referring to the case of an arch formed by sections, which are 
disposed according to the figure of any curve, when the columns 
which are built on the arches, terminate in an horizontal line ; the 
given weights of the sections A, B, C, &c. (including the weights 
of the columns built upon them), denoted by the lines A a, B b 9 
C Cy See. being as follows. 

A a = the weight of the first section, (Fig. 7.) is represented 
by the number 2; B b = 2.76106, Cc = 5.03844, and so on. 
The weight of the first section, which is denoted by the num¬ 
ber 2, may be taken to signify 2 hundred weight, 2 ton, Sec. all 
other weights being in proportion to it; the angle of the first or 
highest section is 5° = A°, and zv = 2. The initial pressure or 
2 x sin’ 2 ° 30' = - 2 T 22 5 = p' making b = 2.76106, we obtain 
from the preceding theorem, the tangent of B° = 

= tang. 6° 49' 31", wherefore the angle of the section B or B° 
= 6° 49' 31"; this added to 2 0 30' will give the inclination of the 
abutment of the section B to the vertical line = 9 0 19' 31" = V*; 
also since/) = 22.9255, the pressure on the section C°=/> x cos. 
B° -f b x sin. V* = 23.21305 = q, and thenceforward, according 
to the successive angles and the pressures on the sections next 
following, as they are entered in the Table No. II. entitled, A 
Table shewing the Angles of the Sections, Sc c. calculated from 
the given Weights, See. 

The lines a A, 6B, c C, representing the given weights of 
the sections and the weights superincumbent on them, (if the 
line ha = 2 be subtracted from each) are nearly proportional 
to the versed sines of the arcs of a circle, increasing by a com¬ 
mon difference of 5 0 ; the curve of the arch will therefore be 
scarcely different from the ar.ch of a circle. The third column 
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of the second Table shews the several angles of the sections, 
which will create a sufficient force of counterpoise to the weight 
of the sections, together with the weights of the columns built 
upon them. It appears by inspecting this Table, that the angles 
of the sections first increase, reckoning from the highest or middle 
wedge, till the semiarc is augmented to about 55 0 ; and afterwards 
decrease; plainly indicating that part of the arch which requires 
the greatest aid from the increased angles of the sections, as a 
counterpoise to the weight above them. If therefore the angles of 
the sections were constructed equal, as they usually are, the form 
of the arch being circular, and if a wall of solid masonry should 
be built upon it, terminating in an horizontal line or plane, it is 
clearly pointed out, what part of the arch would be the most likely 
to fail, for want of the requisite counterpoise of equilibrium ; and 
although the fastenings should be sufficient to prevent the form 
of the arch from being immediately altered, the continuance of 
its constructed figure would depend on the resistance opposed by 
the fastenings to the stress arising from a defect of equilibrium, 
which acts incessantly to disunite the sections; a preponderance 
of this force, to a certain degree, would probably break the arch 
somewhere between 50° or 6o° from the highest or middle section; 

In adjusting the equilibrium of an arch, it is observable that the 
lengths of the bases which form the interior curve, usually termed 
the curve of the arch, are not among the conditions given, from 
which the weights or angles of the sections are inferred. A cir¬ 
cumstance which renders the solution here given of the problem 
for adjusting equilibration, very general. 

Whatever, therefore, be the figure of the interior curve, the 
bases of the sections which are disposed in this form, may be of 
any lengths, provided the weights and angles of the sections are in 
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the proportions which the construction demands: observing only, 
that if the lengths of the bases should be greatly increased in 
respect to the depths, although in geometrical strictness, the pro¬ 
perties of the wedge would equally subsist, yet when applied to 
wedges formed of material substance, they would lose the powers 
and properties of that figure: this shews the necessity of preserv¬ 
ing some proportion between the lengths of the bases and depths 
of the wedges, to be determined by practical experience, rather 
than by geometrical deduction. 

The following constructions and observations will further shew 
how little the equilibrium of an arch depends on the figure of the 
curve line by which it is terminated. All the properties of arches 
being (so far as the preceding constructions and demonstrations 
may be depended on) the consequences of the weights and pres¬ 
sure of the sections, acting without relation to the figure of any 
curve, so that arches may be constructed which terminate in a 
circular, elliptical, or any other curve, retaining the properties of 
equilibration indifferently in all these cases. To exemplify this 
principle by a simple case, let all the sections which form any arch 
be of equal weights, the angle of the first wedge, or A°, being = 5 0 ; 
and let it be required to ascertain the angles of the other sections, 
so that the pressures may be a counterpoise to their weights in 
every part. Assuming, therefore, as conditions given, (Fig. 9.) 
the angle of the first or highest wedge A° = 5 0 , and the weights 
of the several sections = 1 = Aa = Bi = Cc = DJ, &c. 
we have for the construction of this case the initial pressure 
=r J .—_—. = /) = MX, the angle of the abutment A or V* 

2 x sm. 2 0 30 r 0 

== 2 0 30'. From these data the angles* of the sections will be 

* If the weighes of the sections A, B,.C, D, See. which are denoted by the lines a , b> 
c, d, See. were made equal to 1x077, 1.0312, 1.0719, &c. as they are stated in the Table 
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constructed according to the solution in page 27, from which the 
following results are derived : ^ ^J v „ = tang. B° = 4 0 57' 40", 

therefore B°= 4°57'4o", which being added to 2 0 30', the sum 
will be equal to the angle H B b = 7 0 27' 40". C° is found by 

the same theorem to be = 4°5i / 10", and V f = 12°18'50", and 
so on, according to the statements in the Table No. 3. 

OIVIO (Fig. 10.) is the arc of a circle drawn from the centre 
O, and bisected by the vertical line VO. PWQ (Fig. 11.) is 
the arch of a circle drawn from a centre any where in the line 
VO, produced if necessary; T YS (Fig. 12.) is the arch of an 
ellipse, the lesser axis of which coincides with the line V O. 
WXZ (Fig. 13.) is a catenarian or any other curve which is 
divided by the vertical line V O into two parts, similar and equal 
to each other. These three curves form the interior figures of the 
three arches, the exterior boundaries of which are of any figures 
which make the semiarches on each side of the vertical line V O 
similar and equal. 

In the next place, the circular arc OI VIO is to be divided into 
arcs, by which the angles of the sections in the three interior 
arches are regulated. For this purpose, from the point V on either 
side thereof, set off an arc V G = 2 0 30'; set off also from G the 
arc G K = 4® 58', omitting the seconds, as an exactness not ne¬ 
cessary : and the subsequent arcs K F, FI, &c. according to the 
dimensions in the schedule annexed, extracted from the 3d Table, 
to the nearest minute of a degree. 


No. I. The points O, R, Q^, P, would all coincide in the point O ; if the weights of the 
sections should be assumed greater than they are stated in the Table No. I, the points 
R QJ* would be situated between the points O and V. 
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Sections. 

Arcs. 

Angles. 

{A 

VG 

2 30 

B 

GK 

CO 

*0 

C 

KF 

4 

D 

FI 

4 4 i 

E 

I M 

4 21 

F 

MN 

4 12 

G 

NO 

3 55 

H 

OO 

3 39 

I 

QR 

3 22 


The arcs (Fig. 10, et sequent.) VG, G K, KF, &c. having 
been thus set off, according to the angles of the sections A, B, 
C, Sec. through the points G, K, F, I, in the circular line OIVIO, 
Se c. draw the lines GO, KO, FO, 10 , Sec. dividing the three 
arches into sections or wedges A 1, B i, Ci, Sec. A2, Bs, C2, 
and A3, B3, C3, Sec. Which wedges, when formed of ma¬ 
terial substance, will become so many arches of equilibration, 
if the weights of each section be equal to the weight of the 
highest or middle wedge A. This construction is not intended 
to point out any practical mode by which the forms of wedges, 
that constitute arches of equilibration may be delineated, but 
merely to shew, by a very simple case, and at one view, how 
much the curves of arches may be varied, while the properties of 
equilibrium still remain the same, in a geometrical sense; although 
in the practical constructions of arches, the greater curvature of 
an arch allows greater latitude for the unavoidable errors in exe- 
cution, and for those which are the consequences of the imper¬ 
fect nature of the materials used in the construction.- The figures 
in which the sections are here disposed have been adopted for the 
purpose of shewing in what -manner the wedges in the several 
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arches Ai, Bi, C 1, &c. A 2, B 2, C2, &c. are adjusted to equi¬ 
librium by means of the division of the external arc, according 
to the angles inferred from the solution of this case, (page 30) 
in which the weights of the sections are all equal, producing 
the angles which are entered in the Table No. III. and in the 
Schedule, page 32. 

Admitting, then, for the sake of establishing a case, that the 
specific gravity of the sections should be capable of adjustment, 
so that their weights may be equal, although their magnitudes 
be different; admitting also, that in increasing or diminishing 
the volumes of the sections, the angles are continued invariably 
the same; the lengths of the bases may be lessened or augmented 
in any proportion that is required, the equilibrium of the section 
remaining unaltered. Thus, if it should be proposed, that any 
number of the sections in the arch (Fig. 13.) A3, B 3, C3, shall 
occupy a length denoted by the curve (Fig. 14.) iv /, and that the 
joinings of the sections should intersect the curve in the points 
ifkggkfi, as represented in the figure. 

Through the point g draw the line gG parallel to GO, and 
through k draw £K (Fig. 14.) parallel to K O, and through J 
draw/F parallel to FO, and so on: the sections A, B, C, &c. in 
Fig. 14, admitting their weights to be equal, would form an arch 
of equilibration: the same consequences will follow if this con¬ 
struction is applied to the rectilinear or flat arch, (Fig. 15.) if it 
be allowed to use that term, meaning the figure terminated by 
two arched surfaces when their curvature is diminished to nothing, 
and coinciding with two plane surfaces parallel to the horizon; 
such is the rectilinear figure PO, PO, Fig. 13. Suppose this 
figure to be divided into wedges that have the properties of 

F 
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equilibration, by which the force of pressure impelling them up¬ 
ward is counterbalanced by their weight; and suppose the join¬ 
ings of the wedges are required to pass through the points M, N, 
O, O, &c. Through M draw T M parallel to G O, and through 
N* draw RN parallel to K O and through O draw W O parallel 
to F O', &c. If wedges of these forms are disposed on each side 
of the vertical line V L, the extreme sections being supported by 
the abutments PO, PQ; the whole will be sustained in equili- 
brio, on the condition that the weight of each section is equal to 
the weight of the section A. 

But supposing the wedges to be formed, as is usually the case, of 
solid substances which are of the same uniform specific gravity, to 
make their weights equal, the areas of the figures must be adjusted 
to equality; which requires the solution of the following problem: 
Having given the angles of any of the wedges as above stated, 

and having given the area of the wedge A = — ■■■ x " L , to 
ascertain the lengths of the upper surfaces RT, RW, P W, and 
of the bases MN, NO, OQ, of the wedges B, C, D, &c. So that 
the areas RNTM, WORN, PQWO, may be equal to the 
area T t M m, with the condition that the angles of each wedge 
shall remain unchanged; that is, the lines TM, RN, WO, &c. 
shall be parallel to the lines G O, K O, F O, IO, &c. respectively: 
to obtain the lengths of the lines RT, MN, which terminate 
the wedge B, according to these conditions, make the perpendi¬ 
cular distance VL = r, the area TMb» = A; cotang. MNR 

— cotang. LMT = D; then RT = zA+ 2 f xD , and MN 

- 2 ^ ** X 
2 r 


. * Fig. io. 
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As an illustration of this theorem, let the angle of the middle 
wedge A (Fig. 15.) be assumed = 30°: if the weights of all the 
other sections are equal to that of A, the successive angles as de¬ 
termined by a preceding construction, in page 24, See. will be as 
follows, B° = 23° 47' 38": and in like manner, the angles C°, D°, 
and E° are found to be as they are stated in Table I V; the wedges 
being constructed according to these angles will give the follow¬ 
ing results : the angle LMT = 90° -f- = 105°; MNR = 90® 

38° 48' : = 128° 48' = 90 -f- V*; N O W = 90° -h* 53° 16' 
= 143° 16' = 90 -|- V c , and so on. From hence we obtain the 
lengths of the lines TR, M N. When the area RNTM is equal 
to the area T t M m = A. Let the perpendicular distance V L 
= r = 2 feet; and suppose the radius = 5 feet, then the angle 
TO t being = 30°, T£ = 2.679492, and Mm = 1.607695, and the 


area of the section A = 2.679492 + 1.607695 x ^- = 4.287187 


= A. Cotang. 105° — cotang. 128° 48' by theTables = .5360714 
= D; wherefore the line TR = ~ ~ T 7 ~ D = anc ^ M N 


2 A - r 1 D 


= 1.607522. 


The dimensions of the sections C, D, 
the same rule, and are as underneath. 


&c. are determined from 


Sections. 

Lengths of the upper 
Surfaces. 

Lengths of the 

Bases. 

Oblique Lines, or Secants. 

A 

T t = 2.679492 

*0 

5 

6 

VL = 2. 

B 

TR =: 2.679665 

MN = 1.607522 

T M = 2.0705524. 

C 

RW = 2.679548 

NO = 1.607639 

RN = 2.5662808 

D 

WP = 2.679077 

OP = 1.608110 

w O = 3.3439700 

E 

P X = 2.680363 

PY — i .606824 

P Q = 4.2508096 


According to the geometrical construction for adjusting the 

F 2 
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equilibrium of an arch by the angles between the sides of the sec¬ 
tions or wedges, the architect will be enabled to distribute the mass 
of materials, whether they consist of stone or iron, of which the 
arch is intended to consist, among the sections, in any propor¬ 
tion that may best contribute to strengthen and embellish the 
entire fabric, establishing the equilibrium of the arch at the same 
time. This principle of construction would be of use, more par¬ 
ticularly where circumstances may require that the equilibrium 
should be adjusted with great exactness. Supposing that accord¬ 
ing to the plan of the structure, the angles of the sections are 
equal to each other; if the mass or weight which the adjustment 
of the equilibrium allots to the sections near the abutments, 
should be diffused over too great a base; or may be, for other 
reasons, independent of any consideration of equilibration, judged 
too weak to support the superincumbent weight with security, 
this inconvenience would be remedied by adding such a quantity 
of materials to the weaker sections, as may enable them to sup¬ 
port the weights or loads they are required to bear, and after¬ 
wards adjusting the angles of these sections, so as to form an 
arch of equilibration, according to the rules which have been 
given, (page 27). Or perhaps it might be expedient to arrange, 
in the first instance, the quantity of materials which ought to be 
allotted to the several sections of the entire arch, and afterwards 
to adjust the angle of each section, so as to form the equilibrium: 
suppose, for instance, the form of the arch be such as is repre¬ 
sented in the figure 1 6 : V A B C D, &c. is a circular arc drawn 
from the centre O and with the radius O V. Let the bases of the 
sections be terminated by the arcs A B, B C, CD, each of which 
subtends, at the centre O, an angle of i°. Through the points 
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A, B, C, D, &c. draw the indefinite lines A a, B b, Cc> perpen¬ 
dicular to the horizon, and suppose the masses or weights allotted 
to the sections would give a sufficient degree of strength to the 
entire structure, when the weight of the section contiguous to the 
abutment is three times the weight of the first section, and the 
intermediate weights are increased by equal differences, from 1 
to 3. If, therefore, the number of sections should be fixed at 49, 
so as to make the angle of the arch when viewed from the centre 
O = 49 0 , the weight of the highest or middle section being assumed 
equal to unity, the weight of the section B or B 6 = 1.083333, 
C c = 1.16666b, &c.; and finally the weight of the section next the 
abutment, or Z = 3 ; as they are stated in the Table No. V. in 
the column entitled, Weights of the Sections. Since, therefore, the 
angle A 0 is by the supposition = i°; the initial pressure, or 
= 57 - 2 9 6 49 = P- And because V' = 30', and b is the 

line denoting the weight of the section B = 1.083333, accord¬ 
ing to the rule for determining the angles of the sections, 

so as to form an arch of equilibration, * x°sin ~ v ' ; = tan ~ 

gent of i° 34' 58" = B°; which angle being added to 30' or V*, 
the sum will be = T 34' 50" = V 4 , or the inclination of the 
abutment to the vertical, of the section B; from whence we ob¬ 
tain the entire pressure on the next section = p x cos. B° + b 

X sin. V i = 57-31593 = <7. and ■' + * ^.n.v = tan g- 9 ' 54 "; 
therefore the angle of the third section C°= i° 9' 54", and so on. 
The angles of the sections D°, C°, and the corresponding angles 
of the abutments are entered in Table V. From the angles of 
the abutments determined by these calculations, the practical de- 
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lineation of the sections will be extremely.easy: having described 
the arc of a circle with any radius O V, and the several arcs A B, 
BC, CD, &c. being set off equal to i°, the positions of the suc¬ 
cessive, abutments which terminate the sections on each side will 
be found by taking the difference between the inclination of the 
abutment to the vertical, and the angle subtended by the semi¬ 
arc at the centre of the circle, if this difference be put = D, that 
is, to exemplify for the abutment F Y, if the difference of the 
angles V P F — V O F, or P F O be made = D; then the line 

OP = S | 1 shr ^ TpY F ’ : consequently the length of the line OP being 

ascertained, through P and F draw the line PF Y, which will be 
the position of the abutment on which the section F rests. And 
a similar construction will determine the positions of all the lines 
E X, D W, C O, &c.; when the sections form an arch of equili¬ 
bration according to the conditions given. By this rule the lines 
OT, OS, OR, &c. (Fig. 16.) are found, according to the fol¬ 
lowing Table, O V = O F being put = radius = 1000. 
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Sections. 

Distances from the Centre O. 

Sections. 

Distances from the 
Centre O. 

A 

00 = 0 

O 

= 338.00 

B 

OT= 52.651 

P 

= 351-10 

C 

O S = 90.009 

Q 

= 363 -17 

D 

OR = 123.22 

R 

= 374-12 

E 

00 = 153.38 

S 

= 383-21 

F 

0 p = 181.90 

T 

— 393-25 

G 

= 207.48 

U 

= 4 °i -33 

H 

= 230.95 

V 

= 408.62 

I 

= 252.44 

W 

= 415-13 

K 

= 273.36 

X 

= 420.78 

L 

= 290.93 

Y 

= 426.I5 

M 

= 3 ° 7-95 

Z 

= 4 2 9 - 9 ^ 

N 

= 3 2 3-53 




The Tables No. I. II. III. IV. V. subjoined to these pages, h^ve 
been calculated rigidly from the rules in pages 14 and 27; a 
column containing the weights of the semiarcs, or the weights 
ofyA-fB-f-C-fD, &c. has been added to each of the Tables, 
for the purpose of comparing them with the general rules for 
approximating to the correct values inserted in page 19. The 
calculations in the Tables are expressed to five or six places of 
figures, and the results of the approximate rule 5, which is S = Z 
x sin. V 2 , coincides with the correct values in the Tables to four 
or five places, including the integers; the calculations made from 
the other rules, which include the horizontal force, approximate 
to the true values the more nearly, as the angles of the sections 
are smaller; but in any, except very extreme cases, they are 
sufficiently correct for all practical purposes; which will make 
the use of these approximations preferable to the troublesome 
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calculations which are required for inferring the correct values 
from the original rules. 

That a judgment may be formed of the errors to which these 
approximate values are liable, the Table No. VI. is added, contain¬ 
ing the comparative results therein stated. 

The examples in the Table No. VI. have been taken from the 
Table No. II. in which the angles are calculated to the nearest 
second of a degree; and the numbers to be 6 or 7 places of figures: 
an exactness not necessary, except for the purpose of comparing 
the results arising from the different rules for computing. 
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Table No. I. 

Shewing the weights of the several sections or wedges which form 
an arch of equilibration, when the angle of each section is 5 0 ; 
and the weight of the highest or middle wedge is assumed = 1. 
Also shewing the pressures on the lowest surface of each section, 
considered as an abutment. 

The initial pressure = -~ s 3 o' = 11 -4 6s8 =P 

The lateral or horizontal pressure = 2 x t31 "’ 2 » $ — 11-4519 =p' 


Sections. 

Anglesofthe 

Sections. 

Angles of Inclina¬ 
tion to the vertical 
Line of the Surface, 
on which each Sec¬ 
tion rests. 

Weight of each 
Section. 

Pressure on each 
successive Wedge 
considered as an 
Abutment. 

Weights of the Semi- 
arcs, being the suc¬ 
cessive Sums of the 
Weights in the 4th Co¬ 
lumn, deducting from 
each Sum the Weight 
of £ A = . S . 

A 

0 

5 

0 

2 

3° 

1 . 

11.4628 

•5 

B 

5 

7 

3° 

1.0077 

11-5507 

1-5077 

C 

5 

12 

30 

1.0312 

11.7300 

2.5389 

D 

5 

17 

30 

I.O7I9 

12.0076 

3.6108 

E 

5 

22 

3° 

1.1328 

12.3954 

47436 

F 

5 

27 

3° 

1.2180 

12.9098 

5.9616 

G 

5 

3 3 

30 

1.3341 

1 3-5775 

7-2957 

H 

5 

37 

30 

I.4916 

14.4346 

8.7873 

I 

5 

42 

30 

1.7064 

15-5325 

io-4937 

K 

5 

47 

30 

2.OO38 

16.9508 

12-4975 

L 

5 

52 

3° 

2.4268 

18.8116 

14-9243 

M 

5 . 

57 

30 

3*°5 1 5 

21.3136 

17-9758 

N 

5 

62 

3° 

4-053° 

24.8284 

22.0288 

O 

5 

67 

30 

5-6547 

29.9582 

27.6835 

P 

5 

72 

30 

8.6830 

3 8 -i254 

36.3665 

g 

5 

77 

30 

153661 

52.9822 

51.7326 

R 

5 

82 

3o 

35-4777 

87-9547 

87.2 103 

S 

5 

87 

30 

i75-74 2 5 

263.1952 

262.9528 


G 
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Table No. II. 

Shewing the angles of the sections which form an arch of equili¬ 
bration, calculated from the given weights of the sections, in¬ 
cluding the weights of the columns built upon them, terminating 
in a right line parallel to the horizon; the weight of the first 
section, or ^ = 2 = w. 

The initial pressure =p = = 22.92558 

The horizontal force or pressure* = />' = - — , AQ = 22.903766 


Sections. 

Given Weights of 
the Sections. 

Angles of the 
Sections. 

Angles of Inclina¬ 
tion to the Verti¬ 
cal of the lower 
Surfaces of each 
Section, consider¬ 
ed as Abutments. 

Total Pressure on 
the Abutment, or 
on the Section next 
following. 

Weights of the Semi¬ 
arches, being the suc¬ 
cessive Sums of the 
Weights in the 2 d. 
Column, deducting 
from each Sum the 
Weight of g A. 

A 

2.00000 

500 

Of it 

2 30 O 

22.92558 

1.00000 

B 

2.76106 

6 49 3 1 

9 19 8 1 

23.21305 

3.76106 

C 

5-03844 

11 41 23 

21 0 54 

24 - 53 8 43 

8-79950 

D 

8.81484 

16 32 41 

37 33 S 6 

28.89592 

i 7 - 6 i 434 

E 

14.06148 

16 34 7 

54 7 43 

39.09063 

31.67582 

F 

20.73844 

12 15 55 

66 23 38 

57.19849 

52.41426 

G 

28 . 7949 s 

7 5 i 16 

74 14 54 

84-37357 

8l.209l8 

H 

38.16960 

4 53 24 

7 9 818 

121-55373 

119.37878 

I 

48.79112 

3 6 19 

82 14 37 

169.71989 

168.1699O 

K 

60.57864 

2 2 l6 i 

84 16 54 

229.88977 

228.74854 


* The invariable horizontal force, or pressure, is called, in the technical phrase, the 
drift or shoot of an arch. 
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Table No. III. 

Containing the angles of the several sections, with the angles between the 
vertical line and the abutments, calculated from their weights, when they 
are assumed equal to the weight of the first section, the angle of which is 
given = 5 0 ; the weight of the first section, or A = i. 

The initial pressure =--^ = 11.46279 

2 x sin. ^ A 

The horizontal force =-——= 11.4/5188 

2 x tang. \ A° ^ 


Sections. 

Angles of the 
Sections. 

Angles of Inclina¬ 
tion to the Vertical 
of the lower Sur¬ 
faces of each Sec¬ 
tion, considered as 
Abutments. 

Total Pressure on 
the Abutment, or 
on the Section next 
following. 

Weights of the 
Semiarches. 

A 

0 / // 

500 

0 1 0 

2 30 O 

II.46279 

.5COOO 

B 

4 57 4° 

7 2 7 40 

11.54977 

I.50000 

C 

4 5 1 10 

12 18 50 

II.72169 

2.50000 

D 

4 40 40 

16 59 40 

II.97492 

3.5OOOO 

E 

4 27 20 

21 27 0 

I2.30440 

4.500CO 

F 

4 12 10 

25 39 10 

12.70422 

5.50000 

G 

3 55 30 

29 34 40 

13.16809 

6.50000 

H 

3 3 8 4° 

33 13 20 

13.68938 

7 500OO 

I 

3 21 40 

3 6 35 0 

I4.26180 

8.50000 

K 

3 5 4° 

39 4° 40 

14.87946 

9.50000 

L 

2 50 20 

42 31 0 

I5-53 6 97 

IO.5OOOO 

M 

2 56 20 

45 7 20 

16.22973 

I I.5OOOO 

N 

2 23 20 

47 3° 4° 

16.95286 

I2.50000 

O 

2 11 20 

49 42 0 

17.70315 

13.50000 

P 

2 0 20 

5 1 42 30 

18.47722 

14.50000 

CL 

1 50 40 

53 33 1 ° 

19.29421 

15.50000 

R 

1 41 40 

55 H 5° 

20.10753 

16.50000 

S 

1 33 30 

56 48 20 

20.937I I 

I7.5OOOO 

T 

1 26 30 

58 14 50 

21.78074 

18.50000 

U 

1 20 0 

59 34 5° 

22.63742 

19.50000 

v 

1 14 0 

60 48 50 

23.50502 

20.5OOOO 

w 

1 8 50 

61 57 40 

24.38295 

2I.50000 

X 

1 4 0 

63 1 40 

25.27003 

22.50000 

Y 

0 59 40 

64 1 20 

26.16520 

23.50000 

Z 

0 55 40 

64 57 0 

27.06773 

24.50000 

A 

0520 

65 49 0 

27.97699 

25.50000 

B 

0 48 40 

66 37 40 

28.91436 

26.50000 

C 

0 45 40 

67 23 20 

29.83490 

27.50000 

D 

0 43 0 

68 6 20 

30.76038 

28.50000 

E 

0 4 ° 30 

68 46 50 

31.69023 

29.50000 

F 

0 38 10 

69 25 0 

32.62449 

30.50OCO 


G 2 
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Table No. IV. 

Shewing the angles of the sections, and the inclination of the 
abutments to the vertical line, calculated from the weights of 
the sections, when the angle of the first section is assumed 
= 30°, and the weight of each section is equal to the weight 
of the first section = xv = 1. 

The initial pressure p = — S Z:$ A° = 1 - 93 1 $ 5 z 
The horizontal force p' = 7 —= 1.866025 


Sections. 

Angles of the Sections. 

Angles of Inclination 
to the Vertical of the 
lower Surfaces of each 
Section, considered as 
Abutments. 

Total Pressure on 
the Abutments, or 
on the Section next 
following. 

Weights of the Semi¬ 
arches, deducting .5. 

A 

0 / u 

30 O 0 

0 i 11 

15 o 0 

1.931850 

.^OOOOO 

B 

23 47 38 

38 47 38 

2.394167 

1.500000 

C 

14 28 4 

53 *5 43 

3.119616 

2.5OOOOO 

D 

8 40 25 

61 56 8 

3966357 

3.5OOOOO 

E 

5 3 2 3 i 

67 28 39 

4.871542 

4.5OOOOO 

F 

3 46 33 

7 1 J 5 32 

5.807912 

5.5OOOOO 

G 

2 43 23 

73 58 56 

6.762509 

6.5OOOOO 

H 

2 2 46 

76 1 41 

7.7286 

7.5000 

I 

1 35 23 

77 37 4 

8.7024 

8.5OOO 

K 

1 16 8 

78 53 12 

9.6815 

9.5000 

L 

128 

79 55 21 

10.6645 

IO.5OOO 

M 

0 51 38 

80 46 59 

11.9504 

II.5OOO 
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Table No. V. 

Shewing the angles of 49 sections, forming an arch of equilibrium, calcu¬ 
lated from given weights of the sections, when the angle of the first 
section is 1 degree = A° ; and the weight thereof is denoted by unity, 
the weights of the successive sections increasing by equal differences from 
1 to 3, which is the weight of the 25th section of the semiarch Z. 

The initial pressure p = --j- — = 57.29649 
The horizontal force p' = —-^-j-ga = 57 - 2 943 2 


Sections. 

Weights of the 
Sections, 

Angles of the 
Sections. 

Angles of the 
Abutments. 

Pressure on the 
Section next fol¬ 
lowing. 

Weights of the 
Scmiarches. 

A 

1 .OOOOOO 

0 / * 

1 0 O 

0 t 11 

0 30 O 

57.29649 

.500000 

B 

1-083333 

I 4 58 

I 34 58 

57-31593 

1-583333 

C 

1.166666 

1 9 54 

2 44 51 

57.36002 

2.750OOO 

D 

1.2 5OOOO 

1 14 44 

3 59 36 

57-43352 

4.OOOOOO 

E 

1-333333 

1 19 28 

5 !9 4 

57.54176 

5-333333 

F 

1.416666 

1 24 3 

6 43 8 

57.6903° 

6.750000 

G 

1.500000 

1 28 28 

8 11 37 

57.88512 

8.250000 

H 

I -583333 

1 32 41 

9 44 18 

58.13 190 

9-833333 

I 

1.666666 

1 36 35 

11 20 53 

58.43571 

11.500000 

K 

1.750000 

1 40 19 

13 1 13 

58.80511 

13.250000 

L 

1-833333 

1 43 39 

! 4 44 52 

. 59.24522 

i 5- o8 3333 

M 

1.916666 

1 46 38 

16 31 30 

59.76187 

17.000000 

N 

2.0000C0 

1 49 13 

18 20 44 

60.36220 

19.000000 

O 

2.083333 

1 51 22 

20 12 6 

61.04895 

21-083333 

P 

2.166666 

1 53 4 

22 5 10 

61.83064 

23.250000 

a. 

2.250000 

1 54 18 

23 59 29 

62.71133 

25.500000 

R 

2-333333 

1 55 4 

25 54 33 

63.69574 

27-833333 

S 

2.416666 

1 55 21 

27 49 55 

64.78815 

30.250000 

T 

2.500000 

1 55 11 

29 45 7 

65.99240 

32.750000 

U 

2-583333 

1 54 33 

3 i 39 4 i 

67.31184 

35-333333 

V 

2.666666 

1 53 31 

33 33 12 

68.74902 

38.000000 

W 

2.750000 

1 52 4 

35 25 17 

70.30633 

40.750000 

X 

2-8 33333 

1 50 16 

37 15 33 

71.98551 

43-583333 

Y 

2.916666 

1 48 10 

39 3 44 

73.78788 

46.500000 

Z 

3.000000 

1 45 4 6 

40 49 31 

75.71422 

49.500000 
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Table No. VI. 

For comparing the pressures on the abutments, the weights of the semi- 
arches, and the invariable horizontal or lateral force, calculated from the 
direct rules in the pages 13 and 27; with the pressures on the abutments, 
weights on the semiarches, and horizontal forces respectively, deduced 
by approximation, according to the general rules inserted in page 19. 

In this Table, the weight of the highest or middle section is equal to the 
number 2, and the angle of the said section is 5 0 ; the weights of the 
several sections as they are stated in the Table II. By the approximate 
Rule I, the initial pressure/) = 2 x si * i£o = 22.92358. By the ap¬ 
proximate Rule II, the horizontal force/) 7 = - - y t ^ nir — = 22.90377. 
S is the weight of the semiarch, and Z is the pressure on the abutment, 
the inclination of which to the vertical is = V*. 


Sections. 

Angles of the 
Abutments, or 
V*. 

Rule III. 

Pressures on the Abutments. 

Rule IV. 

Weights of the Semiarches. 

Values of the 
Pressures Z, 
entered in the 
Table No. II. | 

Values of Z by 
the approximate 
Rule, Z — p' 
'X Sec. V-\ 

I 

Differences. 

Given Weights 
of the Semi¬ 
arches, entered 
in Table II. 

Weights by Ap¬ 
proximation 
s=/x Tang. 
V-. 

Differences. 

A 

O / u 

2 30 O 

22.92558 

22.92550 

.00008 

I.OOOOO 

I. 

• O 

B 

9 19 3 1 

2 3* 2i 3°5 

23.21052 

.OO253 

3.76106 

3.76107 

.OOOOI 

C 

21 0 55 

24 53 8 43 

24 - 5356 0 

.OO283 

8 . 7995 ° 

8 79896 

.OOO54 

D 

37 33 3 6 

28.89592 

28.89120 

.GO472 

i 7« 6l 434 

17.61204 

.00230 

E 

54 7 43 

39.09063 

39.08690 

•°°373 

3 1 ,67582 

3 1 -6735 1 

.C023I 

F 

66 23 38 

57 -r 9849 

57 ,I 95 8 ° 

.00269 

52.41426 

52.40850 

.00576 

G 

74 14 54 

84-37537 

84 - 37 180 

•°°357 

81.20918 

81.20260 

.00658 

H 

79 8 18 

121 -55373 

121.5479° 

.00583 

119.37878 

ir 9 -3697° 

.00908 

I 

82 14 37 

169.71989 

169.71090 

.00899 

168.16990 

168.15830 

.Oll6o 

K 

84 16 54 

229.88977 

229.88290 

.00687 

228.74854 

228.73900 

.OO954 
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Table No. VI. continued. 


Sections. 

Rule V. 

Weights of the Semiarches. 

Rule VI. 

Invariable horizontal Force. 

Given Weights 
of the Semi¬ 
arches, entered 
in Table II. 

Weights by Ap¬ 
proximation 

S = zX Sin. 
V*. 

Differences. 

Invariable hori¬ 
zontal Force 
_ 2 

2 X Tang. 2030 . 

Horizontal Force 
by Approxima¬ 
tion^ =zXCos. 
V—■ 

Differences, 

A 

I .OOOOO 

I. 

.OOOOO 

22.90377 

22.903H 

.00066 

B 

3.76106 

3 - 7 6i 47 

.OOO41 

22.90377 

22.90626 

.OO249 

C 

8.79950 

8.79990 

.00040 

22.90377 

22.90625 

.OO248 

D 

I 7- 6i 434 

I 7* 6l 473 

.OOO39 

22.90377 

22.90723 

.OO346 

E 

31.67582 

31.67647 

.OO065 

22.90377 

22.90592 

.00215 

F 

52.41426 

52.41092 

•00334 

22.90377 

22.90483 

.OOI06 

G 

8l.209l8 

81.20665 

.00253 

22.90377 

22.90514 

.OOI37 

H 

1 19.37878 

II 9 * 375 12 

.OO366 

22 90377 

22.90499 

.00122 

I 

168.1699O 

168.16712 

.OO278 

22.90377 

22.90514 

.OOI37 

K 

228.74854 

228.74630 

.00224 

22.90377 

22.90444 

.OO067 


N . -5. The rules for approximating to the weights of the semiarcs, pressures on 
the abutments, and the invariable horizontal force, when applied to the Tables I. 
III. IV. and V. will be found to give results for the most part as exact as in the 
above calculations, which are formed from the Table No. II. The conditions on 
which this Table is founded being rather more complicated than in the other Tables, 
it was considered, on this account, to be the most proper test for examining the 
correctness of the approximate rules. 


















APPENDIX; 


CONTAINING 

NOTES AND CORRECTIONS. 


Page 2 , Line I. 

j4fter —“ angular distance from the vertex,”— add measured by the 
inclination of the lowest surface to the vertical line* 


Page 11 , the three last Lines . 

The weights are supposed to have been adjusted by geometrical 
proportions, but not mechanically determined with exactness. 

Page 12 , Line 25 , and in several other Places. 

In all die numerical computations of sines, cosines, and other lines 
drawn in a circle, the radius thereof is assumed equal to unity. 


Page 17 , Line 4 . 

The semiarch is understood to be that part of any arch which is 
comprehended between the vertical line and an abutment on either side. 

Note , Page 18 , Line 15 . 

Fig. 5 . Let BOA = A 0 represent the angle of the highest or middle 
section, so that the angle VO A shall = i A °: through any point I 
in the line O A draw the line K I perpendicular to O A, and supposing 

the weight of the wedge to be = xu, let I K =- 70 . ■ or the initial 

° o 2 X Sin. I A°* 

pressure: resolve I K into two forces, namely, I O parallel, and D K 
perpendicular, to the horizon. By the similar triangles VO A, I D K, as 

H 





C 50 3 

I K : 1 D :: radius to the cosine of KI D or V 0 A : it will follow that 

1 D = Txsi zfr- = rr^rfW ' which is the measure of the inva - 

liable force, the direction of which is parallel to the horizon. 

Page 26 , Line 6, at the word “ Through.” 

As the point S has not been yet determined by geometrical construc¬ 
tion, instead of — u through the point S,” kc.— insert through any point 
B in the line I () draw the line B S perpendicular to the line G (), and 
equal in length to the given line B S, which represents the pressure on 
the section D: and through the point S draw the line S F perpendicular 
to the line F I, and through G, kc. 

Page 29 , Line 6, 

After — “ till the semiarc is augmented to about 5 5 °” — add (estimated 
by the inclination of the abutment to the vertical line). 


ERRATA. 

Page 7, line 18, for the line X P, read in the line X P. 
- -20, for Fig. i, read Fig. i and z, 

— . .. ii, -24 , for then, read thus. 

—— 11,-28, for direction, read directions. 

— 12,-11, for bissected, read bisected. 

-23, -22, for over, read upon. 

-24,-6 et alibi, for arc, read arch. 

-29, - 2 and 9, for weight, read weights. 

-30, -12, after terminated insert; 

_ 30, in the note, for weighes, read weights. 

-31, line 4, read V b — y° 27' 40". 

-32, -5, for 4 0 21', re. d 4 0 27'. 

- 33, -17? forTR — 2,679492, read 2.679665. 

-37, -19, for i° 34' 58% read i°4 58". 

-37, -20, for j° 34' 50", read i° 34' 58". 

-38,-10, for D F, read OF. 





1 51 3 

The angles entered in the Tables I. II. III. IV. and V. are expressed to seconds of a 
degree, in some cases to the nearest ten seconds of a degree. These results will probably 
be found on examination, in most cases, correct to the degree of exactness here stated. 
Some errors may be expected to occur in the course of the long and troublesome compu¬ 
tations which are required for forming these Tables. On a revisal, the undermentioned 
errata have been discovered, which the reader is requested to correct, together with any 
other which his own observation may have pointed out. 


Section 

Page 39. 

Section 

Table III. 

Page 43. 


c 

for 

90.009. read go. 127. 

D 

for 

16° 59 ' 4 °" 

, read 16 0 59' 30", 

D 

for 

123.22, read 124.26. 

P 

for 

51 42 30, 

read 51 

42 20. 

E 

for 

i 53-3 8 > read 154.03. 



Table IV. 

Page 44. 


K 

for 

273.36, read 272.48. 

C 

for 

53 ° 1 5 ' 43 "* 

read 53 

0 15' 42'. 

S 

for 

383,21, read 384.10. 

M 

for 

11 9504, 

read 11. 

6504. 


Table II. Page 42. 

C 

for 

Table V 
2 0 44 ' 5 i"> 

Page 45. 
read 2 C 

, 44 ' 5 2 ‘'- 

D 

/<»• 

37 33 36, read 37 33 35. 

D 

for 

3 59 36* 

read 3 

59 35 * 


The angles opposite the sections F, G, IC, &c. are affected by similar errors of i", which 
will appear by adding the angle of any section to the angle of the abutment preceding. 
The sum ought to be the angle of the abutment of the section. 


Printed by W. Bulmer and Co. 
Cleveland-row, St. James’s. 
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SUPPLEMENT TO A TRACT, 


ENTITLED 

A TREATISE ON THE CONSTRUCTION 
AND PROPERTIES OF ARCHES, 

PUBLISHED IN THE YEAR 1801; 

AND CONTAINING 

PROPOSITIONS FOR DETERMINING THE WEIGHTS OF THE 
SEVERAL SECTIONS WHICH CONSTITUTE AN ARCH, 

INFERRED FROM TIIE ANGLES. 

ALSO CONTAINING A 

DEMONSTRATION OF THE ANGLES OF THE SEVERAL SECTIONS, 
WHEN THEY ARE INFERRED FROM THE WEIGHTS THEREOF. 


TO WHICH IS ADDED, 

A DESCRIPTION OF ORIGINAL EXPERIMENTS TO VERIFY AND 
ILLUSTRATE THE PRINCIPLES IN THIS TREATISE. 

WITH 

OCCASIONAL REMARKS ON THE CONSTRUCTION OF AN IRON BRIDGE OF 
ONE ARCH, PROPOSED TO BE ERECTED OVER THE RIVER THAMES 
AT LONDON. 

PART II. 

BY THE AUTHOR OF THE FIRST PART. 


LONDON: 


PRINTED BY W. BULMER AND CO. CLEVELAND-ROW ; 

SOLD BY T. EGERTON, WHITEHALL; AND J. TAYLOR, AT THE 
ARCHITECTURAL LIBRARY, 59, HOLBORN. 

1804. 




PREFACE 


A plan for constructing an Iron Bridge of one arch, to be erected 
over the River Thames, designed by Messrs. Telford and Douglass, 
and proposed to the Committee of the House of Commons for the 
further Improvement of the Port of London, has excited consider¬ 
able attention, both from the novelty and magnitude of the design, 
and the evident advantages to navigation which would attend such 
a structure ; yet as some doubts arose respecting the practicability 
of erecting such an edifice, and the prudence of attempting it, the 
Committee judged it necessary for their own information, as well as 
to furnish the House with some grounds by which an opinion might 
be formed, to propose the following Queries, which were therefore 
transmitted, together with the engraved designs of Messrs. Telford 
and Douglass, and the explanatory drawings annexed, to such 
persons as were supposed to be most capable of affording them 
information. 

The following are the Queries that were drawn up and transmitted to the Persons 
whose Names are undermentioned. (See Page vi.) 

Q_U E R I E S. 

I. What parts of the arch are to be considered as wedges, which act on 
each other by gravity and pressure, and what part merely as weight, 
acting by its gravity only, similar to the walls and other loading com¬ 
monly erected on the arches of stone bridges; or does the whole act 

a 2 
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as one frame of iron, which cannot be destroyed but by crushing its 
parts ? 

Query II. Whether the strength of the arch is affected, and in what manner, by 
the proposed increase of its width towards the two extremities or abut¬ 
ments, when considered both vertically and horizontally; and if so, 
what form should the bridge gradually acquire ? 

III. In what proportion should the weight be distributed, from the centre 
to the abutments, to make the arch uniformly strong ? 

IV. What pressure will each part of the bridge receive, supposing it 
divided into any given number of equal sections, the weight of the middle 
section being known ; and on what part, and with what force, will the 
whole act upon the abutments } 

V. What additional weight will the whole bridge sustain, and what will 
be the effect of a given weight placed on any of the fore-mentioned 
sections ? 

VI. Supposing the bridge executed in the best manner, what horizontal 
force will it require, when applied to any particular part, to overturn it, 
or press it out of the vertical position ? 

VII. Supposing the span of the arch to remain the same, and to spring ten 
feet lower, what additional strength would it give to the bridge; or, 
making the strength the same, what saving may be made in the mate¬ 
rials ; or, if instead of a circular arch, as in the Print and Drawings, the 
bridge should be made in the form of an elliptical arch, what would be 
the difference in effect as to strength, duration, and expense ? 

VIII. Is it necessary or adviseable to have a model made of the proposed 
bridge, or any part of it, of cast iron ; if so, what are the objects to 
which the experiments should be directed, to the equilibration only, or 
to the cohesion of the several parts, or to both united, as they will occur 
in the iron work of the intended bridge ? 

IX. Of what size ought this model to be made, and in what relative 
proportion will experiments on the model bear to the bridge when 
executed ? 

X. By what means may ships be best directed in the middle stream, or 
prevented from driving to the side, and striking the arch ; and what is the 
probable consequence of such a stroke ? 

XI. The weight and lateral pressure of the bridge being given, can 
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abutments be made in the proposed situation, for London Bridge to resist 
that pressure ? 

Query XII. The weight of the whole iron work being given, can a centre or 
scaffolding be erected over the river, sufficient to carry the arch, without 
obstructing those vessels which at present navigate that part ? 

XIII. Whether would it be most adviseable to make the bridge of cast 
and wrought iron combined, or of cast iron only; and if of the latter, 
whether of the hard and white metal, or of soft grey metal, or of gun 
metal ? 

XIV. Of what dimensions ought the several members of the iron work to 
be made, to give the bridge sufficient strength ? 

XV. Can frames of iron be made sufficiently correct to compose an arch 
of the form and dimensions as shewn in the Drawings No. i and 2, so 
as to take an equal bearing in one frame, the several parts being con¬ 
nected by diagonal braces, and joined by iron cement, or other substance? 
N. B. The Plate XXIV. in the Supplement to the Third Report, is 
considered as No. 1. 

XVI. Instead of casting the ribs in frames of considerable length and 
breadth, as shewn in the Drawings No. 1 and 2, would it be more ad¬ 
viseable to cast each member of the ribs in separate pieces of considerable 
length, connecting them together with diagonal braces, both horizontally 
and vertically, as in No. 3. ? 

XVII. Can an iron cement be made that will become hard and durable ; 
or could liquid iron be poured into the joints ? 

XVIII. Would lead be better to use in the whole, or any part, of the 
joints ? 

XIX. Can any improvements be made upon the Plans, so as to render the 
bridge more substantial and durable, and less expensive; if so, what are 
those improvements ? 

XX. Upon considering the whole circumstance of the case, agreeably to 
the Resolutions of the Select Committee, as stated at the conclusion of 
their Third Report,* is it your opinion, that an arch of 600 feet span, 

* The Resolutions here referred to are as follow : 

That it is the opinion of this Committee, that it is essential to the improvement 
and accommodation of the Port of London, that London Bridge should be rebuilt, 
on such a construction as to permit a free passage, at all times of the tide, for ships 
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as expressed in the Drawings produced by Messrs. Telford and Douglass, 
on the same plane, with any improvements you may be so good as to 
point out, is practicable and adviseable, and capable of being rendered a 
durable edifice ? 

Query XXI. Does the Estimate communicated herewith, according to your judg¬ 
ment, greatly exceed, or fall short of, the probable expence of executing 
the Plan proposed, specifying the general grounds of your opinion ? 


After paying every attention to the subject which the importance 
of it demanded, it appeared for many reasons absolutely necessary, 
for furnishing satisfactory answers to the above Queries, to inves¬ 
tigate the properties of arches from their first principles. The 
substance of these properties is comprised in a Tract, entitled a 
Dissertation on the Construction and Properties of Arches, pub¬ 
lished in the year 1801 , and continued in the present Treatise, now 
offered to the Public as a Supplement to the former Tract. The 


of such a tonnage, at least, as the depth of the river would admit at present, be¬ 
tween London Bridge and Blackfriars Bridge. 

That it is the opinion of this Committee, that an iron bridge, having its centre 
arch not less than 65 feet high in the clear above high-water mark, will answer 
the intended purposes, with the greatest convenience, and at the least expense. 

That it is the opinion of this Committee, that the most convenient situation for 
the new bridge will be immediately above St. Saviour’s Church, and upon a line 
leading from thence to the Royal Exchange. * 

Answers by 

1. Dr. Maskelyne, 

2. Professor Robertson, 

3. Professor Playfair, 

4. Professor Robeson, 

5. Dr. Milner, 

6. Dr. Hutton, 

7. Mr. Atwood, 

8. Colonel Twiss, 

9. Mr. Jessop, 

* See the Report from the Select Committee upon the Improvement of the Port of 
London. 


10. Mr. Rennie, 

11. M. Watt, 

12. Mr. Southern, 

13. Mr. Reynolds, 

14. Mr. Wilkinson, 

15. Mr. Bage, 

16. General Bentham, 

17. Mr. Wilson. 
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reader will perceive that most of the propositions in these Dis¬ 
sertations are entirely new, and that they have been verified and 
confirmed, by new and satisfactory experiments, on Models con¬ 
structed in brass by Mr. Berge of Piccadilly, whose skill and 
exactness in executing works of this sort are well known to the 
Public. Considering the importance of the subject, and the di¬ 
versity of opinions which has prevailed respecting the construc¬ 
tion of arches, and the principles, on which they are founded, it 
seems requisite, that the final determination of the plan for erecting 
the bridge of one arch in question, should be subjected to a 
rigorous examination, in order to discover if any, and what, errors 
might be found in them. The best means of effecting this ap¬ 
pears to be by a publication, in which the propositions recom¬ 
mended for adoption being fairly stated, every person, who is of a 
different opinion, may have an opportunity of explaining his ideas 
on the subject, and of suggesting any different modes of construc¬ 
tion, that are judged to be less liable to objection. To persons 
interested in these inquiries, it may be satisfactory to be informed, 
that the properties of arches, which are comprised in this latter 
Tract, have been found, on a careful and minute examination, and 
comparison, in no instance inconsistent with those, which are the 
subject of investigation in Part the First, but rather appear to 
strengthen and confirm the theory before published, allowing for 
the differences in the initial force or pressure, expressed in page 2, 
and in Figs. 1 and 2, inserted in this Tract, representing the diffe¬ 
rent dispositions of the key-stones, from whence conclusions arise 
very different from each other, although all of them are strictly 
consistent with the laws of geometry and statics. It is particularly 
observable, that the deductions of the weights and pressures arising 
from a supposition of a single key-stone, do not exhibit conclusions 
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more secure from disunion. The effects therefore of similar or 
other impediments, such as may be supposed to take place in the 
construction of real bridges, will have * a much greater effect 
when they consist of iron braces and fastenings of various kinds ; 
by which all efforts to disunite the sections are immediately 
counteracted. 

The effects of this will be not only to prevent the separation of 
the sections by any casual force, tending to disunite them, but will 
likewise secure the edifice from the more silent, but not less destruc¬ 
tive assaults of time : for when the sections of an arch are not duly 
balanced, every heavy weight which passes over the road-way, 
even the motion of a lighter carriage, must create a tendency to 
separate the'sections by degrees, and at length entirely to disunite 
them; an evil to be remedied only by a requisite equilibration of 
parts of the bridge. 

On a review of the whole, whether the subject is considered theo¬ 
retically, as depending on the laws of motion, or practically, on the 
construction of models erected in strict conformity to the theory, 
it would seem difficult to suppose, that any principle for erecting 
a bridge of one arch would be adopted, that is very different from 
those, that have been the subject of the preceding pages: never¬ 
theless, as the most specious theories have been known to fail, when 
applied to practice, in consequence of very minute alterations in the 
conditions; and as it is scarcely possible to frame experiments ade¬ 
quate to the magnitude of the intended structure, the Author of this 
Treatise thinks it incumbent upon him to state freely the doubts 
which remain upon his mind, respecting the construction of the 
bridge intended; suggesting, at the same time, such ideas, as have 
occurred to him, which probably may contribute to remove or to 
explain those doubts; particularly by causing an arch to be erected, 
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the span of which is from 20 to 50 feet, the expense of which would 
be of little moment in the case of its success; and, on a supposi¬ 
tion, that the experiment should fail, the important consequences 
that would probably arise from the observation of such a fact 
would, in the opinion of many persons, amply compensate for 
its failure. A doubt occurred during the construction of the flat 
arch," whether the angles at the summit were most conveniently 
fixed at 2 ° 38 ' 0 ", or whether those angles should not subtend 5°, 
10°, 15°, or any other angles, which might better contribute to die 
strength and stability of the entire structure. Since the materials, 
of which the Models are formed, are of a soft and elastic nature, 
which yields in some degree to the force of pressure; this circum¬ 
stance, joined to that of making tiie angle subtended at the centre 
of the circle no greater than 2° 38 ' 0", prevents these sections from 
having much hold on the contiguous sections above them, and 
creates some difficulty and attention in adjusting the Model No. 2, - 
to an horizontal plane, suggesting the necessity of forming the 
angles of the first or highest sections at 5°, or some greater angle, 
by which the holdings would be more effectually secured; but it 
is to be remembered, that this source of imperfection could not 
exist if the sections were made of materials perfectly hard and 
unelastic; and the Model having been constructed as ah expe¬ 
riment, it seems proper that the angles of the first sections should 
be formed on the smallest allowable dimensions, in order to ob¬ 
serve more distinctly the advantages which would arise from 
making the angles larger in any subsequent experiment, if any 
should be approved of, previously to a final determination of the 
plan to be adopted for erecting the iron bridge. It is to be 

* The Model No. 2, so called to distinguish it from the Model No. i, in the form of 
a semicircular arch. 
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observed, that no imperfection of the kind which is here spoken of, 
takes place in the Model of the arch No. 2, after it has been care¬ 
fully erected: but a larger angle seems to be preferable for the 
angles of the first sections, from the difficulty which subsists, at 
present, in adjusting the Model of the arch No. 2, to the true 
horizontal plane, so much exceeding the trouble and attention in 
adjusting the Model No. 1. 

Many thanks and acknowledgments are due to Mr. Telford and 
several other engineers, who have had the goodness to favour the 
Author with their able advice and assistance, in answering such 
questions as he had occasion to propose to them, respecting the ori¬ 
ginal plan of this Treatise, and subsequently concerning the prac¬ 
tical experiments, accounts of which are contained in it. 


G. A. 


London , 

29th November , 1803. 
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DISSERTATION 

ON THE 

CONSTRUCTION AND PROPERTIES 
OF ARCHES. 

PART II. 


The sections or portions of wedges which constitute an arch may 
be disposed according to two several methods of construction, 
which are represented by Fig. i and Fig. 2 . In Fig. i the highest 
section, or key-stone, is bissected by the vertical plane VO, which 
divides the entire arch into two parts, similar and equal to each 
other. In Fig. 2 , two highest sections A, A, similar and equal to 
each other, are placed contiguous and in contact with the vertical 
line VO. The former plan of construction has been before the 
subject of investigation, in a tract on arches, and published in the 
year 1801 . It remains to consider the properties which result 
from disposing the sections according to the last-mentioned plan 
in Fig. 2 . 

The first material circumstance which occurs is the difference 
in the direction of the initial pressure, which in the former case, 
Fig. 1 , was inclined to the horizon in the direction EO perpendi¬ 
cular to AB; whereas, according to the latter disposition, Fig. 2 , 
of the key-stone, the initial pressure is parallel to the horizon in 
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the direction QR. In any arch of equilibration in which two equal 
and similar sections occupy the summit of the arch, the initial 
force or pressure is parallel to the horizon, and is to the weight 
of the first section as radius is to the tangent of the angle of that 
section. 

For let the two highest equal sections, A, A, be represented by 
Fig. 3 , when they form a portion of an arch of this description; 
let VrTtf represent one of these equal highest sections. Through 
any point 0, of the line VO, draw QP perpendicular to the line 
TO, QR parallel, and PR perpendicular, to the horizon ; then will 
the three forces, by which the wedge A is supported in equilibrio, 
be represented in quantity and direction, by the lines QP, OR, 
and PR; of which, QP denotes the pressure between the surface 
TO and the surface of the section B, which is contiguous to it. 
QR is the force which acts in a direction parallel to the horizon, 
and is counterbalanced by the reaction of the other section A, 
similar and equal to the former: and PR measures the weight of 
the section A. Because PQR is a right-angled triangle, the follow¬ 
ing proportion will be derived from it: as the horizontal force QR 
is to the weight of the section A, or PR, so is radius or QR to PR. 
The tangent of the angle PQR = VOT, which being equal to the 
angle contained by the sides Wv,a T of the wedge A, may be de¬ 
noted by A°: finally, if the weight of the section A be put equal 
to w, we shall have the horizontal force at the summit of the arch 
= - , = zv x cotang. A°, radius being = 1 ; from this deter¬ 

mination the following construction is derived: having given the 
several angles of the sections A°, B°, C°, D°, together with the 
weight of the first section A, to ascertain by geometrical con¬ 
struction, the weights of the successive sections B, C, D, &c. 
when the arch is balanced in equilibrio. A A, AB, BC, CD, &c. 
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represent the bases of the sections in Fig. 4 : through the points 
A, B, C, D, &c. draw the indefinite lines A a, B b, C c, D d, &c, 
perpendicular to the horizon; through any point X, in the line 
AF, draw the indefinite line XZ parallel to the horizon; let A a 
denote the weight of the section A; and through the point a 
draw a z } at right angles to AF ; and in the line XZ take a part 
XM, which shall be to the line A a as radius is to the tangent of 
the angle VOF or A°; so shall XM represent, in quantity ani 
direction, the pressure between the first section A and the vertical 
plane VO; or, when both semiarches are completed, the lineXM 
will represent the pressure between the contiguous vertical sur¬ 
faces of the two highest sections A, A. Through the point M 
draw MRV perpendicular to OF; and in this line produced, take 
MN = to za\ and make QW = to RN, which will be to radius, 
as radius is to the sine of VOA or A°. For because the line XM 
is to A a as radius is to the tangent of WO A or A 0 ; if the sin. 
of A° be put = s , and the cos. A° = c to radius 1 , this will give 

RM = —-- c * ; and because M N = za == A a % s, and RM 

= b±2 *.; RM -f MN or RN = _ VQ = ±£-, which 

quantity is to radius, as radius is to the sin. of VOA or A°: and VQ 
or RN = is the measure of the entire pressure on the abut¬ 
ment OF. 

To construct the weight of the section B, and the pressure on 
the next abutment OG, through the point O, draw KT perpendi¬ 
cular to GS, and from any point B, in the line BG, set off Bs = 
to VS : through the point z draw zb perpendicular to G b cutting 
off B 6 , which will be equal to the measure of the weight of the sec¬ 
tion B; from the point Q in the line KT produced set off QT = to 
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zb : also in the line KT, make Ks = to ST, then K£ or ST is the 
measure of the pressure on the abutment OG of the section C. On 
the same principles, the weights of the sections C and D, as well as 
of the sections following, are geometrically constructed, Cz being 
set off — WK, and Ds = to nl; from this construction, when 
completed, the general expressions for the weights of the sections 
are inferred, which are inserted in the 13 th and 14 th pages in the 
former tract, except that the initial pressure, arising from a diffe¬ 
rent disposition of the key-stone, represented in Figs. 1 and 2 , in 
consequence of which the initial pressure is p' = zv x cotang. A°, 
instead of p = —: in the former tract. 

1 2 xsm. i A° 

In this manner the weights of the several sections and pres¬ 
sures on the abutments, are found to be as underneath. 

Sect- Weights of the sections on the 

ions. vertical abutments. Pressures. 

p'—zv x cotang. A° 

A=w p = p'x cos. A° + />'x sin. A 0 x tang. V* 

B =p x sin. B® x sec. V* q —p x cos. B° -J- p x sin. B° x tang. V* 

C — q x sin. C° x sec. V r r = q x cos. C° + q x sin. C° x tang. V c 

D=rx sin. D° x sec. V l/ s = r x cos. D° -)- r x sin. D° x tang. V d 

E = s x sin. E° x sec. V" t = s x cos. E° -j- s x sin. E° x tang. V' 

When the angles of these sections are equal to each other, and 
consequently A° = B° = C° = D°; See. in this case, the angles of 
the abutments will be as follows, V a = A°, V*= 2 A 0 , V <r = 3 A°, 
and so on. 

On these conditions, the weight of each individual section, as 
well as the pressures on the corresponding abutments, and the 
weights of the semiarches, may be inferred by the elementary rules 
of trigonometry, from the general expressions above inserted. 

Weights of the sections, and the pressures on the corresponding 



abutments, when the angles of the sections are equal each, and 
= to A°, sin. of each angle = s, cos. = c , radius = 1. 


Pressures on the lowest surface of each section. 


Weights of the sections. 

P'= T 

- 

= cotang. A° 

A = 1. 

P=r* 

I 

c 

= cotang. A x sec. A 

p 1 

c 

I 

= cotang. A x sec. 2 A 

2C Z —I 

* <7 —T x 

2C Z — I ' 

r 

V — — x 

I 

= cotang. A x sec. 3 A 

2c z —i X4 c r —l 

* 7 s X 

4 C - 3 C 

p ~ 1 

c 

1 

= cotang. A x sec. 4 A 

4c 1 —3 X Sc 4 — Sc z 4-1 

S — ' X 
s 

8c 4 _8c 2 + 1 

F. — .. .. 1 

t — C X 

1 

= cotano* A x sec £rA 

lbc 4 —20C i +5 x 3 c 4 —Si 

c»+1 s x 

i6c s — 20c 3 -f- 5c 



Sums of the weights of the sections, or weights of the semi¬ 
arches, when the angles of the sections are equal to each other, 
and = to A°, sin. A° = s , cos. A° = c, radius = 1. 


Sums of the weights. 

A = 1.i . . = cotang. A x tang. A 

A + B. = —- ■ = cotang. A x tang. 2 A 

A -f B -f C . . . = = cotang. A x tang. 3A 

A+B+C+D . = = cotang. A x tang. 4A 

A + B + C+ D + E = = cotang. A x tang. 5A. 

When the angles of the sections, instead of being equal to each 
other, are of any given magnitude, the general demonstration of 
t he weights of the sections, when adjusted to equilibration, and 
the corresponding pressures on the abutments, will require further 
examination of the principles on which the construction is formed; 
with the aid of such geometrical propositions as are applicable to 
the subject. 

















C 6 ] 

To consider, first, the pressures on the successive abutments 
which are, according to the construction, OV, OF, OG, OH, &c. 
it is to be proved, that the pressure on the vertical abutment 
OV = cotang. A 0 : the pressure on the abutment OF = co¬ 
tang. A° x sec. A; the pressure on OG = cotang. A° x sec. 
A°+ B 9 ; and the pressure on OH = cotang. A° x sec. A°+ B°+ C°, 
and so on, according to the same law of progression ; radius being 
= 1, the weight of the first section being also assumed = i ; if 
the weight of the first section should be any other quantity w, the 
pressures inferred must be multiplied by w. 

The vertical line OV being parallel to the several lines A a, B b> 
C c, D d, &c. it appears that the angle zAa = FOV = A°, also zBb 
= GOV = A° + B°, zCc = HOV = A° + B° + C°, zDd = A 0 
+ B° + C° + D°, likewise the angle XMV = A°, VQK = B° # 
Ksl = C°, INn = D°, &c. 

From these data the following determinations are obtained; 
the entire pressure QV on the abutment OF, consists of two parts, 
namely, RM = the wedge pressure ; secondly, MN = za 3 which 
is that part of weight of the section A resting on the abutment 
FA, which is to the whole weight as za is to A a, or as the sine of 
the angle A° is to radius: the entire pressure therefore upon 
OF = RM -f MN: but MR = MX x cos. A, and MN = za 
x tang. A to radius zA = sin. A: the pressure, therefore, on 

t Aaxc. os. a A ■ * A Aa xcos. sin. 4 A 

the line OF = —*4— -f- Aa x sin. A = --i-- 

sin. A 1 iin. A 

= ~ Aa , : but - Ai \ ■ = cotanpf. A x sec. A; we have therefore ar- 
rived at the following determination : the entire pressure on the 
abutment OF = cotang. A 0 x sec. A, when the weight of the 
first section is assumed = l. 
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The pressure on the abutment OG, that is £K, is to be proved 
= cotang. A x sec. A° + B°. 

The pressure OV on the abutment preceding, or OF, has been 
shewn == cotang. A 0 x sec. A; but as the angle VQK = B°, it 
follows that QS == cotang. A° x sec. A° x cos. B°, and VS = co¬ 
tang. A x sec. A°x sin. B°; but b}^ the construction VS = Bz: there¬ 
fore Bz = cotang. A° x sec. A° x sin. B°: and because the angle 
zBb == A a -f B°, zb is to B z (cotang. A° x sec. A° x sin. B°) 
as tang. A 0 -f B° is to radius: the result is, that z b = cotang. 
A x sec. A x sin. B x tang. A° B°: and since SQ = cotang. A° 
x sec. A x cos. B°; it follows that the entire pressure on OG = SQ 
+ OT — KO == cotang. A° x sec. A° x cos. B° -f cotang. A x sec. 
A° x sin. B° x tang. A° -\- B°. The subsequent geometrical propo¬ 
sition will verify this construction, and prove at the same time, the 
relation, in general, of the successive secants of the angles which 
are proportional to the entire pressures on the successive corre¬ 
sponding abutments. 

Given any angle of an abutment A*, and the angle of the sec¬ 
tion B° next following, it is to be proved that sec. A 0 is to sec. 
A -f- B as i is to cos. B + sin. B x tang. A -j- B. That is, from 
the conditions given, 

Sec. A° x cos. B + sec. A° x sin. B° x tang. A 0 -f B° = sec. A + B 


From the elements of trigonometry, cos. B 4* sin. Bx tang. 

sin. A -f B cos. A-f B y cos. B-f sin. B xsin. A-f-B 


A -{- B = cos. B + sin. B x 


cos. A-f B ' 


cos. A-f B 


b —u ___ . t ] iere f ore cos 1 sin. B x tang. A 4- B 

cos. A-f B cos.A-fB ° 


- c : multiply both sides by sec. A, the result will be: sec. A 


xcos. B + sec. Ax sin. B xtang. A+ B = = sec. A+B, 

& 1 cos. A-f B 4 
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This proposition may be extended to ascertain, generally, the 
proportion of the successive secants in an arch of equilibration, by 
supposing an angle of an abutment M° to consist of the angles of 
several sections, such as A°, B°, C°, D°, E° = M°, if an additional 
section F° is next in order after E°; so that the whole arch may 
consist of sections, the sum of the angles of which = M° + F°, 
then it is to be proved that the secant of M°, is to the secant of 
M° + F°, as 1 to cos. F -f- sin. F° x tang. M° + F°, or sec. 
M° x cos. M° + sec - x sin. F° x tang. M° + F° = sec. 
M°+ P. 

By the elements of trigonometry, cos. F -f- sin. F x tang. M F 


= cos. F 4- sin. F x 

cos. M -f F 

or cos. F + sin. F x tang. M + F = 


sin. M -f F _ cos. F x cos. M -f F+ sin. F x sin. M + F 


cos. M F 


_ cos. M -j- F —r F_ cos. M 


cos. M -f F 


' cos. M t -f F* 


Multiply both sides of the equation by sec. M, the result will be 
sec. M x cos. F + sec. M x sin. F x tang. M + F = ■ 

= sec. M -j- E. 

Thus the relation of the successive secants of the angles be¬ 
tween the vertical line and the lowest surface of each section in 
any arch of equilibration is demonstrated, in general, and the 
measure of the pressures on the abutments proved to be equal to 
the weight of the first or highest section x cotang. A° x sec. of the 
angle of that abutment: and, in general, any sec. of an angle of an 
abutment is shewn to be to the sec. of the angle of an abutment next 
following, in the proportion as i is to cos. of the angle of the 
section -f sin. of the same angle x tang, of the sum of the angles 
from the summit of the arch to the abutment. 

The ensuing geometrical proposition is intended to investigate 
the weights of the individual.sections in an arch of equilibration : 
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also to infer the sums of the weights of the sections which fortn the 
respective semiarches. A, B, C, D, Fig. 6. is a circular arc drawn 
from the centre O and with the distance OA. The arc AB = A°, 
AC = B°, AD = C° ; AG is drawn a tangent to the circle at the 
point A; through the centre O and the points B, C, D draw the 
lines OBE, OCF, ODG: then the line AE will be a tangent to 
the arc AB, AF will be a tangent to the arc AC, and AG will be 
a tangent to the arc AD; through the points B, C, D draw the 
lines BH, Cl, DK perpendicular to the line OA ; then will BH 
be the sin. and OH the cos. of the arc AB = A 0 , Cl and OI the 
sin. and cos. of the arc AC = B° and DK = the sin. and OK the 
cos. of the arc AD = C° through C draw CM perpendicular to 
OE, so shall CM be the sin. of the arc CB. 

The following proposition is to be proved : the difference of the 
tangents of the arcs AC and AB, or the line FE, is to the line CM, 
or the sine of the difference of the same arcs, so is i to the rect¬ 
angle under the cosines of AB and AC, or OH x OI: the demonstra¬ 


tion follows, radius being = i ; the tangent of the arc AB = ^ 
and tang, of the arc AC = sm ‘ - ^ » ; therefore the difference of the 

o cos. AC 5 


tang, of AB and AC = 

& cos. AC 


sin. AB _sin. AC x cos. AB— sin. AB xcos. AC % 

cos. AB cos. AB x cos. AC 


but the sin. of AC x cos. AB — sin. AB x cos. AC = sin. AC — AB 


= the sin. of the difference of the same arcs = CM; therefore 
the difference of the tangents EF =--rr>; which equa- 

° cos. AB x cos. AC 1 


tion being resolved into an analogy, becomes the following pro¬ 
portion : as the difference of the tangents FE is to the sine of the 
difference of the arcs sin. AC — AB, so is radius 1 to the rectangle 
under the cosines OI and OH, which is the proposition to be 
proved. 


C 
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Since it has been shewn in the pages preceding, that the pres¬ 
sure on each abutment is w x cotang. A°x sec. of the angle of that 
abutment, the pressures on the several sections will be expressed 
as follows: 

Pressure on the vertical abutment VO = w x cotang. A° = w 
x p' sec. V°. 

Pressures on the lowest surface of each section. 

A p = w x cotang. A 0 x sec. V* 

B q =w x cotang. A 0 x sec. V* 

C r = zv x cotang. A° x sec. V c 

D 5 = w x cotang. A° x sec. V d 

&c. &c. 

Let CB be an arc which measures the angle of any section, so 
that OF may represent the secant of the angle AOF, and OE 
= the secant of the angle of the abutment AOE : the difference of 
the tangents FE = — ab^cos ac = s ^ n - x sec. of the angle 
AOB, x sec. of the angle AOC, or, according to the notation which 
has been adopted, the difference of the tangents FE == sin. B° x sec. 
of V a x sec. V*, radius being = 1. 

The weight of the section B, by page 6 , =p x sin. B° x sec. V*, 
but by the table in page above inserted, p =. iv x cotang. A 0 x sec. 
wherefore the weight of the section B = w x cotang. A 0 x sin. B° 
x sec. V* x sec. V*: on the same principles the weights of the several 
sections will be expressed as underneath. 

Sections. Weights. 

A —w * cotang. A 0 x sin. A 0 x sec. V° x sec. V* 

B = w x cotang. A 0 x sin. B° x sec. V* x sec. V* 

C = w x cotang. A° x sin. C° x sec. N b x sec. V c 
D = w x cotang. A° x sin. D° x sec. V c x sec. V d 
E w x cotang. A° x sin. E° x sec. N d x sec. V" 

F = w x cotang. A° x sin. F° x sec. V f x sec. V 
&c. . &c. 
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Because the lines Fig. 7. AE, EF, FG represent the weights of the 
several sections AB, BC, CD, the sum of those lines, or AG, will 
denote the sum of the weights of the sections A + B + C. And in 
general, if the angle of an abutment in an arch of equilibration 
should = V*, and the angle of the first section = A°, and its 
weight = zv, the sum of the weights of the sections when adjusted, 
will = w x cotang. A° x tang. V*. 

On this principle the weights of the sums of the successive sec¬ 
tions, or the weights of the semiarches, will be as they are stated 
underneath. 

Sums of the weights of the sections, or weights of the semiarches. 

A . . . . — w x cotang. A 0 x tang. V J zz w x cotang. A 0 X tang. A 

A-fB . . . w x cotang. A 0 x tang. V 4 = w x cotang. A* x tang. A -f B 
A-fB-{-C . ~wx cotang. A 0 x tang. V £ — w x cotang. A° x tang. A + B -f C 
A-f B-j-C-j-D = wx cotang. A° x tang. V“' — w x cotang. A° x tang. A -f B -f C -j- D 
&c. &c. &c. 

The method of fluxions affords an additional confirmation of this 
proposition: suppose an arch adjusted to equilibrium to be composed 
of innumerable sections, the angles of which are evanescent; to as¬ 
certain the weight of the sum of these evanescent sections included 
within a given angle from the summit of the arch to the lowest abut¬ 
ment V c ; since the angles of the sections are evanescent, the quan¬ 
tity V‘ = V‘ y : and for the same reason, the sin. of the angle D° will 
ultimately = D. Wherefore, the evanescent weight of the section 
D = rx sin. D x sec. V f =rxDx sec. V f . Let the tangent of the 
angle V f = x to radius 1; then the sec. of V c = \/ 1 -f x 1 ; and 
because V c = Y d , it follows that Y c x Y d =1 + x 1 \ the weight 
therefore of the evanescent section D —w x cotang. A°x D x 1 -f- .r*; 

C 2 
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which is the fluxion of the weight of the arch equal to the fluxion 
of the angle D° sec. 1 V r x w x cotang. A 0 . 

But the fluxion of an arc x into the square of its secant is known 
to be equal to the fluxion of the tangent of the same arc, when 
both quantities vanish together: therefore the integral or fluent, 
that is, the weight of the arch, will be equal to the tangent of the 
arc x into constant quantities; that is, the sum of the evanescent 
sections, or the weight of the entire arch, from the summit to the 
abutment — w x cotang. A x tang. V r . 

On the Model , No. 1 ,for veryfying the Construction of an Arch , in 
which the Weights of the Sections A, B, C, D, &c. are inferred 
from the Angles given in the present Case = 5 0 each . 

Although the various properties of arches described in the 
preceding pages, respecting the weights and dimensions of the 
wedges, and their pressures against the abutments, require no fur¬ 
ther demonstration than what has been given in the preceding 
pages; yet, as it has been remarked, that philosophical truths, al¬ 
though demonstrable in theory, have often been found to fail when 
applied to practice; in order to remove every doubt of this sort, 
concerning the theory of arches, which is the subject of the 
preceding and present Dissertation, a model of an arch was con¬ 
structed according to the conditions in Table I. in which the angle 
of each section = 5 0 , the weight of the first section = 1, the 
weights of all other sections being in proportion to unity. This 
arch, like most arches which were erected previously to the 16th 
century, consists of two semiarches, similar and equal and resting 
against each other, in the middle of the curve, as described in 
figure 2: the summit of the arch is occupied by two equal wedges 
A, resting against each other when coincident with the 


I- i 

vertical plane VO; according to the construction of this propo¬ 
sition, the weight of the wedge A being assumed = 1, the weight 
of B appears to be 1.01542, and the weight of the wedge C 
= 1.04724. These weights being applied in the form of 
truncated wedges, supported upon immoveable abutments, sus¬ 
tain each other in exact equilibrium, although retained in their 
places by their weights and pressures only, and independently of 
any ties and fastenings which are usually applied in the case 
when the structure is intended for the purpose of sustaining 
superincumbent loads. The pressure between the two first sec¬ 
tions in a direction parallel to the horizon = p' = 11.24300, 
'the pressure against the lowest surface of the first section = p 
= 11.47371: the pressure on the lowest surface of the second 
section, or B = q = 11.60638: on the lowest surface of C, the 
pressure is = r = 11.83327. The intention of this model is not 
only to verify the properties of equilibrium of these wedges, acting 
on each other, but also to examine and prove the several pressures 
on the lowest surface of the sections to be in their due proportions, 
according to the theory here demonstrated. And it ought to be re¬ 
membered that these pressures being perpendicular to the surfaces 
impressed, the reaction is precisely equal and contrary; for this 
reason, each of the surfaces subject to this pressure will have the 
effect of an abutment immoveably fixed. 

The most satisfactory proof that the pressure on any abut¬ 
ment has been rightly assigned is, by removing the abutment and 
by applying the said force in a contrary direction; the equili¬ 
brium that is produced between forces acting under these circum¬ 
stances, it is a sufficient proof that the reaction of the abutment 
is precisely equal to the force impressed upon it in a contrary 
direction. 
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After the weights of the several wedges in an arch of equilibra¬ 
tion have been determined, in proportion to the weight of the first 
wedge A assumed to be = i, some difficulty occurs in forming 
each wedge of proper dimensions, so that their weights shall be 
correspondent to the conditions required. A wedge being a solid 
body consisting of length, breadth, and thickness, of which one 
dimension, namely, the thickness, or depth, remains alwaj^s the 
same; the weight of any wedge will be measured by the area 
or plane surface in each section, which is parallel to the arch; 
that is, if the thickness or «depth of any section K (Fig. 7.) be 
put = i~, the solid contents of the section K will be measured by 
the area KttS multiplied into 1^; put the angle SOT =5°, the 
sin. of 2 0 30' o" = s , cos. 2 0 30' o" = c; also let Ot = x; then we 
find, by the principles of trigonometry, that the area Ott = x*sc, 
and the area OTS = r 1 sc, and the area TttS = x* sc — r z sc. 
Let the area corresponding to the weight of the section proposed 

= k, so that x~ — r*sc = k ; and x* = - + - - r : wherefore 

x = y/ —y c sc ; and T t or S t , the slant height of the section K 

= \/ —— - r. This being determined, the breadth of the 

section tt=z2sxot= 2 sx, making therefore the radius OV 
= 11.46281, with the centre O, and the distance OV = 11.46281, 
describe the circular arc VARC; and in this arc from V set oflf the 
several chords VA, AB, BC, &c. = 1 inch, in consequence of which 
the angles VOA = AOB = BOC, &c. & c. will be 3 0 each. The 
slant height and the breadth of each section will be computed by 
the preceding rules. 
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On the Model, No. 2, for illustrating and verifying the Principles of 
the Arch, zvhen the Angle of each Section, after the first Section 
A°, are inferred according to the Rule in Page 27 of former 
Tract , from the JVeights of the other Sections. 

In the propositions which have preceded, the several angles of 
the sections A°, B°, C°, D°, &c. have been considered as given 
quantities, from which the weights of the corresponding wedges 
have been inferred, both by geometrical construction and by cal¬ 
culation, when they form an arch of equilibration. The next 
inquiry is to investigate the magnitudes of the angles from having 
given the weights of the several sections ; but as the construction 
and demonstration would not in the least differ from that which 
has already appeared in page 27 of the former Tract on Arches, it 
may be sufficient in the present instance to refer to the former 
Tract, both for explaining the principles of the construction and 
the demonstration, inserting in this place only the result, which 
is comprised in the following rule. 

Having given A° the angle of the first section, and the weight 
b = 1 .25 of the section B next following, together with the angle 
at which the lower surface of A is inclined to the vertical, called 
the angle of the abutment of the section A, or V J , and the pressure 
on it =/;, to ascertain the magnitude of the angle B°, in an arch 
adjusted to equilibrium : in the proposition referred to it is proved, 
that on the conditions stated, tang. B°= ^ n \ * rac ^ us be- 

ing = 1. 

The model constructed to verify the principles of equilibration, 
consists of a circular arc drawn to a radius = 21.7598 inches. 
VA, AB, BC, &c. are chords = 1 inch each, and subtend at the 
centre of the circle angles of 2 0 38'o'': as the angle of the first 
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section A° =± 2° 38' o", the angle of the abutment, or the angle con¬ 
tained between the vertical and the lowest surface of the section 
A=V*=2*38'o": the pressure on the lowest surface of A °=p = — 

= 21.765553, and according to the rule inserted in page 12, 
tang. B° = 38 0 — q° 16' 29". Wherefore the angle of 

& p- J-1.25 xsin. 2°3b o o cf o 

the abutment contained between the lowest surface of B and the 
vertical line = A° + B° = 2 0 38' o" + 3 0 16' 29" = 5 0 54' 29" = V*. 
By the same rule, the angles of the successive sections C°, D°, E°, 
&c. &c. and the angles of the abutments corresponding, are com¬ 
puted as they are stated in the columns annexed, in page 17. 

Let the arch to be constructed be supposed such as requires 
for its strength and security, that the weight or mass of matter 
contained in the lowest section R, shall be five times the weight of 
the first or highest section A, and let the arch consist of thirty-four 
sections, seventeen on each side of the vertical plane: on these con¬ 
ditions, the weight of the successive sections will be as follows: 
A = i, B = 1.25, C = 1.50, D = 1.75, E= 2.00, F = 2.25, &c. 
as stated in Table IX : by assuming these weights for computing 
the several angles B°, C°, D°, &c. according to rule in page 12, 
they are found to be as in the ensuing columns, and the succes¬ 
sive sums of the angles are the angles of the corresponding abut¬ 
ments. By considering the drawing of this model, it is found to 
contain the conditions necessary for calculating the areas required 
for estimating the weights of the voussoirs. For the inclination of 
each abutment to the abutment next following, is equal to the 
angle of the section which rests on the abutment; thus, the in¬ 
clination of the lines It, Hi, is equal to the angle of the section 
I = Hz’ I; also the inclination of the lines H h, Gb, forms the angle 
of the section H = H/j G, and so on. 
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Model No. 2. 

Dimensions of an Arch of Equilibration : the Angle of the first 
Section, or A° = 2 0 38' o ", and the Angles of the other Sections , 
and the Angles of the Abutments, are as follow : 


Angles of the Sections. Angles of the Abutments. 


A° = 2 

CO 

0 

V‘= a 38 

0 

O 

B° = 3 

l6 

29 

V 4 = 5 54 

29 

C °=3 

52 

39 

v ‘ = 9 47 

8 

D° = 4 

24 

36 

= 14 11 

44 

E° — 4 

5 ° 

9 

V' = 19 1 

53 

F °=5 

7 

16 

V/=24 9 

9 

G °=5 

14 

41 

Vs = 0^ 23 

50 

H°= 5 

12 

H 

V' = 34 36 

4 

r = 5 

1 

8 

V' = 39 37 

12 

K° = 4 

43 

23 

V 4 = 44 20 

35 

L° = 4 

21 

27 

V 4 = 48 42 

0 

M° = 3 

57 

33 

V” = 52 39 

35 

N° = 3 

33 

26 

V’ = 56 13 

1 

0 ° = 3 

10 

21 

V* = 59 2 3 

22 

F = 2 

49 

0 

Vf = 62 12 

22 

Q° = 2 

29 

42 

V? = 64 42 

4 

R°= 2 

12 

3 1 

V' = 66 54 

35 


Geometrical Construction for drawing the Abutments, in the Model 
for illustrating Equilibrium of Arches, when the Magnitudes 
of the Angles are inferred from the Weights of the several 
Sections . 

VABC,&c. represents the portion of a circular arc, which is drawn 
from the centre O, with the distance OV: VIO (Fig. 8.) is a line 

D 
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drawn perpendicular to the horizon, dividing the entire arch into 
two parts, similar and equal to each other: the radius OV= 21.7598 
inchesfrom the point V, set off'the chord VA = 1 inch, and the 
chords AB, BC, CD = 1 inch each; the angle of the first section 
will therefore be = 2 0 38' o": for as one half : 1 : r the sin. of \ A°, 
or sin. i° 19', to radius, which is, consequently, = 21.759S inches : 
the semiarch V R consists of seventeen sections, the weights of 
which increase from 1 to 5, which is the weight of the lowest or 
last section; and from these conditions it is inferred, by the rule 
in page 15, that A 0 = 2 0 38' o", B° = 3 0 16' 29", C° = 3° 52' 39", 
&c. the successive sums of these angles, or the angles of the 
abutments, A° = 2 0 38' o" = V*, A 0 + B° = 5 0 54' 29" = V*, 
A + B + C = 9 0 47' 8" = V f , &c. as stated in Table IX. 

The direction of the line must next be ascertained, determining 
the position of the abutment on which either of the sections, for 
instance the section I, is sustained: from the point O draw the 
line OI: it is first to be observed, that the angle contained be¬ 
tween the line I and VO, or the angle VII = 39 0 37' 12"* 
according to the Table IX. and the angle VOI = 2 0 38' 0" x by 
9 = 2 3° 42' o": make therefore the following proportion: as 
the sine of 39 0 37' 12", is to the sine of VII —VOI = i5°55 / 12", 
so is radius QV, or 21.7598 inches to OI = 9 3597 inches ; this 
being determined, if a line i \t is drawn through the point I, the line 
so drawn will coincide with the abutment on which the lowest sur¬ 
face of the section I is sustained ; and by the same principle the 
directions of all the abutments are practically determined. Also 
it appears that the successive abutments I/, Hz, include be¬ 
tween them the angle Hz I, which is therefore equal to the angle 
of the section I; therefore to find the solid contents measured by 
the area of the section I, the triangle iss> being made isosceles 
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the area iss will be = 15 ; * from which if the area Iz H be 


subtracted, the remaining sum will be equal the area of the section 
I: put either of the lines is = x , then by the proposition which 

has been above mentioned, the area iss — IS ** n j J* s , anc j by t j ie 


/H x il X sin. H /I° 


conse- 


same proposition, the area Hz I = 

quently, i s being put = x, we shall have x -Hz x I i 

sin. 1 ° T « J , a 4 2 1 -f b\ x h H x sin. 1 ° , 

x —7— — 1, it appears that x = < —-—^ - , and conse¬ 


quently x = y/ : by the same rule the weights 

and dimensions of all the sections K, L, M, &c. are determined. 

By the principles stated in the preceding pages, the weight of 
either of the highest sections in any course of voussoirs, together 
with the angle of the said section, regulates the magnitude of the 
horizontal thrust or shoot, and the perpendicular pressure on the 
ultimate or lowest abutment and the direct pressure against the 
lowest surface of any abutment will depend on the cotang, of 
the angle of the highest section and the sec. of the angle of the 
abutment jointly. 


PROPOSITION. 

• The area contained in a right-lined triangle ABC, Fig. 10, is equal to the rectangle 
under any two sides x \ the sine of the included angle. 

Let the triangle be ABC; AB and AC the given sides, including the angle BAC, 
between them. 

Through either of the angles B draw BD perpendicular to the opposite base AC : by 
the elementary principles of geometry it appears, that the area of the triangle ABC — the 

AC X BD 

rectangle under the base AC, and half the perpendicular height BD, or- g -» « . But 

when BA is made radius, BD is the sine of the angle BAC: consequently, the line 

BAX sin. A« , , . ~ „ sin. CAB AC X AB sin. A® , . , 

BD z= —--; and the area ABC zn AC x AB X --—-- which 

2 t s 

is the proposition to be proved. 

t I, here, means the weight of the section T. 

D 2 
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In consequence of these properties, since each course of vous- 
soirs stands alone, independent of all the voussoirs above and 
beneath, the strength of an arch will be much augmented by the 
degree of support afforded to the voussoirs situated in the course 
immediately above, as well as to those underneath, which may be 
connected with the former. 

Moreover, the inconvenience is avoided which obviously belongs 
to the principles, that are sometimes adopted for explaining the 
nature of an arch, by which the whole pressure on the abutment 
is united in a horizontal line, contiguous to the impost; whereas 
the magnitude of the horizontal shoot, and the perpendicular 
pressure on the ultimate or lowest abutment has appeared by 
the preceding propositions to be proportioned to the weight of 
the highest section in the semiarch, and to the sec. of the angle 
of the abutment jointly; and consequently, the pressure on the 
different points of the abutment may be regulated according to 
any proportion that is required. 

Whatever, therefore, be the form intended to be given to the 
structure-supporting the road-way, and the weight superincumbent 
on an arch, no part of the edifice need to be encumbered by su¬ 
perfluous weight; on the contrary, such a structure, consisting of 
the main arch and the building erected on it, is consolidated by 
the principle of equilibrium, into one mass, in which every ounce 
of matter contributes to support itself, and the whole building. 

The equilibration r of arches being established by theory, and 
confirmed by experiment, it becomes a further object of experi¬ 
ment to ascertain, amongst the varieties of which the constructions 
of arches is capable, what mode of construction will be most ad¬ 
vantageous, in respect to firmness and stability, when applied to- 
any given case in practice. A simultaneous effort of pressure 
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combined with weight, by which the wedges are pressed from 
the external towards the internal parts of an arch, being the true 
principle of equilibration, the wedges by their form endeavour to 
occupy a smaller space in proportion as they approach more nearly 
to the internal parts of the curve. It has appeared by the obser¬ 
vations in page 29, Part I. that the bases of the sections may be of 
any lengths, in an arch of equilibration, provided their weights and 
angles of the wedges be in the proportions which the construction 
demands, observing only that if the lengths of the bases should 
be greatly increased, in respect to the depths, although, in geome¬ 
trical strictness, the properties of the wedge would equally subsist^ 
yet when applied to wedges formed of material substance, they 
would lose the powers and properties of that figure; this shews 
the necessity of preserving some proportion between the lengths 
of the bases and depths of the wedges, to be determined by prac¬ 
tical experience rather than by geometrical deduction. 

With this view, a further reference to experiment would be of 
use, to ascertain the heights of the sections or voussoirs, when the 
lengths of the bases are given, also when the angles B°, C®, D°, &c- 
are inferred from the weights of the sections considered as given 
quantities, to ascertain the alterations in the angles B°, C°, D°, Sc c. 
from the summit of the arch, which would be the consequence 
of varying the angle of the first section A 0 , so as to preserve the 
equilibrium of the arch unaltered: by referring to Table VI. we 
observe, that when the weights of the sections are equal to each 
other, or A = B = C = D, See. and the angle of the first section 
= 5°; then to form an arch of equilibration, the angle of the 
second section, or B° must = 4 0 55' 30", the angle of the third 
section C°= 4° 46' 53", Sic. And it becomes an object of expe¬ 
rimental examination how far the stability and firmness of an arch 
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will be affected by any alterations of this kind, and to judge 
whether in disposing a given weight or mass of matter (iron for 
instance) in the form of an arch, any advantage would be the 
consequence of constructing the sections so that the first section 
will subtend an angle of i°, 2°, 3 0 , 5 0 , or any other angle at the 
centre of the arch, all other circumstances being taken into ac¬ 
count. When the angle of the first section = 5 0 , and the weights 
of the successive sections = 1, the angles of the abutments will 
be severally V* = 5 0 o' o", V* = g° 55' 30", V c = 14? ^2' 23", and 
so on, as stated in Table VI. Bv referring likewise to Table VIII. 
we find the angle of the first section assumed = T, and the weight 
of each of the subsequent sections being = 1, the angles of B°, C°, 
&c. are severally B° = T4 *57", C° = T9' 51", D° = i° 1 4/ 39"; 
consequently, the angles of the abutments will be as follows : 
V* = i°, V* = 2 0 4' 57", V c = 3 0 14' 48", V* = 4 0 29' 28", &c. 
which give the dimensions of the sections when they form an arch 
of equilibration. 

It has been frequently observed, by writers on the subject of 
arches, that a thin and flexible chain, when it hangs freely and 
at rest, disposes itself in a form which coincides, when inverted, 
with the form of the strongest arch. But this proposition is with¬ 
out proof, and seems to rest on some fancied analogies arising 
from the properties of the catenary curve, rather than on the laws 
of geometry and statics, which are the bases of the deductions in 
the two Dissertations on Arches, contained in the preceding pages; 
if it should be proved that an arch built in the form of a catenary 
or other specific curve, acquires, in consequence of this form, a 
superior degree of strength and stability, such proof would super¬ 
cede the application of the properties demonstrated in these Dis¬ 
sertations. 
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Concerning the relative Positions of the Centres of the Abutments* 
and the Centre of the Circle . 

When the angle of an abutment is greater than the correspond¬ 
ing angle at the centre of the circle; in this case, the centre of the 
abutment falls above the centre of the circle, as in Fig. 9. When 
the angle of the abutment is less than the angle at the centre of 
the circle, the centre of the abutment falls beneath the centre of 
the circle, as represented in Fig. 9. When the angle of the abut¬ 
ment is equal to the angle at the centre, this case will coincide 
with that which is stated in pages 4 and 5 preceding, in which 
W = A 0 , V* = 2 A 0 , W = s A 0 , &c. V* = A°, V 7 = 2 A°, V* = A°, 
&c. &c. and consequently the centre of the abutment coincides 
with the centre of the circle.-f 

Further Observations on the Courses of Foussoirs. 

A, B, C, D, E,' &c. terminating the letter F, denote the sections 
which form the first course of voussoirs in a semiarch of equili¬ 
bration, of which A° is the first, or one of the highest, sections : 
if the weight of the section A be = tu, and the angle of the abut¬ 
ment VOF = V f . then it has appeared, by the preceding pages, 
that the pressure against the lowest or ultimate abutment = w 
x cotang. A x sec. V f . sdly. Let B° be the angle of the first 
section in the next course of voussoirs, terminated on each end 
by the letter L, and let y be the weight of the first section, the 

• The point in which any abutment intersects the vertical line is called, in these pages, 
the centre of that abutment. 

t Let VO be a line drawn through V, the middle point of the arch passing through the 
centre of the circle O; on this arc the angles of the section^ and tne angles of the abut¬ 
ments arc measured : p , the point whet, any al utment, for instance I, continued intersects 
the vertical vO, is called the centie of the abutment* 
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pressure on the last or ultimate abutment = x x cotang. B x sec. 
V c . Moreover, let £ be the weight of the first section C, in the 
third course of voussoirs, which is terminated by the letter P. It 
follows that the proportions of pressure on the ultimate abutment 
denoted by the letters F, L, P, will be w x cotang. A° x sec. V f + x 
x cotang. B° x sec. V c , and y x cotang. C °x sec. V f respectively, 
and according to these quantities, the respective pressures 011 the 
several parts of the abutment, will be regulated according to any 
law that may be required.* 

The principles of arches having been established according to 
the preceding theory, and confirmed by experiment, described in 
the experiments No. 1 and 2; in the first of these, the angles of 
each section are constructed = 5 0 , and the weight of the section A 
having been assumed = 1, the weights of the sections B°, C°, D°, 
&c. are inferred as stated in Table I. from the angles B°, C°, D°, 
&c. considered as given quantities. In No. 2, the angle of the 
first section is assumed = 2 0 38' o". The remaining angles are 
inferred from the given weights by the rule in page 15, A== 1.00, 
B == 1.25, C = 1.50, &c. to Z==5, which is the weight of the 
lowest or ultimate section. It has appeared in page 29, in the for¬ 
mer Tract, that whatever be the figure of the interior curve corres¬ 
ponding in an arch of equilibration, the bases of the sections which 
are disposed in this form may be of any lengths, provided the 
weights and the angles of the sections are in the proportions which 
the construction demands. 

CORRECTION OF THE ENGRAVING FIG. 6. 

• That the engraving of the ( Figure 5 may correspond with the text, the summit 
of the first course of voussoirs ought to be marked A, the first section of the second course 
should be marked B, and of the third the first section — C, and so on; this will make the 
text correspondent with the Figure 6. 


C 25 1 

A further reference to experiment would be of use in practical 
cases, to ascertain how far the strength and stability of an arch 
would be affected by altering the proportion between the lengths 
of the voussoirs and the heights thereof; for instance, when the 
lengths of the wedges are given to ascertain the alterations in 
the stability of the arch when the depths or heights of the 
sections are three, four, or five times the length. Let the fol¬ 
lowing case be also proposed ; the entire weight of an arch 
being supposed known, what part of this entire weight must 
the first section consist of, so as to impart the greatest degree 
of strength to the structure; also to decide whether the angle 
of the first section ought to be made i°, 5 0 , io°, &c. or of what 
ever magnitude would contribute to the same end. To these 
may be added the following cases to be discussed; when the 
angles of the several sections are inferred from the weights 
thereof, to investigate what must be the proportion of the said 
'weights, so as to make the arch uniformly strong throughout. 

FURTHER CONSIDERATIONS CONCERNING THE CON¬ 
STRUCTION OF THE MODELS No. 1 AND No. 2. 

Dimensions of a Model No. 1, of an Arch of Equilibration . Radius 
= OV = 11.46281, the Angle of each Section = 5 0 , the Chord 
of each Arch = £ = 1 Inch. (Fig. 7.) 

The first section is a brass solid, the base of which = KV = 1 
inch, and the sides Vv, Kk, or the slant height of the section A 
= .961, and the depth or thickness of each section = i-§- inch, 
the breadth of A or vk = 1.084. 

The weights of the sections, as they are calculated according 
to Table No. I, the first section being assumed as unity. 

E 
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Rule for making the brass voussoirs equal to the weights which are 
expressed in Table No. I. Let the sine = 30' o" = s, the cosine c 
when radius = 1; then making the radius = r, the area of the triangle 
vOk = ?•* x sc, and the area VOK = VO* sc; from whence Wv, or the 
slant height of the section A, when the weight = 1, is found to be 

~~~ — OV = .961, the breadth vk = 2 s x Ov = 1.084 = VzC\ Thus, 

b}^ the same rule, the slant height of the section B = — r = .9749, 

and the breadth ll = 1.084, in all the sections entered in Table I. are 
calculated. 


Model, No. I. 


Weights of the sec¬ 
tions as they are cal 
culated in Table 
No. 1. in the Tract 
on Arches, 


A 

B 

C 

D 

E 

F 

G 

H 

I 

K 

L 

M 

N 

O 

F 

Q 

R 


= !.09752 N;z = 
= 1.16972 Oo = 


Slant height of the 
sections. 


Breadth of the 
sections. 


Weights of the sections 
when made of brass, 
specifically heavier 
than water, in propor¬ 
tion 8 to i ; in ounces 
avoirdupois. 


= 1.00000 K£ = .96' 1 vk = 1.084A 
= 1.01542 hi = .974 'll =i.o85'B : 
1.04724 hhn = 1.004 mm — 1.087 ,C 

1.092 D 
1.097 E 

= 1.2692s Pp = 1.207 pp = 1.10.5 F 

1.116' G 


1.40427 

1 - 5875 41 
1.83910^ 

2 - i 9>75 
2.7OI96 1 
3.47366' U« 

4 7 1 j.|C:\VT{': 


O? 

Rr 
Ss 
T t 
,V 77 


: 6.80 luii 
: 1 1.^5371 
: 22.16552 
: 65.8171 


1.004 mm : 
1 .0501111 : 

1 . 11 600 Z 

1.207 PP : 
1.32997 : 

1 - 49 2 P' : 
1.713^ : 
2.0l6jtf : 
«- 444 f* = 

3.067 UU : 
4.O987CW : 

5 55 :yx 
8 - 279 \yy 


.1.130 


1.149 
1.176 
1.213L 
1.264 
1-357 
1.484O 
1.722 P 


M: 
N : 


Xx 

Y y 

Zz = 13.836122 =2.2070 = 
A a = 29.0569a = 5.534IR = 


7 *-7 


6 - 9444 

7 - ° 5 i 5 
7.2725 
7.6215 
8.1230 
8.814O 
97518 

1 1.024 
12.771 
15.220 
18.764 
24.12 2 

3 2 - 73 8 

47.860 

78.150 

153 - 9 2 

450.96 


Weights of the 
sections when 
made of brass, 
in lbs. avoii- 
dupois. 


0.43403 
0.44072 
o 45453 
0-47535 
0.50769 
0.55087 
0.60949 
0.69903 
0.79822 
0.95128 
1.17419 
1.50619 
2.04618 
2 - 9913 0 
488443 

9 62045 
28.57000 


Sums of the 
weights in lbs, 
avoirdupois. 


43403 

• 8 7475 

.32928 

.80564 

31333 

8642I 

4737 ° 

16274 

C.6006 

91224 

08643 

•59263 

.63882 

63012 

5 1 455 

13500 

.70500 
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On the Construction of the Model No. 2, in an Arch of Equilibration , 

in zubich the Angles of the several Sections are inferred from the 

JFeights thereof according to the Rule in Page 15. 

In this model the arc A, B, C, &c. is a portion of an arc of a 
circle : the first section A subtends an angle at the centre of the 
circle A° = 2° 38' o", the chord of which = 1 inch = to the chord 
of BC, CD, DE, &c. radius = OV = 21.7598 inches: the weight of 
the first section being assumed = 1, the weights of the sections B, 
C, D, &c. are considered as proportional to the weight of the first 
section when it is = 1; if the weight of the seventeenth section or 
R = 5, the weights of the intermediate sections will be B = 1.25, 
C = 1.50, D = 1.75, See. as stated in Table IX : and since A* 
the angle of the first section = 2*38' o", by applying the rule 
demonstrated in page 27 in former Dissertation, and referred 
to in page 15 of this Tract, the angles of the several sections 
are found to be A° = 2 0 38' o", B° = 3 0 16' 29", C° = 3* 52' 39", 
and the corresponding angles of the abutments, or successive 
sums of the angles of the sections, are 2 0 38' o" + 5° *6' 29" 
= 5 ° 54' 2 9 " = V A . Moreover, A 0 + B° C° = 9 0 47' 8' = V e , 
and thenceforward according to the same law of progression. The 
next object of inquiry is, to ascertain from what point I in the line 
OV the line Oil must be drawn, so as to coincide with the lowest 
surface of the section I, when inclined to the vertical at the given 
angle VII. The angle subtended by the semiarch VI at the centre 
O is measured by the angle IOI, and the difference of these angles, 
or VII — IOI = IIO. The radius 10 being denoted by the same 
letters which distinguish the line IO, the different meaning will be 
determined by the context. From the principles of trigonometry, 
the following proportion is inferred; as 10 : OI :: the sin. of IIO 

E2 


c 28 n 


to the sin, of Oil or VII; consequently, the line 10 = — - QI * . 

As an example, let it be required to ascertain the inclination of the 
abutment to the vertical, on which the section I is sustained when 
it forms a portion of an arch of equilibration, and the angle of the 
abutment VII = 39 0 37' 12": the angle VIO subtended by the 
semiarch VI at the centre of the circle = 23 0 42' o", which being 
subtracted from the angle of the abutment 39 0 37' 12", leaves the 
angle 101 = 15 0 55' 12, and the distance required from the centre, 

01 = OV x or because OV= 21.7598 inches, 01 = 9.35978 

inches ; making, therefore, the line OI = 9.35978 inches, through 
the points II draw the line I, I, t , which will be the position of 
the abutment on which the section I rests, the angle of which, 
V 1 ' = VII, is the inclination of the abutment V ; to the vertical: for 
the same reason VHH = the angle of the abutment V h = VHH, 
the difference of these two angles VII — VHH = G£H, or the 
angle of the section H°: making, therefore, the line Gb = a, H b = b , 
the properties of trigonometry give the area of the triangle G/jH 

— ab x E -~on the same principle, the area of the triangle 
H/I = Hil = Hz x I i x-^~ ; and thus the areas of all the triangles 
will be measured, from having given the sides of the triangles and 
the angles included between them. The sides of the triangles may 
be measured by a scale of equal parts, as stated in Table I. and in 
this manner the sides of all the triangles were correctly measured 
by Mr. Berge, so as not to err from the truth by more than an 
unit in the fourth decimal place. This measurement was essen¬ 
tial for computing the distance of the vertex from the base, so as 
to form the dimensions of the brass wedges, correctly and inde¬ 
pendently of their weights, in each triangle. For instance, /O 
being put = a and rR = b 3 this will give the area of the triangle 
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rQR =s= a b x —p-; and if the triangle raa is made isosceles, or 
ra = .r, the area of the triangle Raa — ? x R ° ‘ — the area 
> or if die difference of the areas is put = w, the re- 


b x a x sin. R® 


= w, or x = ra 


suit Will be _ the area 

wherefore Qa =V /E+Z^IEE 

sm. is v sin. R° 


= 28.5777 - rQ and Ra =x /^ - + 


sin. R° 


sin. R° 

■rR. 


Thus, by actual measurement, a — 23.9248 inches, and b = 

24.3056, and the area ab x ^ = 10.73670 = v /il±‘gig" 

— Or, and Ra = \ / * *. * 7 ’ n : .. R . 1 ’ . — ? R; the area raa 

x- ^ sm. R° 

= 1= 1 o-73^7°j or die area raa = 15.73670; the 

result is, that the area aa R 7 ) = 4 a<z — rOR = 5 square inches : 
and since every square inch of area is occupied by a weight of a 
section = 6.9444 oz. avoirdupois, we arrive at the following con¬ 
clusion, that the weight of the section R = 5 x 6.944,4, = 34 7223 

oz. avoirdupois. Because y/' 2 w + ~ '- = ra =28.57770, 
this determines both the greater and lesser sides of the section R; 
namely, the greater side being = ra — rQ =4.6529; and the 
lesser side being = ra — rR = 4.2721 inches; in this way, the 
Table is formed, shewing the greater and lesser sides of the several 
sections. 

According to this mode, the dimensions of all the brass wedges 
were formed; the investigation of the angles of the wedges from 
the weight thereof is the subject of investigation in page 27 of the 
First Part of the Tract, entitled a Dissertation on the Construction 
and Properties of Arches ; and it appears that if the angle of the 
first section is given = A°, together with the weight thereof = a. 
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assumed to be = 1, the weights of the other section B = b= 1 .25, 
the weight of C = c = 1.50, of D = d = 1.75, &c. The prin¬ 
ciple of equilibrium is established, by making the tang, of the 

b x cos. T J° 


angle 

p *f a X sin. A 


, also the tang, of the angle C° 


q + b X iin. £° 

as they are stated in Table IX. which contains the conditions, 
founded on supposing that the strength and security of the arch 
are such as require that whatever weight should be contained in 
the first section, the weight of the seventeenth section R shall be 
five times as great: making, therefore, the weight of A = 1, the 
weight of B = 1.25, and C = 1.50, and the weight of the seven¬ 
teenth section or R = 5, &c. Thus the angle of the first sec¬ 
tion A° being assumed = 2 0 38' o", and the initial pressure on 
the lowest surface of A = p = 21.76555, and the weight of 
the first section — a = 1 : from these data the following results 


are obtained: 


a x cos. V° 


, = 2 0 38' o" tang. B° 


b x cos. V a 


' p + b x sin. V- 


p + a X sin. V® 

= 3 ° l6 ' 2 9 " t an & c ° = At -IV = 3 ° 52 ' 39 "» &c - &c - accord- 
ing to the statement in Table IX. 


The Dimensions of the Sections , according to the Rule in Page 29. 


A 

Lesser Sides. 

= O.97827 

Greater Sides. 

0.97827 

Lesser Sides. 

K = 2.73734 

Greater Sides. 

3.12824 

B 

— I.20676 

1.21126 

L = 3.14849 

3-47 o6 9 

C 

= I.4I568 

1.44928 

M == 3.36S00 

3.71700 

D 

= 1^1833 

1 .<56693 

N = 3.64620 

4.01460 

E 

= I.81718 

1.90118 

0 =3.87463 

4- 2 547® 

F 

= 2.O0676 

2.13656 

P = 4.16762 

4.55142 

G 

= 2 . 20 C 8 o 

2.36920 

0 = 4.4376s 

4.82038 

K 

= 2.42850 

2.63910 

R — 4 27210 

4.65290 

I 

= 2.62584 

2.88134, 
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From the preceding observations, the following practical rules 
may be inferred for deducing, in general, the weights of the 
sections, the pressures on the lowest surfaces thereof, and the 
weights of the semiarches, from the conditions on which they 
depend: to give a few examples of each rule, are applied to the 
Tables subjoined to this Treatise: it appears from page 10, that 
the weight of any section is equal the product formed by multi¬ 
plying the weight of the first section, (assumed = w) into the 
cotang, of the first section, x into the sine of the angle of the 
given section x secant of the angle of the abutment of the pre¬ 
ceding section, x secant of the angle of the abutment of the sec¬ 
tion given: in this manner the weight of the section R in Table 
No. I. may be found: for w being = i, and the angle of the first 
section = 5 0 , the cotang, of 5 0 = 11.430052, and the angle of the 
section R = 5 0 , sin. 5 0 = *0871557: the angle of the abutment of 
the section preceding = V* =. So°, and the angle of the abutment 
of the section given V' = 85®: the result is, that the weight of the 
section R = 11.430052 x .0871557 x 575 8 77°5 x 11.4 737*3 
= 65.8171. By page 10 it also appears, that the pressure upon 
the lowest surface of any section R is equal to the product which 
arises from multiplying the weight of the first section x cotang, 
of the angle of the first section x by the secant of the angle of 
the abutment of the given section, which makes the pressure on 
the lowest surface of the section R = 11.430052 x 11*473713 
= 131.1450, agreeing with the number entered opposite to the 
section in the column entitled entire pressures. 

Lastly, the sum of the weight of the sections is found to be 
cotang. A°= 11.430052 x tang. 85° = 130.6401, when the weight 
of the first section is = 1, agreeing with the number entered in 
Table No. I. opposite S/*. By similar rules applied to the several 
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Tables II, III, IV, V, &c. the results will be found to correspond 
with those entered in the respective Tables* 

In the Table No. IV. the angles of the sections are taken indiscri¬ 
minately and at hazard; but the rules which have been exemplified 
above, in the former cases, will be no less applicable to the com¬ 
putation of the numbers in all the Tables. In the Table No. IV. 
the angle of the section O = 12 0 , the weight of the section O 
= 281.4682 ; to compare this with the rule; the weight ought to 
be = w x cotang. 5 x sin. 12° x sec. 7 6 x sec. 88° = 281.4682, as 
above stated: also by the rule in page 10, the pressure on the 
lowest surface of O = w % cotang. 5 0 x sec. 88®= 327.5108, cor¬ 
responding with the pressure, as stated in Table IV. Also in this 
Table the angle of the section P= i°, and the angle of the abut¬ 
ment = 89°, tlie angle of the abutment of the section O or 
V° = 88°, the other notation remaining as before, the weight of the 
section P = 327.5107, and the pressure on the lowest surface of 
P = 654.9206, the weight of the semiarch = w x cotang. 5° x 
tang. 89 = 654.8220, as entered in Table IV. The computations 
founded on these rules produce results in no case less correct 
than in the former instances. 

In No. VIII. the angle of the first section = 1*, and the angle 
of the section R°= T54' i8"42i; the angle of the abutment of 
the same section (R) = 26° i8 , 54".747: from these data, the rule 
above mentioned gives the weight of the section R = w x cotang. 
T x sin. i°54 / i8".4ai x sec. 24° 24' 36"3i6 x-sec. 26° 18' 54". 74 7 
— 2.33333, which is the correct weight of the section R, as en¬ 
tered in Table VIII. To find the weight of the section R in 
Table IX. according to this rule, the weight of the section R 
= cotang. 2 0 38' o" x sin. 2° 12' 31" x sec. 64° 42' 4" x sec. 
66°54/ 35" = 5.00000, as entered in Table IX. 
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It is needless to multiply examples to the computation of these 
Tables, the numbers in all cases being equally correct with those 
in the preceding instances, by which the rules for computing the 
Tables have been abundantly verified. 

Experiment for determining the horizontal Pressure in Model No. i. 

In considering the circular arch as completed, it is difficult, at 
first view, to ascertain the magnitude of pressure sustained by 
any of the surfaces on which the sections are supported. Both the 
theorists and practical architects have differed considerably con¬ 
cerning this point. From the preceding demonstrations, and the 
ensuing experiment, it appears, that the magnitude of pressure sus¬ 
tained by the vertical plane is to the weight of the first section as 
the cotang, of 5 0 is to radius; and the weight of the first section, or 
zv, having been found = .43403 parts of an avoirdupois lb. and the 
cotang, of 5 0 being — 11.430052 ; the result is, that the horizontal 
force or pressure = 43403 x 11.430052 = 4.961 lbs. avoirdupois, 
differing very little from 5 lbs. which, in this experiment, counter¬ 
balances the horizontal pressure. 

A second Experiment on the Model No. 1. 

If the brass collar is placed round the section C, so that the 
line cd may pass over the fixed pulley in the direction cd , the equi¬ 
librium weight in this case being = zv x cotang. 5 0 sec. 15 0 , or 
.43403 x 1 1 43°°52—5.1360 lbs. avoirdupois, being suspended 
at the extremity of the line, keeps the whole in equilibrio. 

Horizontal Force , by Experiment on Model No. 2. 

In this experiment all the sections on one side of the vertical 
line or plane being taken away, and a force ~ 11 lbs. weight is 
suspended at the extremity of the line cd passing over the pulley 
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x, ill a direction parallel to the horizon; after the Model and centre 
arch have been adjusted, as in the last experiment, when the 
centre arch is taken away, the remaining sections will be sustained 
in equilibrio. 

A second Experiment on the Model No. 2. 

The brass collar being placed round the section C, and a weight 
of 12^- lbs. is applied to act on the lowest surface of the section C, 
when the brass central arch is removed, all the sections in the re¬ 
maining half of the arch wil be sustained, without further depend- 
ance on the brass central arch. 

On the Experiments for illustrating the Propositions concerning the 
Pressures on the lowest Surface of each Section , and against the 
vertical Surface , in an Arch of Equilibration . 

In the Model No. 1, the angle of the first section A° = 5 0 , and 
it appears from the preceding propositions, that in this case, the 
horizontal force or shoot, as it is called, = w x cotang. 5 0 , in 
which expression zv is equal the weight of 1^ cubic inches of brass, 
the specific gravity of brass is to that of water in the proportion of 
about 8 to 1, and the weight of a cubic inch of water is very nearly 
= .57870 ounces avoirdupois ;* it will follow, that the weight of a 
cubic inch and half of brass will be .57870 x x 8 = 6.9444 
ounces, or 0.43402 parts of a pound avoirdupois.—If all the 
sections on one side of the arch are removed, and a force in a 
horizontal direction is applied, that is in a direction perpendicular 
to the vertical surface of the first section, the whole will be kept 

* By a decisive experiment of Mr. Cotes it appeared, that the weight of a cubic foot 
of pure rain water was exactly 1000 ounces avoirdupois; therefore, since the magnitude 

of a cubic foot ~ 1728 cubic inches, the weight of a cubic inch of rain water ~ 

— .57870 ounces avoirdupois. — Cotes’s Hydrostatics, p. 43. 
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in equilibrio by a force of 5 pounds avoirdupois, consisting of the 
equilibrium weight, which is 4.961 added to a friction weight, 
amounting to 0.039, being a weight exactly sufficient to counter¬ 
act the effects of friction, cohesion, and tenacity. 

Experiment for determining the horizontal Force or Pressure in the 
Model No. 2, in ivhich the Weight of the first Section — .43403 
Parts of an avoirdupois lb, and the Angle of the first Section 
= 2° 38'. 

If half the number of sections on one side of the arch in Model 
No. 2. are removed, and a force of 11 pounds weight, acting in a 
direction parallel to the horizon, is applied to sustain the other 
half of the arch, the whole will be kept in equilibrio by a weight 
of 9.437 added to a weight of 1.563, making altogether the weight 
of 11 pounds avoirdupois. 

On the general Proportion of the Pressures on the lozvest Surface 
of each Section in the Model No. 1, expressed in general by zv x 
Cotang. A 0 x Sec. V c . 

In the case of the pressure on the section C = zv x cotang. A 0 
x sec. V c : here zv = 0.43402 pounds; the angle of the abutment 
= 15 0 , the secant of which = 1.0352762, and the cotang, of 5* 
being = 11.430052, the pressure on the lowest surface of the 
section 0 = 5.1359, the equilibrium weight, when all the sections 
below the section C are removed, in the Model No. 1, and the 
weight of 5- pounds is applied against the lower surface of C, 
the friction weight being = 0.3641, when the brass central arch 
is removed, the whole will be sustained in equilibrio. 

Similar Experiment upon the Model No. 2 
The weight of zv, that is, the weight of the first section in 
Model No. 2, is the same with the weight of zv in Model No 1; 
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that is, zv = 6.9444 ounces, = 0.43402 pounds avoirdupois ; 
which is the weight of 14 cubic inch of brass; and, by the rule in 
page 10, the pressure on the lowest surface of C = w x cotang. 
2 0 38' o" x sec. V f = 9.5762.* If, therefore, all the sections below 
C are removed, and a weight of is-§- pounds is applied against the 
lowest surface of C, when the centre brass arch is taken away, the 
remaining arch will be sustained in equilibrio. 

By a similar experiment, the proper weight = w x cotang. A° 
x sec. V* applied in a direction against the lower surface of any 
other section Z, or perpendicular to it, would have the effect of 
sustaining it in equilibrio. 

It has been remarked, in the First Part of this Tract, (page 5.) 
that if the materials of which an arch is constructed were perfectly 
hard and rigid, so as not to be liable to any change in their form, 
and the abutments were removably fixed; an arch, when the 
sections have been adjusted to equilibration, although little de¬ 
viating from a right line, would be equally secure, in respect to 
equilibrium, with a semicircular or any other arch. This observa¬ 
tion applies in some degree to the construction of a rectilinear or 
fiat arch, according to a method employed by engineers, for trans¬ 
mitting water through the cavities of the several sections, each of 
which, when filled with water, will be nearly of the same weight; 
and for this reason it would be expedient to adopt the plan of 
construction which is numerically represented in Table VI. or one 
of the various other plans, in each of which the weights of each 
section are assumed — 1. 

Construction of a Rectilinear Arch . Fig. 11. 

COC represents a horizontal line, in which the lines OA, AB, 
BC, &c. are set off at equal distances from each other. From the 

’* w — .434027 cotang. 2 0 38' o' — 21.742569 sec. V' — 1.014763 w x cotang. A° 
X 9°47' 8' = 9.5762. 
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point O, considered as a centre, draw O a inclined to the line OV, 
at an angle of 5 0 : through the point O likewise draw Ob, inclined 
to OV, at the angle 9° 55'30"; also through the point O draw O c 
inclined to OV, at an angle = 14,° 42' 23"; and draw through the 
point A a parallel to O a, through B draw B6 parallel to Ob ; like¬ 
wise through C draw C c parallel to Or, &c. these lines, representing 
thin metallic plates, of which the angles are 5 0 ,4 0 ,55' 30", 4 0 4 6' 53, 
&c. respectively; and the sections OV, A a, B b, C c, dec. being formed 
of dimensions similar and equal to the sections on the other side;, 
that is, VO, aa, forming an angle of 5*; A a, B b, 4°55'3o"; and 
B6, Cc, an angle of 4° 46' 53", dec. the whole will constitute a recti¬ 
linear arch of equilibration, supporting itself in equilibrio by the 
help of small assistance from beneath, and admitting the water 
to pass freely through the cavities of the sections. 

The geometrical figures were drawn to a scale equal to the 
original Model; that is, the radius of Fig. 7. was 11,46*281 inches, 
and the radius of the Model No. 2. = 21.7538 inches; the engrav¬ 
ing of these drawings are in proportion to those numbers; that 
is, Fig. 7. and in the Fig. 8. in the proportion of 1 to 3. It may 
be added, that the Figure 9. was drawn to a radius =10 inches, 
which is engraved in proportion of ~, or to a radius = 5 inches. 

The radius = OV (Fig. 8.) in the original drawing is = 21.7598 
inches, and OO is, by Table X. = 9.2368, the difference of these 
quantities will be 12.5230 in the original drawing, or in the en¬ 
graved plate, equal to one-third part, which makes the line Vcj equal 
one-third of the tang, of the angle of the abutment, to a radius 
12.5230 = 8.831, scarcely differing from the figure in the en¬ 
graved plate. 

Fig. 9. is drawn to a radius of 10 inches, OV in the engraved 
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plate = 5 inches; which makes the line Ok = OV 
= 1.1642 whence the line Yk is equal to the tang, of 41 0 to' 51", 
when the radius 6.1642 = 5.3926, which is nearly the length in 
inches of the line Yk in the engraved plate. 


On the Use of Logarithms, applied to the Computation of the sub¬ 
joined Tables . 

Logarithms are useful in making computations on mathematical 
subjects, particularly those that require the multiplication or divi¬ 
sion of quantities, by which the troublesome operations of multi¬ 
plication and division are performed by corresponding additions 
and subtractions of logarithms only. By the preceding proposi¬ 
tions it appears, that the quantity most frequently occurring in these 
computations is the weight of the first section, represented by w , 
and the cotang, of the angle of the first section. In the Table No. I. 
(Model No. 1.) Fig. 11, the angle of the first section A° = 5°, 
and in Table No. IX. Model No. 2, Fig. 13, the angle of the first 
section A°= 2°38' o"; in the two Models which have been described, 
the weights of the first section in each Model are equal, each being 
the weight of a cubic inch and half of brass; the specific gravity 
of brass is to that of rain water in a proportion not very different 
from that of 8 to 1; sometimes a little exceeding, or sometimes a 
falling short of that proportion; on an average, therefore, the spe¬ 
cific gravity of brass may be taken to that of water as 8 to 1 : a 
cubic foot is equal in capacity 1728 cubic inches, and as a cubic 
foot of rain water has been found by experiment to weigh 1000 
ounces avoirdupois almost exactly, it is evident, that the weight of 
a cubic inch of brass, of average specific gravity, weighs nearly 
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8 x .57S70 = 4.62960 ounces, therefore cubic inch of brass, 
weighs 6.9444 ounces, = .434027 parts of an avoirdupois pound 
= w;* the logarithm of which, or L. w = 9.6375176. 

One of the most troublesome operations in the computation of 
the Tables subjoined, is to ascertain the weight of a single section, 
from having given the conditions on which the weight depends, 
which are as follows : The weight of one of the first or highest sec¬ 
tions of the semiarch; the angle of the given section, with the angle 
of the abutment thereof, together with the angle of the abutment 
of the section preceding: to exemplify this rule, let it be proposed 
to find the weight of the section P in an arch of equilibration, 
in Table No. I. the first section of which = 5 0 , the angle of the 
section given = 5 0 , the angle of the abutment of V* = 75 0 , the 
angle of the abutment preceding or V° = 70°. 


Computation for the weight 
in avoirdupois lbs. 


Computation for L. w. 


Log. w - = 9.6375176 

L. cotang. 5 0 = 1.0580482 

L. sin. 5 0 = 8.9402960 

L. sec. 75 0 — 0.5870038 

L. sec. 70 s = 0.4659483 


L °g-7^5=9-7634563 
L - 77 ; = 9-69897°° 

L. -L = 0.1760913 
L. w = 9.6375176 


L. weight of P— 0.6888139 

Weight of P = 4.8844 lbs. avoirdupois. 


4 I11 the Model No. 1. the dimensions of the first section of the semiarch are as follow; 
the base zr i inch, the slant heighton either side = .961, and the breadth — 1.084; which 
makes the area of the first section parallel to the plane of the arch := 1 square inch ; this 
multiplied into the depth or thickness, makes the solid contents of the first section — 1 
X 1 X ifi which is a cubic inch and half a cubic inch. 

In Model No. 2. the dimensions in the first section of the semiarch : the base, or the 
chord of 2 0 38'o", to a radius of 21.7598 — 1 inch, the slant height are as follows: the 
area of the first section parallel to the plane of the arch zr 1 square inch ; this multiplied 
into the deprh or thickness, which is i| inches, the solid contents of the first section be¬ 
comes — 1 x 1 X It, or the solid contents of the first section — 1 \ cubic inches zr .9782, 
and the breadth zz 1.04^9, which makes the solid contents of the section z: 1} cubic 
inches, the weight of which rz 4*3027 parts of an avoirdupois pound. 

G 
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By this means, another method of computing the weight of any 
section Pis obtained, by putting the sum of the weights of all the 
sections from the summit to the section P; that is, the sum of all 
the weights from A 0 to P° = S/>, and the sum of the weights of all 
the sections from A to O = So, the weight of the section P will 
be = Sp — So, for the rule in page 10, 

Computttion for Sp. Computation for So. 

Log. w - =9.6375176 Log. vo - 1=9.6375176 

L, cotang. 5°= 1.0580482 L.corang. 5°= 1.0580482 

L. tang. 75 0 2= 0.5719475 L. tang. 70° = o 4389341 

L. = 1.2675133 = 18.514 L. So — 1.1344999 So == 13-630 

Sp = 18.514 
So 2= 13.630 

Sp — So = weight of the section P = 4.884, as before determined. 

The computations of the dimensions (Fig. 7) of the brass sections 
in the Model No. 1. are much facilitated by the use of logarithms, 
particularly in finding the slant height Ot from the centre O 
of any section (K,) and the height of the section itself, or 
St = T t. 

Computation of the slant Height OT of the Section K. 

It is first necessary to ascertain the area of the surface OST 
comprehended between the radii OS, OT, and the chord ST. 

Since the radius OS = 11.46281 and the angle SOT = 5 0 , half 
SOT = 2 0 30' o", the 

Sin. of 2 0 30' o" or s = 8.6396796 Log. r = 1.0592910 

Cos. 2 30 o or c = 9-9995865 2 

L. sc = 8.6392661 L. r % = 2.1185820 

L. — = 1*3607339 L. sc = 8.6392661 


Log. of the area OST, or L. sc x r z = 0.7578481 
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The area OST 
The weight K 
K + r'sc 
L. K + r' sc 
L.- 


L. 


K + r 1 sc 


V SC 

O t 

Radius OS, or = r 


= 572595 
= 2-1917 5 

= 7-9177° 

= 0-8985990 

= *-3607339 

= 2.2593329 

= I.I296664 
= IS.47928 
= II.4628I 


Height of the section K = tt = 2.01647 


Similar Computation for the Section L. 

L. r*= 2.1185820 
L. 5c== 8.6392661 
= 0.7578481 

= 57 2 595 

= 2.70196 


Log. of the area OTV 
area OTV 

L 

L + r * sc 


'= 8.42791 
L. L + r z sc= 0.9257199 
■= 1 *3^°7339 


L. 


L. 


L -f r 4 sc 


L. 




L SC 

'L -f r 7 sc 

Ojv 
r 


Height of the section L — vv. 

G 2 


= 2.2864538 
= 1.1432269 

= 13-90679 

= 11.46281 
2-44398 
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For the Section M. 

L ./**=: 2.H8582O 
L. sc= 8.6392661 

Log. of the area OVU = 0.7578481 
area OVU = 5.72595 
M= S47S 66 

M + r 1 sc = 9.1996 1 
L. M + f sc = 0.9637694 
L-“= 1 • 3^07339 

L. —~—= 2.3245033 

L . yinz *— 1.1622516 
o u = 14.52953 

r = 11.46281 

Height of the section M = uu = 3.06673 

^ r y/zw + a 6 x Sin. L° 

Computation oj -• 

L. <2= 1.0827423 
L. 5 = 1.0941566 
L. sin. L°= 8.8806960 

L. ab x sin. L° = 1.0575949 
x sin. L° = 11.41812 
2 w = 7. 


L. 2W + x sin. L° = 18.41813 
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L. 2 w -f- ci b x sin. L° = 1.2652453 
L. sin. L°= 8.8806960 


L.v/ 

v/ 


2 w ah x sin. L° 
sin. 1 ,° 

2 w -f- a b x sin. L° 
sin. L° 

2 w -f ab X sin. L° 
sin. Lo 


= 2.3845493 
= 1.192274,6 

= 15-56949 


See page 19 and page 29, in which the computation is inserted 

c , 1 . • y/2 w -f a b X sin. R # 

of the quantity w = v' —-* 


Computation for M°. 

L. a — 1.1263101 
L. b= 1.1375598 
L. sin. M°= 8.8391355 


L. a 6 x sin. M 0 = 1.1030054 
ab x sin. M°= 12.67667 
2W= 7.5 

iw-j-^x sin. M° = 20.17667 
L. qzu -f ab x sin. M 0 == 1.3048496 
L. sin. M°= 8.8391355 


L. 


2 w ab x sin. M° 


sin. M° 


j /i w -f ab x c in. M° 

' V si. . : 




2 w + ub x s n. M° _ 

*sin. M° ' 


2.4657141 

1.2328570 

1 7-°945 
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Breadth of the Section L. 

Log. slant height from the centre = 1.1922561 

L. 2 = 0.3010300 
L. sin. i L° = 8.5799524 
Log. breadth of L° = 0.0732385 
Breadth of L° — 1.1836 
Breadth of L in the drawing = 1.1838 

2 error. 

Breadth of M. 

Log. slant height from the centre = 1.2328570 

L. 2 = 0.3010300 
L. sin. i M° = 8.5385170 
L. breadth of M° — 0.0724040 
Breadth of M°— 1.1814 
Breadth of M by the drawing = 1.1814 


Explanatory Notes on the Propositions in Pages 13 and 14 in the First Part 
of this Tract , in which A 0 = 5 0 , B° = 5°, — C° =• D°, &c. according to 
the Explanation in Page 12. The initial Pressure = A A ; , or putting 

zv = 1, the initial Pressure orp = i x cosecant 2 0 30' o". 

L. p = 1.0592904 L. p = 1.0592904 

L. cos. A 0 = 9.9983442 L. sin. A° = 8 9402960 

- L. tang. 2 0 30' o" = 8.6400931 

L./ x cos. A 0 — 1.0576346 - 

p x cos. A 0 =11.41917 L./ x sin. A 0 x tang. 2 0 30'0"=: 8.6396795 

V J x sin. 2°3o'o ,/ = .04362 p x sin. A° x tang. 2 30 o = .04362 

11.46279=/ 

It appears from this computation that p x sin. A* x tang. V a is equal a x sin. V*, when the 
weight of the first section, or a ~ i. 










C 47 1 


The Weight and Pressure on the lowest Surface of the Section B. 

L.p = 1.0592904 L.p = 1.0592904 

L. cos. B° = 99983442 L. sin. B° — 8.9402960 

-L. tang. V* = 9.1194291 

L. p x cos. B°= 1.0576346 - 

p X cos. B° = 11.41917 L./>X sin. B°xtang.V 3 == 9.1190155 

b x sin. V 6 = .13153 /> x sin. B°x tang.V*r= .13153 

*- p x cos. B° = i 1.41917 

11.5507c = q px cos. B 9 + p x - 

L. p 1.0592904 sin. B° x tang.V*=11.55070 
L. sin. B° = 8.9402960 
L. sec. V b =. 0.0037314 

L./xsin.B°xsec.V^ == 0.0033178 
/>xsin.B*xsec.V A = 1.0076 


ERRATA. 

Page 5, line 5, /or cotang. A x sec. A, read cotang. A° x sec. A 0 . 

-6, — 19, for that part of weight, read that part of the weight. 

-10, — 20, for p — w x cotang. A 0 x sec. read w x cotang. A° x sec. V*. 

- 14, — 12, for area Kfs, read TtIs. 

-14, — 17, for x 1 — r z sc=zk , read x z sc — r z sc ~k. 

-23, — 5, for Fig. 9, read Fig. 8. 

-24, — 1, for x x cotang. B, read y x cotang. B. 

- 24, — 5, for x X cotang. B*, read z x cotang. B°. 

-24, — 16, for in No. 2, read in the Model No. 2. 

-28, — 9, for OI, read OV. 

-28, — 12, for the point II, read through the points II. 

In Table No. IV. in the weight of the section I, insert 0.654983. 

In Table No. X. for OV 1 , read OV taken at 21.7598. 


Printed by W. Buhner and Co. 
Cleveland-row, St. Jaraci’*. 














Table No. I. 


Shewing the weights of the several sections or wedges which form 
an arch of equilibration, when the angle of each section is 5*; 
and the weight of the highest wedge is assumed = 1. Also 
shewing the pressures on the lowest surface of each section, 
considered as an abutment. 

The weights of the two first sections A in each semiarch = 1. 
The lateral or horizontal pressure = p' = i 1.430052, S d = the 
sum of the four successive weights = A-|-B4-C-|-D> & c . &c. 


(A 

O 

5" 

2 

Angles 
of Sec¬ 
tions. 

Angles of 
the Abut¬ 
ments. 

Weights of each 
Section. 

Weight* of the Semiarchc*. 

Entire Pressures on the 
lowest Surface of each 
Section. 

A 

5 ° 

V* 

5 ° 

1.00000 

S a = 1.000000 

11.47371 =p 

B 

5 

V* 

10 

1.01542 

S b = 2.035426 

11.60638 = q 

C 

5 

V f 

15 

I.O4724 

S € = 3.062673 

11 83327 =r 

D 

5 

V 2 

20 

I.O9752 

S d = 4.160196 

32.16360 = 5 

E 

5 

V' 

2 5 

I.16972 

S e = 5.329920 

12.6ll65 = t 

F 

5 

v/ 

30 

I.26922 

s / = 6599144 

1 3* 1 9^ 2 9 

G 

5 

V* 

35 

I.4O427 

Sg = 8.003420 

1 3-95351 = » 

H 

5 

V h 

40 

1-58754 

S b = 9.590060 

14.92087 = zv 

I 

5 

V' 

45 

1.83910 

S / = 11.43006 

16.16453 =x 

K 

5 

V* 

50 

2 -i9i75 

S k = 13.62181 

17.78200 —y 

L 

5 

V' 

55 

2.70196' 

S / = 16.32377 

19.92768 — z 

M 

5 

V" 

60 

3-47386 

Sw = 19 79743 

22.86010 = a 

N 

5 

V" 

65 

4-7144° 

S« = 24.51183 

27.04880 = b 

O 

5 

v° 

7 ° 

6.89199 

S 0 = 31.40382 

33 4 i 9 2 3 = c 

P 

5 

V' 

75 

11-2537 

S/> = 4 2 * 6 5753 

44.16234 = d 

Q 

5 

V? 

80 

22.1655 

S q = 64.82305 

65 82304 =* <? 

R 

5 

V'- 

*5 

65.8171 

Sr= 130.6401 

131.145° =/ 


\ 










Table No. II. 

In which the angles of the sections are inferred from the given weights thereof, by the rule demon¬ 
strated in page 27 of the First Part of this Tract, and proportional to the versed sines of a circle 
terminated by a horizontal line. The angle of the first section A° = 5°, and the initial pressure 
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Table No. III. 


In which the angles of the sections are i°, 2°, 3 0 , &c. making the 
angles of the abutments i°, 3 0 , 6°, 10°, for inferring the weights 
of the successive sections and the sums thereof, with the pres¬ 
sures on the lowest surface of each section, as computed from 
the general rules in page 15, as they are inserted in the 5th, 
6th, and 7th columns of this Table. 



Angles of 
the sec¬ 
tions. 

Angles between the 
lowest surface of 
each section and 
the vertical, or 
angles of the 
abutments 

Weights of the suc¬ 
cessive sections. 

Weights of the succes¬ 
sive scmiarches. 

Pressures on the abutments. 

A 

i° 

V* 

1 ° 

1.000000 

1.00000 

P = 57-29869 

B 

2 

V 5 

3 

2.0024,40 

3.OO244 

q = 57-36859 

C 

3 

V' 

6 

3.018978 

6.02141 

r = 57.60538 

D 

4 


10 

4.080347 

10.10176 

s = 58.17374 

E 

5 

V‘ 

15 

5-249031 

1 5 * 35°79 

* = 59 - 3 ! 090 

F 

6 

v/ 

21 

6.640753 

21 * 99 1 54 

v = 61.36580 

G 

7 

V* 

28 

8 - 47 0 ° 5 ° 

30.46159 

u = 64.88482 

H 

3 

V* 


11.16197 

41.62356 

IV z= 70.81421 

I 

9 

V' 

45 

1 5-66635 

57.28991 

x = 81.02014 

K 

10 

V* 

55 

24.52854 

si.81845 

y =99-88185 

L 

11 

V 7 

66 

46.85674 

128.6731 

~ = 140-8525 

M 

12 

V" 1 

78 

140.8525 

269.5276 

a — 275.5490 











Table No. IV. 


In this Table the angle of the first section A°= 5 0 , and the angles 
B°, C°, D°, &c. are assumed of any given magnitude, taken at 
hazard = 6°, 8*, 12 0 , &c. making the angles of the abutments 
= 5 0 , ii°, 19 0 , 31°, and p = 11.4737, & c * Th e hiitial pressure 
P'— 11 ? 43 °° 5 * 


en 

o' 

n 

Angles 
of the 
sections 

Angles contained 
between the lower 
•urfaccof each sec¬ 
tion and the verti¬ 
cal line. 

Weights of the sections. 

Weights of the semi- 
archcs, found by 
calculating from 
the values inserted 
in page 14 of the 
Dissertation on 
Arches. 

Entire pressures on the 
lower surface of each sec¬ 
tion, considered as an 
abutment, found by cal¬ 
culations from the values 
for the pressures inserted 
in page 14 of the Disser¬ 
tation on Arches. 

A 

5 ° 

V‘= 

a 

— 

1 .OOOOOO 

1.00000 

11.47371 =P 

B 

6 

V 4 = 11 

b 

= 

1.221776 

2.22177 

11.64392 =q 

C 

8 

V'=i 9 

c 

— 

i- 7 ’ 3 8 95 

393567 

12.08864 = r 

D 

12 

V d — 31 

d 

= 

2.^2 l80 

6.86785 

13-33465 =* 

E 

10 

V* = 4i 

e 

= 

3.068H7 

9-93596 

15.14492 =t 

F 

9 

V/= 5 o 

/ 

= 

3.6S380O 

13.62176 

1778193 = v 

G 

4 

V* = 54 

g 

= 

2.1 IO3OO 

15.73206 

1944585 = « 

H 

2 

V 4 = 56 

h 

= 

I.213626 

16.94569 

20 .44OI4 =W 

I 

1 

V' = 57 

i 


•654983 

17.60067 

20.98633 = X 

K 

7 

V* = 64 

k 


5 - s 343°3 

23.43498 

26.07373 =y 

L 

4 

V'=6'8 

l 


4.855258 

28.29023 

30.51193 = s 

M 

3 

V”= 71 

m 

= 

4.304875 

33 19511 

35.10776 =a 

N 

5 

V" = 76 

71 

= 

I2.64806 

45-84317 

47.24652 = b 

O 

12 

V* = 88 

0 


28I.4682 

3 2 7-3 11 3 

327.5108 =c 

P 

1 

V/=89 

P 

== 

327.5107 

654.8220 

6549206 =d 











Table V. 

Shewing the angles of the wedges in an arch of equilibration, in which the weights of the several sections are 
= 1, the angle of the first section = 15 0 ; the initial pressure parallel to the horizon p' = 3.73205, and the 
pressure on the lowest surface of the first section =p =2 3.86370. 
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Table No. VI. 

Shewing the angles of the several sections, in which the weight of each of the sections = 1, and 
the angle of the two highest sections = A°; in each semiarch = 5°, the initial horizontal 
pressure = cotang. 5°= 11.43005; and therefore the pressure on the lowest surface of the 
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Table No. VII. 


Containing the weights in an arch of equilibration, in which the 
angles of each section are = 2 0 30' o", the pressure on the lowest 
surface of each section ; the initial pressure parallel to the horizon 
= cotang. 2 0 30' = 22.90376 = />'; and the pressure on lowest 
surface of the first section = cosec. 2 0 30' = 22.92558. 


Sections 

Angles 
of the 
sections. 

Angles of the 
abutments. 

Weights of the 
sections. 

Sums of the weights of the 
sections. 

Pressures on the lowest 
surface of each section. 

A 

2 30 

V* = 2 30 

1.00000 

S a — 1.000000 

22.92558 =p 

B 

2 30 

v 4 = 5 0 

I.OO382 

S b = 2.003820 

22.99125 = ? 

C 

2 30 

lY' = 7 30 

1.01151 

Sc = 3.015331 

23.10140 = r 

D 

2 30 

= 10 0 

1.02322 

= 4.038552 

23-25714 = c 

E 

2 30 

V' = 12 30 

i-o 3909 

Sc = 5.077642 

23-45986 = t 

F 

2 30 

W = 15 0 

1.0594° 

S/ = 6.137047 

23.71172 = V 

G 

2 30 

Vs = 17 30 

1.09448 

Sg = 7.221530, 

24.01526 = u 

H 

2 30 

V /j — 20 O 

1.11476 

S/j = 8.336290 

24.37368 = w 

I 

2 30 

V' = 22 30 

1.15076 

Si = 9.487050 

24.7908 6 = a: 

K 

2 30 

V* = 25 0 

1.19315 

Sk = 10.68020 

25.27151 =jy 

L 

2 30 

V 7 = 27 30 

1.24374 

SI = 11.92394 

25.82129 = 2 

M 

2 30 

V ffi =30 0 

1.29956 

Sw = 13.22350 

26.44699 = a 

N 

2 30 

V‘ = 32 3 ° 

1.36780 

S11 = 14.59130 

27-15674 = ^ 

O 

2 30 

V’ = 35 0 

1.44608 

So = 16.03738 

27-96033 = c 

P 

2 30 

wt — 37 30 

1 - 5373 ° 

Sp = 17.57468 

28.86956 = d 

Q 

2 30 

V? = 4,0 0 

1.64386 

S q =19-21854 

29.89874 = e 

R 

2 30 

V r = 42 30 

1.76889 

Sr =20.98743 

31.06533 =/ 

S 

2 30 

v* = 45 0 

1.91634 

Sc =22.90377 

32.39081 =g 

T 

2 30 

V' = 47 30 

2.09130 

St =24.99507 

33.90187 = 5 

V 

2 30 

V" = 50 0 

2.30058 

Sv = 27.29565 

35-63193 = i 

u 

2 30 V“ =52 30 

2.55312 

Sii = 29.84877 

37-62355 = 5 

w 

2 30 V® = 55 0 

2.85112 

;Sw = 32.70989 

39-93149 = ^ 

X 

2 30 V* = 57 3° 

3.25182 

s-r =35-95171 

42.62755 = m 

Y 

2 30 

V> = bo 0 

3.71877 

Sy =39.67048 

45.80753 = n 

z 

2 30 

V* = 62 30 

4.32724 

= 43-99772 

49.60224 = 0 

A 

2 30 

v- = 65 0 

5-11958 

So =49.11730 

54.19492=^ 

B 

2 30 

V 4 = 67 30 

6 . 17727 

S b = 55-29457 

59.85041 = q 

C 

2 30 

V' — 70 0 

7.63300 

Sc =62.92757 

66.96511 = r 

D 

2 30 

V* 4 = 72 30 

9-71389 

S d = 72.64146 

74.11813 = s 

E 

2 30 

V’ = 75 O 

12.83654 

Sc = 85.47800 

88-49336 SB t 













Table No. VIII. 

Shewing the angles of fifty sections, forming an arch of equilibration, calculated from given weights 
of the sections when the angle of the first section is one degree 22 A 0 ; and the weight thereof is 
denoted by unity ; the weights of the successive sections encreasing by equal differences from i to 3, 
which is the weight of the twenty-fifth section = Z in each semiarch. The initial pressure parallel 
to the horizon p 22 cotang. A 0 = 57.28996 : the pressure on the lowest surface e-f the first section 
is ~ — 57.29868 cosecant A 0 . 


Sections. 

Weights 
of the 
sections. 

Tang, of the angles of the sections. 

i 

Angles of the 
sections. 

Angles of the abutments. 

Pressuies on the 
lowest surface of 
each section. 

£ 



a X cos. V° 

22 tang. A° 22 

10 q' 0* 

V a 22 

10 o' q , 11 

p 22 57.29S68 


a 


X sin. V° 




B 

b 22 

1^83333 

b X cos. V<j ~ 

22 tang. B° 2= 

i° 4 ' 57**457 

V* 22 

2 ° 4 ' 57"--457 

q 22 57.32782 


+ £ X sin. V* 2 

c 

c _ 

1.166666 

c X cos. V* 

1= tang. C° 2= 

i° 9'51 ",204 

V f 22 

3 0 14' 48",661 

r 22 57.38205 



y -f- c X sin. V* 


D 

d — 

1.250000 

d X cos. V‘ 

=2 tang. D° 

i°H' 39">795 

yd = 

4 0 29' 2S",456 

s = 57 4 66 39 



r d X s,n " V f 

£ 


1*333333 

< X cos. Vd 

— tang. E° — 

i° 19' 2i' / , 55 8 

V' 22 

5 0 48' 50L014 

t 22 57.58614 


C 

s -}- e X sin. yd 

F 

/ = 

1.416666 

/X cos. V* 

22: tang. F° 22 

i« 23’ 54",6 34 

V/22 

7 0 12' 44 tf ,648 

» = 57 - 74 6s 4 


t +/ x sin. V' 

G 

g ~ 

1.500000 

g X cos. V/ 

22 tang. G° 22 

1° 2 8' 16'C98 7 

V* 22 

8° 41 0 1^,638 

u - 57.95427 


v T § x s ' n - v/ 

H 

h — 

1 -S 83333 

A X cos. V£ 


i° 32' 26"»4i7 

v* = 

io° 13' 28",055 

w = 58.21435 


u + A X sin. V£ 


I 


1.666666 

1 x cos. yb 

— tang. 1° 22 

i° 36' 20", 6 46 

V' 22 

11° 49' 48",701 

x zz 58.53326 

1 _ 

w + i X sin. yb 

x 

k — 

1.750000 

k x cos. y> 

:zz tang. K° — 

i° 39 ' 57 "> 3 6 5 

V ; 22 

13 0 29' 46.",o66 

y 22 58.91692 



x 4 ~ k X sin V' 

£ 

l ~ 

1-833333 

/ X cos. yi 

22 tang. L° 22 

i° 43' 14"*297 

V' 22 

15 0 13' o", 3 6 3 

* = 59-37154 


y+t* sin. V* 

M 


1.916666 

771 X COS. V* 

22 tang. M° 22 

i° 4 6, 9"> 2 94 

V m 22 

i6° 59' 9",66 7 

a = 59 - 9 0 3 i 5 

m — 

^ 4“ m X cos. V/ 

N 


2.000000 

n X cos. Vm 

22 tang. IS 0 22 

1 0 48' 4o",404 

V" 22 

18 0 47' 50",071 

i 22: 60.51760 

11 ~ 

a 4* « X sin. V« 

O 


, 2 -o 83333 

0 X cos. V” 

— tang. 0° 22 

i° 5 o' 45", 9 54 

V o — 

20° 38' 36^,071 

C 32 61.22067 


0 

A 4 " 0 X sin. V n 

p 


2.166666 

p X cos V* 

— tang. P° 22 

i° 52' 24",611 

yp — 

22 0 31' O ff ,715 

d 22 62.01767 


P — 

c 4 "P X sin. V" 

CL 


2.250000 

q X cos. Vr 

22 tang. = 

i° 53 ' 35 'L 611 

V? 22 

24° 24' 3 6", 3 26 

e — 62.91365 

9 “ 

^ 4- 1 x sin. V,* 

R 


2-333333 

T X COS. Vj 

22 tang. R° 22 

i° 54' i8",42i 

v> __ 

26° i8 / 54", 7 47 

/ 22 63.91325 

r ~~ 

f 4 ~ r x sin. V7 


5 


2.416666 

s X cos. V r 

22 tang. S° — 

i° 54 ' 33 "»i 86 

V> 22 

28° 13' 2 7 \933 

O' 22 65.02070 


S — 

/ 4 - j X sin. V- 

T 

t 22 

2.5OOOOO 

t X cos. V 2 

22 tang. T° 22 

i° 54' 2o", 4 77 

V f 22 

30° f 48',410 

b ~ 66 23967 


£- 4 - t X sin. V J 

U 


2.583333 

a X cos V* 

22 tang. U° 22 

i° 53 ' 4^334 

v« — 

3 2 0 r 2/,744 

* = 6 7-57337 

U " 

A 4 - u X sin. V f 


y 


2.666666 

u X cos. V u 

22 tang. V° 22 

i° 52' 3 7">272 

VA — 

33 ° 54 * 7 V> 16 

£ ~ 69.02449 


v — 

i 4 ~ v X sin. V“ 


W 


2.750000 

tu X cos. Vv 

22 tang. W° 22 

i° 51* 1 0"> 121 

V w 22 

34 ° 45 ' 17^137 

1 — 70-59525 

W — 

k 4- w + sin. y* 


X 


2.833333 

x X cos. 

22 tang. X° 22 

1° 49' 2 2",000 

v- — 

37 ° 34 ' 39^ 1 37 

m = 72.28737 



/ 4 ~ * X sin. y w 


y 


2.916 666 

y X cos. y* 

22 tang. Y° 22 

i° 47 ' l 5"> 2 73 

V/ 22 

39 ° 21# 54 l, > 4 1 ° 

« 22 74.10210 


^ — 

m + ;y X sin - v * 

35 


3.000000 

z X cos. yy 

— tang. Z° 22 

i° 44 ' S 2 U 2 9 

| V* 22 

141° 6'46",839 

j t> 22 76.04024 


Z — 

• 4 “ z X sin, y> 
















































































Table No. IX. 


Containing the angles of thirty-four sections or wedges, constituting the model of an arch, No. 2, 
the weights of which increase regularly in each semiarch, from 1, which is assumed as the weight 
of the first section, to 5, which is the weight of the lowest or seventeenth section from the 
summit: the angle of the first section A° = 2 0 38' o", and B, C, D, &c. are inferred by the rule 
in page 15, from the weights of the said sections. The initial pressure parallel to the horizon 
= cotang. 2 0 38' = 21.7425 =p l : the pressure upon the lowest surface of the section A, co¬ 
secant A° = 21.76555 = p. 


ection*. 

Weights of 
the sections. 

Tang, of the tnglcs of the section*. 

Angles of the 
sections. 

Angles of the abutments. 

Pressures on the lowest 
surface of each section. 

k 


1.00 

a X COS. V° 

— tang A° — 

2 ° 38' O', 

V-= 2° 38' O'' 

p = 21.76555 



p‘ + a X sin. V“ 


5 

A _ 


6 X cos. V a 

— to mr — 

3 0 16' 29" 

V 4 = 5 ° 54 '29" 

g = 2I.85867 


1.-5 

p -f b X sin- &* 



1.50 

c X cos. V b 

= tang. C° — 

3 ° 5 2 ' 39 " 

V'= 9 ° 47 ' 8" 

r= 22.06356 

✓ 


q + c X sin. V s 


J _ 

17 5 

x cos.V f 

= tang. D° = 

4° 24' 36" 

V' = 14 0 11' 44" 

5 = 22.42739 


r d x sin. V c 




X cos. V J 

— tang E° — 

4 ° 50 ' 9 " 

V' = 19“ 1' 53" 

t =22.99972 

11 



5 4- e x sin. V 1 * 



/= 

O O 

f x cos. V f 

— tancr F° — 

5° 7' 16" 

3 

II 

to 

<0 

»=23 82853 

P 


* + / X sin. V e 



g = 

2.50 

g- x cos. W 

— fancr 0° — 

5 14 4 1 

Vf = 29 0 23' 50" 

* = 2 4 - 9559 ° 


t; -f g- x sin. V/ 

H 

h = 

2.75 

h x cos. V* 

= tang. H° —• 

5 0 12' 14" 

V' : = 34 ° 3 «' 4 " 

w= 26.41465 

w|Ax sin. Y» 

[ i = 

3 - 00 

i x cos. \ Th h 

— tancr 1° == 

5 ° 1' 8" 

V' = 39° 37' 12" 

x = 28.22645 

© -)- i X sin. V fe ^ 

K 

k = 

3- 2 5 

A X COS. V* 

= tang. K° = 

4 ° 43 ' 23" 

V* = 44 0 20' 35 " 

y = 30.40220 

x -f £ x sin. V' 

L 

1 = 

3 - 5 ° 

/ x cos. V i 

— tnncr T ° — 

/I 0 21 7 2 7 7/ 

V / =4S°42 / 2" 

~=32-9437^ 

y + / x sin. V* 

T 1 / 

M 

m = 

3-75 

m x cos. \ r/ 

— tnnp\ M° = 

3 ° 57 ' 33 " 

V"=52°39' 35" 

«= 3784656 

z -f- x sin. V' 

N 

n — 

4.00 

n x cos. 

— to n cr N° = 

3 ° 33 ' 26" 

V'=5tf 5 13' i" 

* = 39.10209 

a + n x sin. V"* 

D 



o X cos. V" 

— tang. O 0 — 

3 0 io' 21" 

V“ = 59 ’ 23 ' 22 " 

c =42.69992 

0 = 

4 

H«X sin. V” 


n 


4-50 

/> X COS. V* 

— tans:. P J = 

2 ° 49 ' 

= 62° 1 2 ; 2 2 7/ 

= 46.62917 

r 

P = 

c X sin. V s 



rv 


475 

q x cos. V'’ 

. — tnncr O 0 — 

2° 29 7 42 /7 

V?=6'4° 42' 4" 

e = 50.87939 

2 

7 = 

q + d X sin. W 0 ^ 

R 


5.00 

r X cos. V? 

— tang. R° = 

o° 12 ' cm" 

V'= 66 \ 54 ' 35 " 

/ = 55 - 44.104 

1 

r -f e X sin. V? 








































































Shewing the method of determining the points in the vertical line OV, from which lines being drawn to the several 
points B, C, D, E, &c. will determine the positions of the abutments on which the said sections are sustained: when 
the angle of the first section A° is assumed = e° 38', and the angles of the sections B°, C°, D\ &c. are inferred from 
the weights thereof. The distances OA, 013 , OC, See. being negative, shew that the numbers corresponding are to be 
subtracted from the radius OV. 
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NOUVELLE METHODE 

POUR LA RESOLUTION 
DES EQUATIONS NUMERIQUES 

DUN DEGRE QUELCONQUE 
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NOUVELLE METHODE 

POOR LA RESOLUTION 

des Equations numeriques 

D UN DEGRE QUELCONQUE; 


D’apres laquelle tout 7e ccilcul exige pour cetie Resolution 
se reduit a Vemploi des deux premieres regies de V Arith- 
metique: 


PAR F. D. BUDAN, D. M. P. 


« On pent regarder ce point comme Ie plus important de tonte 1 T Analyse. 

j> II conviendroit de donner dans l’Aritbmetiqne, les regies de la Resolution des 
» Equations numeriques, sauf h renvoyer k l’Algebre la demonstration de celles 
» qui de'pendent de la the’orie ge’nerale des Equations [ Traite de la Resolution 
j> des Equations numeriques de tous les degres , par J. L. Lagrange; Lecons 
» du meme auteur aux Ecoles normales ] ». 


A PARIS, 


Chez Courcier y Imprimeur-Libraire pour les Mathematiques, 
quai des Augustins, n° 5j. 


AN nee 1807. 








A L’EMPEREUR ET ROI. 


Sire, 


TANDIS que les Muses qui president h la Podsie 
et h. l’Eloquence s'empressent, a l’envi , d’offrir leurs 
tributs h Votre M ajeste, la Muse des Hautes Sciences 
pourroit-elle demeurer en retard ? Les Sciences et les 


Ar(s doivent surtout l’hommage de leurs ddcouvertes k 
un Prince qui joint au pouvoir de les proteger, 1’avan- 
tage d’etre , par ses vastes connoissances , un juste 
appreciateur de leurs progres. 

Vous le savez, SIRE , les inventions dans l’Analyse 
algebrique sont des phenomenes assez rares. Peut-etre 
aussi Votre Majeste jugera-t-elle que la Methode 
que j’ai eu le bonheur de decouvrir, n’est pas sans 
quelque utility. Quels resultats , en effet , n’a-t-on pas 
droit d’en attendre dans ces recherches physico-mathe- 
matiques , ou Ton est conduit k des equations d’un degre 
tant soit peu eleve, qui jusqu’a ce jour ddconcertoient 
les plus savans calculateurs, et dont la resolution , par 
la nouvelle Methode , sera desormais l'ouvrage des 
arithmeticiens les moins verses dans les profondeurs 
de la Science. 

Par ce double motif, j’ose esp^rer que V. M. dai- 
gnera me permettre de Lui dedier ce produit d’une 
longue meditation. 

Je suis, avec le plus profond respect, 


SIRE, 

DE VOTRE MAJESTE 


Le tres-humble , tres-obeissant 
et tres^fidele Sujet, 

F. D. BUDAN, D. M. P. 


AVANT-PROPOS. 


Cet Ouvrage traite d’une mature sur laquelle se sont 
exerc^s les plus c^lebres Analystes , depuis Viete jusqu’a 
M. Lagrange ; c’est-a-dire , depuis le premier age de l’Algebre 
jusqu'e nos jours. 

Avant les Merits de M. Lagrange sur la resolution des 
equations numeriques , les travaux multiplies de ses prede* 
cesseurs n’avoient abouti qu’a des m4thodes incertaines , 
et rebutantes dans la pratique. Celle qu’il a publi^e est 
exempte d'incertitude , mais on convient gen4ralement que 
la pratique en est encore assez rebutante. Elle ne permet- 
troit certainement pas de remplir le voeu de cet illustre 
Geom^tre, qui voudroit qu’on enseignat, dans l’Arithmetique 
meme , les r&gles de la resolution des equations numeriques. 

C'est done pour nous conformer a son desir que nous avons 
cherche une methode d’une theorie plus simple , qui fut 
en meme temps sure et vraiment usuelle, susceptible, en 
un mot, d'etre pratiquee par les commen^ans eux-raemes. 
Cette methode simple et facile , nous sommes parvenus a la 
decouvrir ; et nous avons ainsi couronne assez heureuse- 
ment, ce semble , les travaux de deux siedes sur cet objet. 

II a paru conyenable de presenter d’abord une histoire 
abregee de ces travaux : on pourra, d’apres cette notice , 
juger de Timportance attaclide par les plus grands Geometres, 
au probleme de la resolution des equations numeriques. 

Nous donnons ensuite un algorithme qui fait trouver , 
par de simples additions et soustractions , tous les termes 
des transformees en ( x — i ) , ( x — 2 ) , etc. , d’une equation 
donnee en x. Cet algorithme a vequ , le 25 mai i8o3 , l’appro- 
bation de la premiere Classe de l lnstitut. 






Puis , apr£s avoir rappeld diverses notions fournies par 
l’Algebre , concernant les equations num^riques , nous ex- 
posons successivement les trois parties dont se compose la 
nouvelle Methode. Nous faisons voir quels sont les cas 
dans lesquels la premiere partie suffit toute seule a la 
resolution de l’equation 3 quels sont ceux dans lesquels il 
faut joindre la seconde a la premiere ; et dans quels cas , 
enfin , Ton est oblige de recourir a la troisieme pour de- 
couvrir les limites des racines incommensurables. Cette 
derniere partie sert aussi a approcher , jusqu’a telle decimale 
qu'on voudra , de la valeur exacte des racines dont on a 
dejk des limites. 

Cet ecrit est termine par des Notes eontenant des details 
qui nous ont paru d’une assez grande importance pour 
nous faire desirer qu’elles soient lues avec la meme attention 
que le corps de l’Ouvrage. 

La premiere partie de notre Methode a obtenu, le 3i oc- 
tobre i8o3, l’approbation de la premiere Classe de llnstitut, 
qui a reconnu , dans ce nouveau procede , line Methode 
generate, directe et sure, pour resoudre une equation 
numerique , dans les cas ou Ton sait que toutes ses racines 
sont reelles. Des circonstances particulieres ont empeche 
de presenter a cette meme Classe la suite de notre travail; 
mais nous ne craignons pas d’avancer que les deux autres 
parties compietent l’ouvrage commence dans la premiere. 






ERRATA. 


Page 3o, lignes i , 3 , 1 5 et 16, au lieu de 7 , mettez 4 * 

Ibid., ligne 17, au lieu de o, mettez 3 . 

Ibid., ligne 18, au lieu de est — 1 , mettez est entre 0 et — 1. 

Ibid., avant-derniere et derniere lignes,.. 

au lieu de...i + 9+14— 1 

1 +-i 2 +-o 5 -f~n 3 , 

mettez.1 + 9+20—1 

1 + 12+41 + 29. 

Page 38 , lig. 4 en remontant, au lieu de...,*,.. permanence t metteg 
permanences . 

Page 09, lig. i 3 , au lieu de +8 — 127 mettez + 6a:—12, 

Ibid., lig. 19, au lieu de 32 , mettez 24. 

Page 44, ligne 2, au lieu de —o, mettez = 0. 

Page 45 , ligne 4 > au ^ eu de mettez x'. 

Ibid., ligne 14 , a la fin, au lieu de 1, mettez 8. 

Page 46, ligne 2, au lieu de 161000, mettez 160000. 

Page 47, ligne i 5 , au lieu de nest pas, mettez est. 

C£° 

Ibid ., ligne 3 en remontant, au lieu de —, mettez a/ . 

> t> 10 

Page 48 , ligne 9 , an lieu de , mettez — 

Page 54 > ligne 7, au lieu de valeurs, mettez racities. 

Page 56 , ligne 4 > au lien de entre et 1 , mettez entre zero et n 

Ibid. , ligne 1 o, apres prendre la somme, mettez n iime . 

Page 65 . ligne 8, au lieu de —, mettez — „ 

Ibid., ligne 17, au lien de p*, mettez 
Page 66, ligne 2 , avant A m _ x x, mettez +. 

Page 72, ligne i 5 , au lieu de x a , mettez or 3 . 

Page 84 > ligne 6, au lieu de mettez 









NOUVELLE MLTHODE 

POUR LA RESOLUTION 
DES EQUATIONS NUMERIQUES 

D UN DEGRIS QUELCONQUE. 


CHAPITRE PREMIER. 


Hlstolre ah re gee des travail x cnirepris sur cette mailere 
pendant les deux derniers siecles. 


i. Le probleme de la Resolution des Equations nume- 
riques pent etre regarde , suivant l’illustre successeur 
d’Euler, comrae le point le plus important de toute 
f Analyse. La raison qu’il en donne est que la solution 
de tout probleme determine conduit a une ou plusieurs 
equations numeriques, c’est-a-dire, dont les coefficiens 
sont donnes en nombres; que tout le calcul qu’on a 
fait est en pure perte, si Ton n’a pas les moyens de 
resoudre ces equations ; que des le troisitme degrd 
1’ expression algebrique des racines est insuffisante pour 

r 











( 2 ) 

faire connoitre, dans tous les cas, leur valeur numd- 
rique ; qu’a plus forte raison le seroit-elle, si on parve- 
noit enfin a l’obtenir pour les Equations des degr^s 
supdrieurs ; et qu’on seroit toujours force de recourir 
k d’autres raoyens pour determiner^ en nombres, les 
valeurs des racines d’une equation donnee ; determina¬ 
tion qui est, en dernier rdsultat, Tobjet de tous les pro- 
blemes que le besoin oil la curiosite offrent k resoudre. 
f Seances des E coles ISormales , tom. 3 ^ p. 463,, 476.] 

2. Independamment d’une autorite aussi grave sur ce 
pointy Timportance de ce probleme est assez demontree 
par les efforts multiplies d’un grand nombre d’analystes 
celebres des xvn e et xvm e sidles ^ pour obtenir une 
methode gendrale > directe et sure > propre a faire dd- 
couvrir toutes les racines reelles d’une equation nume- 
rique donnde. Nous allons presenter une ldgere esquisse 
des trayaux de ces analystes, en prenant pour guide 
1’illustre auteur deja cite. 

3. Vide quij le premier ^ s’occupa de la resolution 
des equations numeriques d’un degrd quelconque y 
employa des operations analogues a celles qui servent k 
extraire les racines des nombres. Harriot , Ougtred^ etc., 
ont essaye de faciliter la pratique de sa methode. c< Mais 
» la multitude des operations qu’elle demande, et l’incer- 
3) titude du succes dans un grand nombre de cas, font 
33 fait abandonner entierement^ avantlafin duxvn e sidle 35. 
[ De la Resolution des Equations numeriques , par 
M. Lagrange , pag. 1. ] 

4. La methode de Newton a succede a celle de Vide. 
Ce n’est proprement qu'une methode d’approximation , 



( 3 ) 

qui suppose quon connoit dej k la racine cherchee, k 
une quantite pr&s , moindre que le dixieme de cetle 
racine. « Elle ne scrt, comme on voit , que pour les 
» equations numeriques qui sont deja 1-peu-prfes resolues; 
» de plus, elle n’est pas toujours sure ; elle a encore Tin- 
» convenient de ne donner que des valeurs approchees 
» des racines memes qui peuvent etre exprimdes exacte- 
»ment en nombres, et de laisser en doute si elles sont 
»commensurables ou non ». [ De la Resolution des 
Equations numeriques , p. 3. ] 

5 . La methode que Daniel Bernoulli a deduite de la 
consideration des series recurrentes, et qu’Euler a exposee 
dans son Introduction a l’Analyse infinit^simale , n’offre 
aussi qu’un moyen d’approximation. « Cette methode 
» et celle de Newton, quoique fondees sur des principes 
» differens, reviennent i-peu-pr^s au raeme, dans le fond , 
» et donnent des resultats semblables ». [ De la Resolu - 
tioji etc., p. i 5 2. ] 

6. Ce fut Iludde qui trouva qu’en multipliant chaque 
terme d’une equation donnee par l’exposant de fin- 
connue , et en egalant le produit total a zero, on ob- 
tient une equation qui renferme les conditions de l’egalite 
des racines de la proposee. Rolle , de FAcademie des 
Sciences, decouvrit ensuite que les racines de liquation 
ainsi formee sont les limites de eellcs de l’equation 
proposee. Ce principe est la base de sa methode des 
Cascades , publiee d’abord sans demonstration , dans 
son Traite d’Algebre en 1690. Cette methode a ete 
ainsi nommee, parcequ’elle fait dependre la determina¬ 
tion des limites de chacune des racines de Pequation 
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proposee , dc la resolution de differentes equations 
successiyes, qui vont toujours en baissant d’un degrd. 
« La longueur des calculs que cette methode demande, 
» et I’incertitude qui nait des racines imaginaires, Pont 
» fait abandonner depuis longtemps » [ De la Resolu¬ 
tion , etc. p. 166 ]. Rolle , dans ce meme Traitd d’Al- 
gebre, assigne pour liinite de la plus grande valeur 
de l’inconnue, le plus grand coefficient ndgatif de liqua¬ 
tion, augment^ d’une unite 5 le coefficient du premier 
terme etant 1. 

7. La methode de Stirlings pour determiner le nombre 
et les limites des racines belles du troisieme et du qua- 
trieme degrd, a 6 t 6 generalisee depuis par Euler, dans 
son Traite du Calcul differentiel. « Elle revient dans le 
» fond a celle de Rolle». [De la Resolution etc., p. 166.] 

8. E11 1747;, le celebre Fontaine donna, sans de¬ 
monstration, unenouvelle methode. Je la domie , disoit-il, 
pour Vanalyse en entier , que Von cJierche si inutile- 
ment depuis Vorigine de VAlgebre. Cette methode sup¬ 
pose que l’on peut toujours, par la substitution des 
nombres 1, 2, 3 , etc., au lieu de Pinconnue , dans les 
equations qu’elle emploie, trouver deux nombres qui 
donneiit deux resultats de signes differens : « ce qui n’a 
» lieu, dit M. Lagrange, qu autant que ces equations 
» ont des racines positives, dont la moindre difference 
» est plus grande que Punite ; ( on , pour purler plus 
» exactement , qiC autant qiVily a de ces racines qui ne 
» sontpas comprises y en 7 io??ibrepair, entre deux nombres 
» entiers consecutifs ). D’apres cette consideration, il est 
»facile de trouyer des exemples oil la methode de Foil- 
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» taine est en d<ffaut». [De la Resolution etc., p. 162.] 

9. Ce defaut avoit lieu egalement dans toute methode 
qui emploie les substitutions pour determiner les limites 
des racines reelles et inegales d'une equation num£- 
rique, lorsque M. Lagrange publia, dans les Memoires 
de l’Academie de Berlin pour l’annee 1767, un nou¬ 
veau pro cede , le seul jusqu’ici qui ait offert un 
moyen direct et sur d’obtenir cette determination. Sou 
M^moire contenoit aussi une methode pour approclier, 
autant qu’on veut et en employant l’expression la plus 
simple, de la valeur exacte dune racine, lorsque Ton 
connoit le plus grand. 11 ombre entier compris dans cette 
valeur. 

Le procede dii a M. Lagrange, consiste a substituer 
successivement, a la place de l’inconnue, dans Fequation 
debarrassee des racines egales qu’elle peut avoir, les 
tenues d’une progression arithmetique o, D, 2D, 3D, etc., 
dont la difference D soit moindre que la plus petite 
difference des diverses racines de cette equation. La 
grande difficult^ etoit de trouver ce nombre D : le 
genie fecond de Fillustre geometre lui fournit trois 
manieres d’y parvenir. 

10. La premiere, qu'il proposa en 1767, exige le 
calcul de l’equation qui a pour racines les differences 
entre les racines de Fequation proposee. «■ Mais, dit 
» M. Lagrange, pour pen que le degre de Fequation 
» proposee soit eleve, celui de Fequation des differences 
» monte si haut, qu’on est effraye de la longueur du 
» calcul neeessaire pour trouver la valeur de tons les 
» termes de cette dquation; puisque le degre de la pro- 
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» posec Etant on a — ^ coefficiens a calculer. 

» [ Par exemple, pour une equation du dixieme degre, 
» la transformee seroit du quarante-cinquieme ]. 

» Comrae cet inconvenient pouvoit rendre la me- 
» tliode generale presque impraticable dans les degres 
» un peu eleves, je me suis longtemps occupe des 
» moyens de l’affranchir de la recherche de l’equation 
» des differences , et j’ai reconnu en effet que, sans cal- 
» culer entierement cette equation , on pouvoit nEan- 
» moins trouver une liinite nioindre que la plus petite 
» de ses racines ; ce qui est le but principal du calcul de 
» cette meme equation?). [ De la Resolution etc., p. 124.] 

11. La seconde maniere de trouver le nombre D est 
consignee dans les lecons que hauteur donna aux Ecoles 
Normales ? en 1795. Elle demande le calcul d’une Equa¬ 
tion du meme degrE que la proposee, ayant pour ses 
racines les differentes valeurs dont est susceptible le 
coefficient Y de favant-dernier terme d’une equation 
en ( x — a) ; a Etant une racine reelle quelconque de la 
propo?Ee, dont x est rincorinue. cc Mais cette equation 
» en Y, dit M. Lagrange, pent encore etre fort longue 
» 4 calculer, soit qu’on la deduise de Pelimination, soit 
» qu’on veuille la chercher directement par la nature 
)) meme de ses racines ». [De la Resolution etc., p. 127.] 

12. Ce coefficient Y etant une fonction de x, l’auteur 
a fait depuis reflexion qu’on pouvoit toujours Eliminer 
I’inconnue x du produit du polynome Y , niultipliE par 
un polynome £ k eoefficiens indEtermines , procedant 
suivant les puissances m—i , m — 2, etc. , de x$ en 
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faisant disparoitre du produit au tnoyca de la pro¬ 
pose, toutes les puissances dea; plus hautes que , 

puis egalant a o chacun des multiplicateurs de x, ce 
qui donne la valeur des coefficiens indetermines de §, et 
reduit le produit a son terme tout coimu repre- 

sentd par K> d'oii Y=z-^. Par suite de ces operations, 

les coefficiens de Inequation inverse de celle aux diffe¬ 
rences , qui etoient divises par Y, ne sont plus affectes 
que d’un diviseur inddpendant de x> et la recherche 
de B en devient moins penible. Ce troisieme procede, 
publie en 1798 , est moins rebutant que les deux autres ; 
neanmoins son auteur reconnoit qu’z 7 peut entredner dans 
des calculs assez longs. [Be la Resolution etc., p. 223 .] 

1 3 . « Le nombre B [ tronve dhine de ces trois manieres ] 
» pourra etre sou vent beaucoup plus petit qu’il ne scroit 
» necessaire pour faire decouvrir toutes les racines; mais, 
>5 dit M. Lagrange, it ny a a cela d’autre inconvenient que 
» d augmenter le nombre des substitutions successives a 
» faire pour x dans la proposde » [ Seances des Ecoles 
Normales , tome 3 , p. 466]. Cet inconvenient paroit 
encore assez grave dans la pratique, car il peut, en cer¬ 
tains cas, donner lieu a des milliers, et meme a un 
nombre indehniment plus grand, d'operations superflues. 
Du reste , Pauteur la considdrablement diminue , en 
donnant le moyen d’operer , par de simples additions et 
soustractions , les substitutions de nombres entiers qui 
suivent celles des m premiers nombres 1, 2 , 3 , etc., 
dans une equation du degre in. 

14. Il semble done que la mdtliode de la limite de la 
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plus petite difference des racines, qui dailleurs porte 
l’empremte du genie de son immortel auteur, ne reponde 
pas, en tout point, a l’objet qu’il s’est propose, qui est 
de « determiner les premieres valeurs a substituer 
>5 pour x , desorte que, d’un cote, on ne fosse pas trop 
» de tatonnemens inutiles , et que, de l’autre, on soit 
» assure de decouvrir, par ce moyen, toutes les racines 
» reelles de l’equation » [Seances des Ecoles ISonnales , 
tome 3 , p. 477 ]. Nous ferons voir dans les cliapitres 
suivans qu’on pent, a beaucoup moins de frais et sans 
recourir a cette longue et penible recherche de la limite 
de la moindre difference des racines, se procurer tou- 
jours cette assurance. 

1 5 . En outre, le desir du celebre auteur dtant que 
les regies de la resolution des equations num^riques 
soient donndes dans l’arithm^tique, sauf k renvoyer a 
Falgebre les demonstrations qui dependent de cette der- 
niere science , ne peut-on pas dire que ce vceu ne se 
trouve point rempli par une methode dont la th^orie 
esc trop compliquee, et la pratique trop difficile pour 
des commencans ? 

16. II restoit done encore a glaner dans ce meme 
champ ou M. Lagrange a recueilli une si abondante 
moisson. Nous avons cherchd a realiser son projet, en de- 
couvrant une methode nouvelle d’une dheorie simple et 
d’une application facile. Nouspresentons aux jeunes eleves 
nn aliment de facile digestion, dont peut-etre ils nous 
sauront quclque gre. Nous n’osons nous flatter d’obtenir 
le meme accueil des personnages consommds dans la 
science: suivant un ancien adage , les mouches ne sont 
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point !a pature des aigles, aquila non capit muscas. On 
voudra bien cependant observer que les methodes des an- 
ciens, lesquelles snpposoient un grand travail, une grande 
force de tete, ont cede la place, dans l’enseignement, h 
des mdthodes modernes plus a la portee du vulgaire; nous 
esperons que cette consideration preservera d’un superbe 
dedain les procddds aussi faciles a pratiquer qu’a concevoir, 
que nous offrons en Ge moment au public. 

17. A cette consideration il en faut joindre une autre, 
tiree du besoin que Ton a d’une m^tliode qui suit pra- 
ticable et vraiment usuelle pour la resolution des equa¬ 
tions numeriques, si Ton veut que l’algebre puisse s’appli- 
quer convenablement aux arts et aux besoins de la societe. 
Nous rappellerons, a ce sujet, ce que disoit l’academicien 
Rolle, lorsqu’il publia sa metliode des Cascades. «Lors- 
» qu’on a envisage toutes les conditions qui sont neces- 
» saires pour le succes d’une entreprise, on pourroit sou- 
» vent slider de lalg&bre pour y reussir ou pour en 
» connoitre l’impossibilitd; mais on aime mieux chercher 
» d’autres conditions, ou tenter l’execution par differens 
» moyens, que d’avoir recours a cette science, et, encela, 
» on a en quelque raison : car si l’on veut se servir de 
» l’algebre dans Tinveution d’une machine ou pour quel- 
» qu’autre recherche, en n’employant d’ailleurs que les 
» experiences des physiciens et les principes des g^ometres, 
» on arriveraa des egalites ( equations ) irrationnelles d’un 
» degre fort eleve, et il est plus difficile d’dviter ces ega- 
»lites dans cette application, que d’eviter les fractions 
» quand on pratique l’arpentage. Cependant les regies 
» quon a donnees jusqu’ici pour resoudre ces'egalitds, ne 
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>3 sont ni scientifiques ni g&nerales, et il suffit de les eprou- 
>3 ver pour en etre rebute 33. On a aujourd’hui , k la 
verite, des regies scientifiques et generates ; mais quel 
est celui qui, les ayant essayees, pourra dire qu’elles ne 
sont pas rebutantes ? 

18. Si dans cette esquisse des travaux de deux siecles , 
coneernant la resolution des Equations numeriques , Pirn- 
mortel Descartes semble avoir 6 t 6 oublid, c’est que nous 
nous sommes reserve d’en parler ailleurs. Comment au- 
rions-nous pu oublier sa fameuse regie des variations et 
des permanences de signes, publi^e pour la premiere fois 
en 1637, et qui, longtemps negligee , recjoit dans notre 
mdthode une application nouvelle, et, en quelque sorte^ 
une nouvelle existence ? 
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CHAPITRE II. 


PaoBLfiME PRELIMINAIRE : Etant donnee une equation 
numeriqueen x dhm degre quelcojique y troiwer, -par 
de simples additions et soustractions , les coejfciens 
de sa transformee en ( x — i ) • et generalement, de 
sa transformee en(x — n) y a etant un nombre entier 
on decimal . 


19. ixVANT que de donner la solution de ee probleme, 
nous expliquerons ee qu’il faut entendre par les sommes 
premieres , secondes, troisiemes , etc ., d’une suite de 
termes. 

Lorsqu’une suite de termes quelconques etant donnee, 
on forme une autre suite sommatoire de la premiere, 
c’est-l-dire, qui a pour loi que son n ieme terme soit la 
somme des n premiers termes de la suite donnee , cela 
s’appelle prendre les sommes premieres , ou simplement 
les sommes de la premiere suite. 

Ce mot somme doit s’entendre dans le sens algdbrique; 
il exprime l’excedant de la somme des termes prdcddds 
d’un des signes -h ou — sur celle des termes precedes 
du signe contraire. 

Prendre ensuite les sommes de ces sommes premieres, 
cela s’appelle prendre les sommes-secondes de la suite 
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donnee. De meme, les sommes de ces sommcs-secondes 
s’appellent les sommes-troisiemes de la premiere suite, et 
ainsi du reste. 

Voici un exemple de ces diverses sommes: 

Suite donnde. 1...1... 1... 1,.. 1. 

Sommes-premieres. .. . . 1. . . 2... 3 . . . 4... 5. 

Sommes-secondes.1.. . 3... 6. .. 1 o. .. 15. 

Sommes-troisiemes.1.. .4... 10...20... 35, 

etc. etc. 

Les suites dont on s’est servi dans ce premier exemple* 
apparliennent a celles des nombres que les Geometres 
appellent ?iombres figures , lesquelles ont generalement 
pour i er terme * Punite ; pour 2 e terme * un nombre 
entier m ; et pour terme n^ me y un nombre exprime par 
m ( m-\- 1 ).,, ., (m 4 “n — 2 ) 

1.2 . (/i — o 

Autre exemple , dans Iequel la suite donnee est com- 
posee de termes pris arbitrairement, les uns positifs, les 
autres ndgatifs: 

Suite donnee.......2-4- 5— 3-f- 4— 34- o— i, 

Sommes-premi&res .. 24- 74- 44- 84- 54- 64- 4. 

Sommes-secondes. •.24— q4—i 34—214—2 54- 1 3 i 4— 35. 
Sommes-troisiemes.. 2-}-i 14-244-454-714-1024-137. 
etc. etc. 

20. Voici maintenant deux propositions d’ou rdsulte 
la solution demands. (Pour leur demonstration, voyez 
ci-apres les Notes.) 








( i 3 ) 

Premiere proposition . La sorame m Veme des n premiers 
terines d’une suite quelconque, ^gale la somme de ces 
termes multiplies respectivement , mais enordre inverse , 
par les n premiers nombres figures de For dr e m 7 e’est-a- 
dire , apparteuant k la suite dont le second terme est m . 

Ainsi la somme in^ me des n premiers termes de cette 
suite. 


cst egale mA .-A. 


Par exemple , la somme-troisieme de ces quatre termes 
2-h 5 — 3 + 4 est (i X4 — 3 X3 +6X 5 + 10 X 2 )— 45 , 
de meme qu'on Fa reconnu plus haut en prenant les 
sommes et les sommes de sommes. 


Seconde pjvposltion. Un polynome quelconque, pro- 
cedant suivant les puissances entieres et positives d\me 
quantile x , depuis le degre m jusqu’au degre z&vo, se 
transforme en un autre polynome d’egale valeur ; proce- 
dant suivant les memes puissances de (x — 1 ) ? dont les 
coefficiens respectifs, k coramenccr par celui du dernier 
terme, sont, 

i°. La somme-premiere de toils les coefficiens du po¬ 
lynome donne. 

2 0 . La somme-seconde de tous les coefficiens , hormis 
le dernier. 

3 °. La somme-troisieme de ces coefficiens , excepte les 
deux derniers. Et ainsi de suite. 





( i 4 ) 

Soit, par exemple, ce polynome 

2 o ;3 — 5 x — 3 . 

Coefficiens donnes . . . 2— 3 - 4-5 — 3 . 
Sommes-premiferes . . . 2 —i-f-4-t-i. 
Sommes-secondes. . . , 2 + i+ 5 » . . 
Sommes-troisiemes . .. 2-4-3. ... ; 
Sommes-quatriemes. . . 2. 

Ainsi les coefficiens du polynome en (x —i)sont...„ 
2 - 4-3 “I- 5 -f- I y 

et Ton a 

2 (.z — 1 + i) + i = 2a? 3 —3x*-f-5a?—3. 

Cette equation a lieu , quelque valeur qu’on donne a x . 
S’il manque dans le polynome proposd quelque puis¬ 
sance de x , il faut la xnettre en evidence , en lui donnant 
z 6 ro pour coefficient. 

Soit, par exemple, x% — *jx - 4 - 7 * 

Coefficiens donnas. . . . i-{-o— 7 H— 7. 
Sommes-premieres . . . 1-4-1— 6-f-i. 
Sommes-secondes. . . . 1 + 2 — 4. . . 

Sommes-troisi&mes . . . 1 db 3 . 

Sommes-quatriemes. . . 1.. . 

On a done.... 

x 3 — 7#-|-7=(a;—1 ) 3 - 4 -3 ( x —i) 2 — 4 (x — i)+i, 

21. Il est Evident qu’une equation dont le premier 
membre est <*gal k zero, ofFre pr&nsdment le meme 
cas que le polynome de la proposition preeddente. Ainsi 
Talgorithme par lequel on oblient la transformee en 
(x — 1) dune Equation donnee en x , consiste dans le 
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meme proceed employ^ pour la transformation d’un po- 
lynome d’une valeur quelconque. 

Elant done donnde liquation.... 

•» 3 — 7# 4 - 7 = o , 

les coefficiens de sa transform^ en (x — i) sont.... 
i H- 3 — 4-h i. 

Pareillement, pour liquation.... 

x 3 — 2X — 5 = o, 

les coefficiens de sa transform^ en (x — i) sont.... 
i + 3 + i — 6. 

22. Par le meme algorithme, on passera de la trans¬ 
form^ en (x — i) a celle en ( x —2); dc celle-ci a la 
transform^ en (x — 3 )j et ainsi de suite inddfiniment. 

On obtiendra done tres promptementles coefEciens de 
ces diverses Equations. 

CoefEciens des Equations, dans le i er exemple dun° 21... 

en x .1 + 0— 7+ 7 

en (x —1). . . i-l- 3 — 4+ 1 
en(^r—2). . . 14-64- 5 4- 1 
en(^r— 3 ). . . 1 4-94-20-1 -13 
etc. etc. 

Coefficiens des Equations, dans le second exemple.... 

en x .14-0— 2— 5 

en(.r—1). . . 1 4 - 34 - 1— 6 
en(#—2). . . i + 6-J-io— 1 
en (x — 3 ). . • 14-94-254-16 
etc. etc. 
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s3. II est aise d’observer que par ces transformations, 
on fimt par avoir des cqefficiens qui sont tous de meme 
signe. 

Observons aussi que si Fequation proposee n’est que 
du troisieme degre, on peut obtenir les coefficiens de 
ses transformees successives par un moyen encore plus 
rapide que lalgoritlnne general. Nos lecteurs le devine- 
ront sans peine a la simple inspection des coefficiens re¬ 
presents dans le n° precedent. Dans ce cas, le calcul des 
transformees s'opere instantanement, sans avoir besoin 
d’ecrire d’autres chiffres que ceux qu’on voit ici. 

24. Le meme algorithme fournit le mpjen d’obtenir 
les transformees en ( x —10), ( x — 20), (x — 3 o), etc.; 
celles en (x —100), (x — 200) , ( x — 3 oo), etc.; etc. 

11 faut , pour cela, substituer dans la, proposee une 
inconnue x qui soit, respectivement, dix fois, cent 
fois, etc. moindre que x. Les coeffieiens de cette equation 
en x s’obtiennent, comme Ton sait,sans calcul, par le 
placement convenable de la virgule qui indique les de- 
cimales. 

On se procure ensuite les'transformees en ( x '—1), 
{x — 2), (a/— 3 ),etc.;ou, ce qui revient au meme, 

« F=r)- (*-=?)■ (*-=?)< <*•••• 

(^r) ■ (^r) • C~^r) > etc -; sel °“ a <> [l 

f X / X , 

X = - , OU X- = y etc. 

10 7 100 

II ne s’agit plus que de rendre les inconnues de ces 
transformees,respectivement, dix ou cent fois, etc. aussi 
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grandes; ce qui s’opere par le deplacement conv’enable 
de la virgule dans leurs coefficiens. 

Soit, par exemple , l’equation 

— 4^ 2 -4- 3 a; — 6 =o , 

dont on demande les transformdes en (x —io), (o:-^ 5 o), etc* 
On fera x — ioo/; d’ou,... 

— 0,4a/ 2 4- o,o 3 a;'~ 0,006 = o. 

Coefficiens des equations.... 

en a' .. — 0,4 + o,o3 — 0,006 

en ( " iq IQ ) ou — 0 «** x + a >S'V 2,23 4 - 0,624 

en ( - —~ ° ) ou (x — 2).. .1-4-5,6-f-10,434-6,454 
etc. „ etc. 

Et par consequent on aura, pour les coefficiens des 
Equations.... 

en (x — 10)... 1 4 -26 4- 2234- 624 
en (x — 20)... 1 4 - 56 -h 1043 4-6454 
etc. etc. 

On voit aisement comment, par une marche ana¬ 
logue, on se procureroit les transformees en (x — tz) , 
(x —etc.; cellesen (x — -~-o) > (# — tts), etc. 3 etc. 

25 . Si l’on veut avoir liquation ou finconnue de la 
proposee est diminu^e d’un nombre de plusieurs chiffres, 
par exemple , l’equation en (a; — 3i2) 3 on se procurera 
d’abord l’equation en {of. — 3 ), en faisant x= ioox'$ et par 
suite, celle en ( x — 3 oo), comme il vient d’etre indiqud. 

Puis on fera x — 3 oo = ioa/; on obtiendra l’equation 
en (x‘ —1)3 et par suite , celle en (or — 3 io). De cette 
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dcrnifere , on passera a cclle en (x — 3n); et de celle-ci 
h l’equation demandee en (x — 3 i 2 ). 

Voici, par exemple, la marehe qu’il faudroit suivre , 
si la propos^e etait,... 

x 3 — 4x*~\- 2 x — 6 — 0 . 

Soit a?=ioo3/;d’oii 

x r 3 — 0,04a/ 3 -l- o,ooo 3 x — 0,000006=0. 

CoefFiciens des Equations. 

en x' .1—0,04+ o,OOo 3 — 0,000006 

en (x' —1)... 1 4- 2,96 4 - 2,92034- 0,960294 
en (x' — 2).. .i^i- 5 ,96-4-11,8403 4 - 7,840694 
en (x'— 3 )... 1 4- 8,96 4- 26,7603 4- 26,640894 
Ainsi les coefficiens de l’equation en (x — 3 oo) sont«.. 

1 4- 896 4 *267603 4- 26640894. 

Faisant ensuite x — 3 oo=ioa/, on a les coefficiens des 
Equations... 

en . .14- 89,6 4- 2676,03 4 - 26640,894 

en (x *— 1)... 1 4-92,6 4-2858,234-29407,624. 

Ora,' — 1 = x ; il s’ensuit qu’on aura les coeffi* 

ciens des Equations.,.. 

en (x — 3 io)... 1 4-9264-2858234-29407624 
en (x — 3 n )... 14-9294-287678-4-29694274 
en (x — 3i2).. .14-9324-289539-4-29982882. 

Il est ais6 de voir comment on obtiendroit liquation 
ou l’inconnue de lapropos^e seroit diminude d’un nombre 
decimal de plusieurs chiffres; par exemple, l’equation 

en : nous ne nous arreterons point k ces 

details. 
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26. En coiisiderant le tableau des operations par les- 
quelles on passe d’un polynome en x a son equivalent 
en (jr — i ) [ 20 ], on n’aura pas de peine h. reconnoitre 
comment on pent passer rEciproquement d’un polynome 
en (x — 1) & son Equivalent en x ; et parconsEquent , 
de celui en x k son Equivalent en (a; Hr 1), et ainsi de 
suite. Dans le premier cas > on a pris des sojtunes y dans 
le second, onprend des differences . 

Choisissons pour exemple, le polynome en x du n° 20, 
dont les coefficiens sont.... 


2 — 3 —H 5 — 3 y 


et son Equivalent en (a;— 1), qui a pour coefficiens..,. 


2 -p 3 H- 5 -f- 1. 


Pour passer de cclui-ci a l’autre , on Ecrit ses coefficiens 
et on procede cornine il suit : 

Coefficiens du polynome en (x — 1 ),..2 + 3 H- 54 -t 
Suites dans cliacuuedesquelles le t 1+4 —5 

n ieme terme est la difference du j 2 l * me .. .2 — 1 -f- 5 .... 

terme qui le precede au terme j 3 iimc .. .2 — 3 . 1 

n ieme d e g u ite superieure... ( • • 2 .. • • 

On obtient ainsi les coefficiens du polynome en x y et 
Ton se procurera de la meme maniere ceux du polynome 
en ( x -H i). En voici le tableau 

Coefficiens du polynome en x ........ .*..2— 3 -/- 5 — 3 


Suites de differences prises sui- 
vantla loi qui vient d’etre indi- 
quee. .. 
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Les coefficiens obtenus pour le polynome en (#4-1); 
sont.... 

2 — 94- 17— i 3 ; 

ce qu’il est d’ailleurs aisd de verifier par le proc^dd 
inverse. 

27. On a remarque ci-dessus qu’en operant les trans¬ 
formations successives en (.r — — 2 ); etc - > on P ar " 

vient k une transformde en (x — u) , dont tous les termes 
sont de meme signe. Ici l’on observera que les trans¬ 
formations en (^-4-2) ; etc. conduisent a une 

transformee en (x~izu), dont les termes ne presentent 
que des variations de signe, comme on le remarque dans 
le polynome en (^4-1) du dernier exempted dont les 
coefficiens sont alternativement pr£c£des du signe 4- et 
du signe —. Lorsqu’on est une fois parvenu a ce poly¬ 
nome en ( x 4 - it ) , les transformees ultdrieures en 
( x 4 - it- 4 - 1) > (# 4 - u 4- 2 ) , etc. n’offriront aucune 
permanence de signe: cela s’appercoit par la nature meme 
du procede. 

Les equations du troisieme degrd sont susceptibles 
d’une abr^viation analogue a celle qui est indiqude au 
n° 23 . 
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CHAPITRE III. 

Diaerses notions Jbumies par VAJgebre , concemant 
les equations mnneriqites . 

28. O N pent toujours transporter dans un raeme 
membre tons les termes d’une equation , ensorte qu’ellc 
paroisse sous cette forme : 

A.r w -f-.H-A^'H-Ay = o ; 

in etant un nombre entier positif; les coefficiens ayant 
par eux-memes une valeur positive ou negative > et quel- 
ques-uns pouvant aussi etre nuls. C’est sous cette forme 
que nous eonsidererons toujours les equations. 

Le but principal qu’on se propose dans la resolution 
d’une equation determine , est de trouver exaetement 
ou par approximation, s’il y a lieu ; tous les nombres 
reels > dont la substitution , h la place de finconnue ; 
rend nulle la somme de tous les termes du premier 
membre. On donne a ces nombres le nom de racines 
reelles de Teqnation ; elles sont ou positives ou negatives. 

29. Le nombre des racines reelles d’une equation ne 
peut jamais surpasser m , c’est-a-dire, le nombre qui en 
indique le degr6; il peutlui etre inKrieur ; ou meme etre 
nul. L’exc^dant de m sur le nombre des racines reelles 
estn^cessairement un nombre pair ? indicateur du nombre 
des racines imaginaires qui satisfont a l’equation. 

On entend par quantite imaginaire , le symbole d’un 
resultat d’operation; impossible a obtenir; a raison de 
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Son absurdite : par exemple , la racine quarr^e d’une 
quantity negative , telle que \T — 4. 

Toute racine ou quantite imaginaire se peut reduire 
a Tune de ces formes, + A—B, et + A — \T —B, 
A et B 6tant des quantites reelles. Si nne Equation a une 
de ses racines sous une de ces formes, elle en a ndcessaire- 
ment une sous 1’autre ; Ies racines imaginaires se trouvant 
ainsi toujours uniespar couples. 

3 o. Toute Equation qui a pour racine un nombre + n, 
est divisible par le facteur x + n\ celle qui a une couple 
de racines imaginaires ^ est divisible par le facteur r^el 
du 6econd degre , x 2 2 Ax q- A 2 -4- B. 

Generalement ^ une Equation du degre ?n est le produit 
de 77i facteurs simples , soit r^els , soit imaginaires : le 
nombre des facteurs simples rdcls est egal a celui des ra- 
cines reelles de l’equation. 

3 r. Lorsque ? par la substitution d’un nombre n k la 
place de x , la somme de tous les termes de 1’equation est 
rendue egale k une quantite positive; et que la substitu¬ 
tion d’un autre nombre n- donne au contraire unresultat 
ndgatif, on est assure qu’il y a une ou plusieurs racines 
en nombre impair, dont la valeur est comprise entre n 
et n'j et reciproquement. 

Mais la substitution ne donne point de r^sultats de signes 
diffcrens ? lorsque les racines comprises entre n et n sont 
en nombre pair. 

La substitution de quelque nombre que ce soit ne donne 
que des resultats positifs, lorsque liquation n’a que des 
racines imaginaires. 
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32 . Quand on change , dans une equation, le signe des 
termes du rang pair, ou de ceux du rang impair , les ra- 
cines de l’equation, apres ce changement, sont les memes 
qu’avant, au signe pres; cest-&-dire que les racines nega¬ 
tives deviennent positives, et que les positives deviennent 
negatives. 

11 s’ensuit qne pour trouver toutes les racines reelles 
d’une equation , il suffit de savoir trouver les racines 
positives, 

33 . Toute Equation de degr£ impair a , pour le moins, 
uneracine r£elle positive,si son dernier terme est negatif; 
ou une racine reelle negative , si ce terme est positif. 

Dans les Equations de degre pair , ily a tou jours, pour 
le moins, une racine reelle positive , etune autre negative, 
si le dernier terme est negatif; mais si ce terme est positif, 
on n’en peut rien conclure pour la rdalite des racines. 

34. Le rdsultat de la substitution d’un nombre '+ « > a 
la place de x , dans une equation donnee, est < 5 gal au terme 
tout connu de sa transformee en (x- p??). Par consequent 
r ~\-n est une racine de la proposee, lorsque le dernier 
terme de la transformee en (x^f-?z) est egal a zero. Et 
g&i^ralement, la proposee a autant de racines egales k-\-n » 
qu’il y a, dans cetfe transformee,de termes cons^cutifs , 
4 commencer par le dernier, qui egalent zero. 

35 . La somme du coefficient du premier terme d’une 
Equation et du plus grand coefficient de signe contraire 
£tant prise sans qu'on ait egard aux signes, et divisee par 
le premier coefficient, le quotient est plus grand que la 
plus grande racine positive qui puisse appartenir h l’equa- 
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tion ; et ce quotient s’appelle une limite de cette plus 
grande racine. 

Si le coefficient du premier terme de l’equation est 
-4- 1, le plus grand coefficient negatif, pris positivement 
et augmente de l’unite , est une limite de la plus grande 
racine positive. 

On a , pour obtenir une limite plus approchee de la plus 
grande racine positive , divers moyens qu’il est inutile de 
rappeler ici. Observons settlement qu’on peut souvent y 
parvenir en faisant x= 1 ox jOua:=iooo/, etc., 1’equation 
en x pouvant indiquer une limite de la plus grande valeur 
de x, qui d^cuplee, on centuplee, etc., donne pour x 
une nouvelle limite beaucoup plus rapprochee. 

Exemple,... 

Equation en a:. x 4 -f- 2 x s - 4- 3 a;*— 451=0 

Equationena/=-^.. .x^-ho^x'S-i-OjoSx'* —0,0451 = 0; 

la limite en plus de x etant 1,0461, celle de x est 10,46 r; 
et cette derniere est bien plus resserree que 462, limite 
indiquee par le plus grand coefficient negatif de l’equa- 
tion en x . Cette limite plus resserree peut se reconnoitre 
a la seule vue de la proposee,par une simple operation 
meritale. 

Le terme tout connu de l’equation etant divise par la 
somme de ce terme et du plus grand coefficient de signe 
contraire, prise sans egardpour les signes, le quotient est 
plus petit que la plus petite racine positive que l’equation 
puisse avoir ; il en est une limite. 

36 . L’Algebre fournit le moyen de preparer une equa¬ 
tion, de maniere que son premier terme n’ait d’autre 
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coefficient que runit6, et que les autres coefficiens Soient 
tous des norabres entiers. II en r&ulte que les Equations 
k r^soudre peuvent toutes etre conskterees cornine rame- 
n<$es a cette forme. 

L equation ainsi pr<$paree ne peut avoir pour racines 
reelles que des nombres entiers ou des nombres fraction- 
naires irrationnels. En general , ces racines irrationnelles 
ne sont susceptibles d’etre determines que par approxi¬ 
mation. 

37. L’Algebre donne aussi Ie moyen de d^barrasser une 
Equation des racines egales qu’elle peut avoir, ensorte que 
les racines multiples n’y subsistent plus que comine racines 
simples. Ainsi les equations a rdsoudre peuvent etre con- 
sider^es comme n’ayant que des racines in^gales. 

38. Une equation ne peut avoir plus de racines reelles 
positives , qu’il n’y a de variations dans la succession des 
signes de ses coefficiens \ ni plus de racines reelles nega¬ 
tives , qu’il ne s’y trouve de permanences de signes: telle 
est la fameuse regie de Descartes. 

Ainsi, dans Ie cas ou toutes les racines de 1 ’equation 
sont reelles , il y a precisdment autant de racines positives 
que de variations de signe, et autant de racines negatives 
que de permanences. 

Quand un des coefficiens de l’equation est zdro, et que 
les coefficiens du terme precedent et du suivant sont de 
meme signe, f equation a necessairement des racines ima- 
ginaires. 

On peut reconnoitre si une equation a toutes ses racines 
reelles ou non, au moyen de l’equation dont les racines 
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sont les quarres des differences des racines de la propo* 
sde. Dans le premier cas, cette Equation aux quarrds des 
differences n’a que des variations de signe ; tandis qu’elle 
a necessairement des permanences , si la proposee a des 
racines imaginaires. Mais le calcul des coefficiens de cette 
equation est en general tellement penible, qu’on n’est 
gueres tente d'employer ce moyen. 

39. On pent deduire de la regie de Descartes, les deux 
propositions suivantes: 

i°. Une equation en x, dont toutes les racines sont 
reelles , a autant de racines comprises entre zero et p, 
qu’il y a de permanences de signe dans la transformee em 
(#— p) , de plus que dans l’equation en x. 

2 0 . Une Equation de cette espece ne peut avoir, solt 
une, soit deux , soit n racines comprises entre zero et p , 
si sa transformee en(.r— -p ) n’a pas, respectivement, une, 
ou deux , ou n permanences de signe, de plus quel’equa- 
tion en x. 

Nous avons meme de fortes raisons de croire que la 
seconde proposition est applicable & une equation quel- 
conque. 
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CHAPITRE IV. 

Exposition de la nowelle Method?. Premiere Paiiie . 

Cos ou Von 7ia besoin que de cette partie de la 

Methode. 

40. Nous allons maintenafit exposer successivement les 
divers proeddes qui constituent notre Mdthodc 5 en ren- 
voyant aux n os du cliapitre precedent, ou sont contenus 
les principes qui servent de base aux rdsultats que l’on 
obtient par ces proeddes. Pour concevoir le rapport des 
uns aux autres ; il suffit au lecteur qui ne seroit point 
assez avance dans I’Algebre , de tenir les principes pour 
ddmontres , sans cherclier a en connoitre la ddmonstra- 
tion ; et s’il ne veut que possdder le mecanisme de la 
Mdthode, il n’a besoin que de savoir opdrer les trans¬ 
formations , conformement a Palgorithme du second 
cliapitre. 

41. Etant done donnde une dquatiori en x du degre in, 
on se procurera ses transformees successives en (x — 1) , 
(x — %),(x — 3 ), et ainsi de suite , jusqu’a ce qu’on 
parvienne a une transformee en (x — u ) > dont les coeffi- 
ciens soient tous de meme signe. 

Cette derniere transformde ne pouvant point avoir de 
racine positive,le nombre entier u est une limite de la plus 
grande valeur positive de l’inconnue. 
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S’il arrive que la proposee elle-meme n’offre que des 
permanences de signe , il ne reste a cherclier que les 
racines negatives qu’elle peut avoir, et on procedera 
comme il sera dit plus bas [44]. 

42. Lorsque le dernier coefficient d’une equation qui a 
pour inconnue (x — p), est <5gal a zero , liquation en x 
a une racine egale au norabre p \ et plus generalement , 
si n coefficiens consecutifs de la transformee , a eompter 
du dernier, sont £gaux ebacun a zero, la proposee a n 
racines £gales, chacune, a p [ 34 ]. Par cette circonstance, 
liquation en ( x — p) se trouve abaissde de n degres. 

A raison de cet abaissemenfc, il peut y avoir quelque 
a vantage a ne debarrasser l’equation de ses racines egales, 
qu’apres avoir opere les transformations du n° 41. 

43. Lorsque le dernier coefficient d’une Equation en 
(x — p) est de signe contraire a celui de la transformee 
en (x — p — 1) , 1 a propose^ a une on plusieurs racines en 
nombre impair, dont la valeur est comprise entrep et 
p-h 1. Car les coefficiens dont il s’agit, expriment preci- 
sement les resultats que donne la proposee, quand on y 
met successivement p et p 1 a la place de x [ 3 i ]. : 

44. Les racines negatives de la proposee elant / au signe 
pres, Egales aux racines positives qu auroit cette'equation 
si les sigues de ses termes pairs etoient toils changes, oh 
fera ce changement,puis on op^rera commeci-dessus[41] , 
et on obtiendra des resultats analogues. 

i 

45 . P c ar cette premiere partie de laMethode, on trouve. 
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en certains ca!s, toutes les racines reelles de Pequation, 
soit exactement, soit approximativement, a moms d’une 
unit6 pres. 

Un premier cas est celui ou la proposee n’a ni racines 
imaginaires , ni plusieurs racines reelles comprises entrc 
deux nombres entiers p et^>4-i. 

Un second cas est celui oil Ton sait d’avance que toutes 
les racines de la proposee sont reelles, encore que parmi 
ces racines, il y en ait d’incommensurables comprises, 
en tel nornbre que ce soit, entre deux nombres entiers 
consecutifs. 

Un troisieme cas a lieu, lorsqu’on sait que l'equation 
n’a qu’une racine reelle , positive ou negative, ou bien 
qu’elle en a deux, l’une positive , et l’autre negative , 
ainsi qu’il arrive dans des equations de cettc forme, 
A = o. 

46. Premier exemple. Soit Pequation.... 

x 4 — iou, 3 4- 3 6 x 2 — 5407-4- 27 = o. 

Coefliciens des equations..,. 

en x .1 — 1 o -}- 36 — 64 4- 27 

en(.r — i)...i — 64-12— 84- o 
en (.r— 2 )...i— 34 3 — 1 
en (x — 3 )... 14- 0 4 - 04- o. 

Les racines de cette equation sont done 1 et 3 ; cette 
derniere racine est triple [42], e’est-a-dire que la proposee 
est divisible par (.r — 3 ) 3 . 
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Second exemple .... x% — 5 x 2 -f- x-\- 7 = 0. 

Coefficiens des equations. 

en x .1 — 5 + 1 -I- 7 

en (x —i)...i— 2—* 6-f- 1 
en (x —2),.. 14- 1— 7— 6 
en ( x — 3 )...14- 4— 2 —11 
en ( x —4).., 14- 7+ 9— 8 
en (x — 5 ). .. 14- 10 + 26-4- 9. 

La proposee a done deux racines positives incommen- 
surables , dont les valeurs sont respeetivement comprises 
entre 1 et 2, et entre 4 et 5 . Pour avoir ensuite la racine 
negative , on change les signes des termes de rang pair 
dans la proposee [44], et l’on a.... 

x 3 4- 5 x 2 +x— 7 = 0. 

Coefficiens des Equations. 

en x — —x . . 1 4 " 5 + 1 — 7 
en (x—1). . . 1 4-8 4- 144- o. 

Done la racine negative de la proposee est — 1. 

Troisieme exe?nple.,.. 7,2:4-. 7 ;=o. 

Coefficiens des equations.... 

en x .1 + 0 — 7 + 7 

en (x — 1). • . 1 4-3 — 44-1 

en (x — 2 ). . . H-6 + 5 +I. 

Coefficiens des Equations.... 

en x — — x. . . 1 — o — 7 — 7 

en (x — 1 ). . . 1 4- 3 — 4—i 3 

en (x—2). .. 1-4- 6-4- 5 —r i 3 
en (x — 3 ). T. 1 4- 94-14 — 1 
en (x — 4). . . 14-12 + 35 4 - 23 . 
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Liquation proposde etant de celles qu’on sait avoir 
toutes ses racines r^elles y il en resulte qne non-seule- 
ment elle a une racine negative dont la valeur est entre 
— 3 et — 4 [ 43 ], mais aussi qu’elle a deux autres racines 
positives comprise entre 1 et 2, parceque la transform^ 
en (x — 2) a deux permanences de signe de plus que 
celle en (x —1) [39]. Telle est, dans’ce cas 3 la conse¬ 
quence de la r£gle de Descartes. 

Quatriemc example..,. # 3 — 1745 = o. 

Cocfficiens des equations.... 

en x .14- 04- o—1745 

en (x — 34 - 3 —1744 

en (;r—2).'..i-H 6+ 12—1737 
en (x — 3 )-..14- 9-4- 27—1718 
en (x — 4) • • • 1 h- 12 4- 48 —1681 
en (x — 5 )---i- 4 -i 5 + 75—1620 
en (x —6)-««i4-i8-j-io8— 1529 
en (x — 7).. • 1-4-21-t-147—1402 
en (x —8). • • 1 4- 24 4- 192—1233 
en (x — 9 ) • • * 1 “H 27 4 - 243—1016 
en (4;— io).‘.i-f- 3 o-l- 3 oo— 746 
en (a:—n)» •• 14- 334 - 363 — 414 
en ( x —i 2 )...i-+ 36 -H 432 — 17 
en ( x —1 3 )- • *14- 394-507+ 462. 

Done la racine de l’equation est entre 12 et i 3 . 

47. Nous avons suivi dans ce dernier exemple, la 
marclie la plus longue ; car il est aise de voir que x 
devant etre un nombre entier, exprime par deux chiffres, 
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on pouvoit d’abord se procurer les transformees en 
(x — io) ; (x —20), etc., par le procedd indique plus 
haut [24], en faisant d’abord x = iox' , ce qui changeoit 
Tequation en. x -— 1,746 = o. 

Coefficiens des Equations.... 

en x .1 + 0+ o— 1,745 

en ( ^~ IQ ) ou (x — i)-.-h- 3 + 3 — 0,746 

en ~~) ou O'— 2).'T.H-6+i2 + 6,255 

Et par consequent.... 

en ( x — 10).. *i + 3 o 4- 3 oo — 745, 
en ( x — 2o).~- • 1 + 60 + 1200 + 6255. 

Done la racine est entre 10 et 20. II ne reste qxCk se pro¬ 
curer les transformees successives apres celle en (x — 10), 
jusqu’a celle en ( x — 19) tout au plus. 

Coefficiens des equations.... 

en (x —10) • • • 1 + 3 o+ 3 oo—- 745 
en (x —11 )•.. 1 + 33 h -363 —414 
en (x —12).*. 1-f- 36 -+- 432 — 17 
en ( x —i3)*.. 1+ 39-*-607-^-462. 

Et l’on conclura , comme plus haut, que la racine 3 ^ me 
ou cubique de 1746 est entre 12 et i 3 . 

La nouvelle Methode offre done un moyen d’ex- 
traire, par des additions et soustractions, la racine 
7 n^ me , exacte ou approchee , d’un nombre quelconque; 
Si Ton veut comparer cette methode avec les anciens 
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procedes , nous laissons k juger lequel des deux rnoyens 
merite la preference. 

48. Le procede que nous avons employe dans le 
n° precedent, n’est pas applicable seulement aux equa¬ 
tions k deux termes; on peut anssi l’employer dans une 
Equation quelconque 5 toutes les fois qu’on aura sujet 
de penser, d apres l’examen des coefficiens de la pro- 
posee , que le plus grand nombre entier, faisant partie 
de la plus grande racine positive ? peut etre exprime par 
plusieurs chiffres. Dans ce cas, il pourra etre plus eon- 
venable de faire x = \ox', ou x = 100.2/, etc., et de 
se procurer d’abord les transformees en ( x — 10) , 
(x — 20 ) , etc.; ou en (x — 100) , (x — 200) , etc, etc.; 
ou bien encore, de resoudre Tequation en x , a 1’aide 
des transformees success!ves en ( x — 1), ( x '—2), etc.; 
puis d’en deduire les valeurs de x . 

Ces remarques detruiront sans doute cette objection 
que l’irreflexion pourroit opposer a notre Methode; 
savoir : « que si les racines etoient exprimees en nombres 
» un peu grands , la Methode seroit impraticable 
» par sa longueur , et qu’on auroit beaucoup plus tot 
» fait de chercher les memes choses par les methodes 
» ordinaires». 

On peut se rassurer contre cette pretendue longueur , 
puisque le nombre des transformees successives exigees 
par cette Methode , si faciies d’ailleurs a obtenir par 
notre Algorithme , est egal au n ombre des chiffres qu’on 
veut avoir a la racine , plus la sorame dc ces memes 
chiffres consideres comme nexprimant chacun que des 
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unites simples. Par exemple , pour avoir le nombre 812 y 
le nombre des transformees seroit = 

49. Veut-on maintenant avoir 5 dans les cas prec^- 
dens, des racines plus approchees , a telle unitd deci- 
male pr&s qu’il plaira, on peut employer la methode 
d approximation qui sera exposee ci-apres , au Cha- 
pitre VI. 
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CHAPITRE Y. 

Suite de Vexposition de la nouvelle Methodc. Seconde 
Partie. Cas oic cette Partie , jointe d la premiere, 
suffit pour Jhire decouvrir les limites de toutes les 
racines reelles dhnie equation . 

5 o. Les cas mentionnes dans le chapitre precedent ne 
sont pas les plus nombreux. Tantot liquation a resoudre 
n’a que des racines imaginaires; tantot ses racines sont 
toutes reelles 5 mais on fignore , et plusieurs d’entrelles 
ayant pour limites les menies n ombres entiers p et/ h-i, 
on ne peut les decouvrir toutes par les seules transfor- 
mees en ( x — i) , (x — 2), etc. \ d autres fois quelques- 
unes des racines sont rdelles, et d’autres sont imaginaires, 
sans qu on le sache ou qu’on soit instruit du nombre des 
unes ou des autres. Dans ces diverses circonstances , on 
aura recoursa des iT&nstovmiescollaterales ? en la manitre 
qui va etre expliquee. 

5 i. II faut d’abord observer que la resolution des equa¬ 
tions se reduisant h. la recherche des racines positives [ 32 ], 
cette recherche elle-meme se reduit a celle des racines 
positives qu’une equation quelconque peut avoir au-des- 
sous de l unite. Ceci est line consequence des transforma¬ 
tions successives ; car il est Evident que pour connoitre 
toutes les racines positives de Inequation en x > il suffit 
de connoitre respectivement les racines positives infe- 
rieures a funitd, i°. de la proposee; 2 0 . de sa transform^ 
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en (x — i); 3 °. de celle en (x — 2); et ainsi de suite 3 
jusqu a la derniere transform^ qui conserve quelque va¬ 
riation de signe. On voit en effet que pour decouvrir les 
racines que la proposee peut avoir entre p et p + i , il ne 
s’agit que de trouver dans l’equation en (x — p), les 
valeurs de l’inconnue (x — p) comprises entre o et 1. 
Tel est done le probleme dont il faut obtenir genera- 
lement la solution : Etant dormee une equation qui n’a 
point de racines dgales > s’assurer si elle a 5 ou si elle n’a 
pas des racines comprises entre o et 1. 

5 2. Lorsqu’on ignore si l’equation proposee a toutes 
ses racines reelles , l’examen de la succession des signes 
ne fournit plus un indice certain de l’existence des racines 
qui peuvent etre comprises entre p etp 1. Si l’equation 
en ( x —p — 1) a des permanences de signe de plus que 
l’equation en (x — p) , le signe du dernier terme dans 
chacune de ces equations etant le meme ? on peut seule- 
ment soupgonner qu’il y a des valeurs de (sc — p ) entire 
zdro et un , et parconsdquent des valeurs de x entre p 
e t p-f 1; mais ce soupcon reste a verifier. 

D’une autre part, si la seconde proposition mentionn^e 
au n° 3 g etoit admise comme principe general pour une 
equation quelconque, ce principe fourniroit un motif 
constant d’exclusion contre toute valeur qu’on voudroit 
attribuer a ( x — p) entre zero et un , toutes les fois que 
l’equation en ( x — p —1) , n’a pas plus de permanence 
de signe que l’equation en (x — p ). Des lors on deter- 
ruineroit sur le champ, au moyen des exclusions qu'on 
seroit autorise a prononcer, les seuls nombres entiers 
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parmi lesquels on doive chercher ceux qui sont , a moins 
dune unite pres , les racines de l’equation propost5e. 
Coniine nous n’apporterons point ici de preuves de la 
generality de ce principe, nous allons recourir a un autre 
motif de rejet. 

53 . Soit, par exemple, cette Equation.... 

x 3 — -t- 3 a; — 6 = o; 

l’equation inverse en z ou i est,comme Ton salt ^ celle 

dont les coefficiens sont les memes que ceux de Inequa¬ 
tion en x, mais en ordre inverse..., 

6 z 3 — 3 ^ 2 -f-4 z — i=o. 

La transformee en ( z — i) est.... 

6 (z — i ) 3 -j- i5(-— i) 2 -Hi6(o — i) -f* 6 = o. 
Cette transformee nayant que des permanences de 
signes, olfre un indice ou criteriimi certain de Tabsence 
de toute racine reelle entre zdro et un, dans Inequation 
en x . Generalement Vequation en x ne pent avoir plus 
de racines entre o et i, que la transformee en (z—i) 

on ii a de variations de signe . 

Et si l’equation en (z — i) a son dernier terme ne- 
gatif, celle en x a , pour le moins ^ une racine reelle 
entre zero et un. 

5 q. Appliquons ce criteriimi a 1 equation,... 
x 3 — 2X — 5 = o, 

et faisons ~ — * - — z 2 , etainside suite. 

X X I X 1 2 
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Coefficiens des equations.,.. 


en x . 

. I+O — 2 - 5 . 

. ..en (z — j). 

- -5+17+17+ 6 

en (x —i)... 

. i+ 3 + i— 6 . 

. ..en (z,— i). 

.. .6+17+13+ 1 

O fD 

p » 

1 1 

<JA 

. i —f—6-q-1 o— i. 

. 1+9+25+16. 

. ..en (z,—i). 

... 1— 7— 23 —16 


Et pour la recherche des racines negatives , soito:=—x, 

- = z , etc. 
x 9 

Coefficiens des equations..., 

en x.i—o—2+5... .en (z—i)... . 5 +i 3 +ii +4 

en (x—i).... i«+o—{— iq—,4* 

Ces transformations collatdrales suffisent, comme Ton 
voit, pour la resolution approximative de liquation , a 
moins d’une unite pres ; elles donnent l’exclusion a tout 
nombre negatif; et elles excluent en meme temps tout 
noinbre positif, exceptd le nombre 2, , lequel est admis 
pour le plus grand nombre entier compris dans la racine, 
par le double motif que le dernier terme de 1’equation 
en (x — 3 ) est de signe contraire k celui de l’equation 
en (x — a), et que le dernier terme de 1’equation colla- 
terale en (r a — i ) est negatif: ces deux motifs coincident 
toujours ensemble. 

55 . Ces transformations suffisent aussi pour determi¬ 
ner ? a moins d’une unite pres > les racines rdclles d’une 
equation, toutes les fois qu’& cliaque couple d’ecjuations 
en ( x — p) et ( x — p —i), dont les derniers termes 
respcctifs sont de meme signe , correspond une Equation 
collateral en ( z p — i ) qui n’a que des permanences de 
signe. 
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Example ... .x 4 —I2.r 3 +- 58 x 2 — i 32 *+- 121 = 0. 

Coefficiens des Equations. . . 

en x.1— 12 + 58 —132+121.. .en (z—1).. 121 +352+388+192-+ 36 

en (x—1). .. 1— 8+28— 48+ 36 .. .en (Zi— 1). . 36 + 96+100+ 48+ 9 

en (x—2) ... 1— 4+io— 12+ 9...en(z a —1).. 9+ 24+ 28+ 16+ 4 

en (x— 3 )...i + 0+ 4+ 0+ 4 --*en( 3 3 — 0 " 4 + *6+ 28+ 24+ 9 

en (x—4) • • • 1 + 4+10+ 12+ 9. 

Les transfonnees collaterals dormant ici fexclusion a 
tout nombre positif > et la proposee n’ayant point de 
permanence de signe, parconsequent point de racine 
negative , il s'ensuit que toutes ses racines sont ima- 
ginaires. 

Autre exemple . . .. x 4 — 5 x 3 -f- 5 x 2 +- 6— 12 — o. 

Coefficiens des equations.... 

en x.1— 5 + 5 + 6—12_en (z—1 ).... 12+42+49+25+ 5 

en (x—i)-1— 1— 4+ 5 — 5 -en (z,— 1)- 5 +i 5 +19 + 14+ 4 

en (x—2).... 1 -j— 3 — 2— 2— 4,...en (z a —1).... 4+18+32+23+ 4 

en (x— 3 )-1+ 7+i3+ 7— 4 -en (z 3 —1)-4+ 9—11— 38 —24 

en (x— 4 ).... 1+11 + 4 o+ 58 + 32 . 

Puis on fait x= — x . - = z, etc. 

’ x ’ 

Coefficiens des equations.,.. 

en x.1+ 5 + 5 — 6—12. en (z—1 12 + 54 + 85 + 5 i+ 7 

en (x—i)...i+ 9+26+ 23 — 7.en (z,—1)... 7+ 5 — 53 —102— 5 s 

en (x—2)... i + i 3 + 59 +ioS+ 52 . 

D’apres les transformees collaterals , on recommit que 
les seules racines reelles de fequation sont 3 et — 1 , 
a moins d’une unite pres. 

56 . L’uni for mite des signes dans fequation en (r,— 1 ) 
ne permettant pas d’attribuer aucune valeur h (x -F) 
entre o et 1 ^ on peut demander si la proposition inverse 
est ^galement vraie ; c’est-a-dire , si cette uniformity a 
toujours lieu , lorsque x—p n’a aucune valeur positive 
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inferieure a Tumid. Si ce]a etoit, on voit que 1 ’etnploi des 


transformations collaterals nefourniroit pas seulement un 
motif certain d’exclusion contre des nombres qui n’ap- 
partiennent pas aux racines de liquation proposee, mais 
qu’il feroic aussi connoitre avec certitude les nombres 
entiers qui sont, a moins d’une unite pr&s, des racines 
de cette Equation. 

57. Pour obtenir la rdponse a cette demande, il faut 
considerer que si x—p n’a pasde valeur entre z 6 vo et un, 




x—p 


pdrieure a Tunite, la transfer mde en (z F — 1) nepeut avoir 
pour racines reelles que des racines negatives. Done tons 
lesfacteurs reels simples que cette transformee peut avoir, 
sont de la forme z p — 1 + A \ et si ces facteurs ne sont 
associes qu’& des facteurs du second degrd de la forme 
(x,—i) 2 + P (z p — 1) + Q, (A , P et Q dtant positifs 
par eux-memes), il est Evident que la transformee en 
(z p — 1) n’a pour lors aucune variation de signe. Or cette 
forme des facteurs du second degre a toujours lieu dans 
la transformee, a l’exception d’un seul cas, savoir, celui 
oil Tequation en ( x — p) a une ou plusieurs couples de 
racines iinaginaires de la forme ensorteque 

f et <p etant Tun et l’autre moindres que l’unite , on ait 
9 1 — f), et parconsequent <p < 

En effet lorsque 


et 








f 

la partie reelle^—-^ — ine peut etre positive, k moins 

que le d^nominateur f 2 -|- <p ne soit plus petit quce 
qui n’a lieu qu’autant que^/et <p sont des fractions, et 
qu’on a <P </— f 1 , ou <p <f( i — f) \ d’ou il suit que 
<P est alors moindre que ~ ou 0,26; vu que \ est, comme 
on sait, le plus grand produit que puisse donner une 
fraction multiple par son complement k Punit^. 

Ce cas est le seul qui, introduisant dans la transformed 
eu (z p —1) des factcursde la forme (z f —i) 2 —P (r p — 
pourroit y donner lieu a des variations dc signe, et laisser 
subsister la presomption de Pexistence des racines entre 
zero et un dans Pequation cn (.r— p'). 

58 . Ce cas d’exeeption s’evanouira necessairement par 
l’effct des operations ulterieures de notre Mdthode , 
comme on va le voir dans le chapitre suivant. Mais il 
suit d£s a present, du nuinero precedent , que la seconde 
partie de cette Methode fait connoitre avec certitude, 
tan tot Pabsence de toute racine reelle dans liquation 
en (.r— p) entre o et 1 ; tantot Paltcrnative de Pexis¬ 
tence de plusieurs racines entre zero et 1 , ou de celle 
d’une couple , au moins, de racines imaginaires , dont la 
partie reelle est une fraction proprement dite , tandis 
que la quantite precedee du signe — sous le signe ra¬ 
dical , est moindre que ^ ou 0 , 25 , et meme que le pro¬ 
duit de la partie reelle par son complement a Punite. 
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CHAPITRE VI. 


Fin de Vexposition de la nouvelle Methode . Troisieme 
Par tie. 

59. Lorsqu’on salt avec certitude que la proposee a 
une ou plusieurs racines comprises entre p et p-\-i,il 
reste a trouver une valeur exacte de ces racines jusqu'au 
n ieme cliifFre decimal 3 et quand on a lieu seulementde 
prdsumer leur existence , ii reste a opdrer la verification 
de ces racines douteuses.. U11 meme procede va remplir 
ce double objet 3 c'est-a*dire que la methode d’approxi- 
mation pour les racines deja comiues ; sera en meme temps 
une methode de verification et d’approximation pour 
celles qui ne sont que soupconndes. 

60. Soit qu’011 ait la certitude que l’equation en (a : — p) 
a quelque racine comprise entre o et 1 9 soit qu’on se trouve 
seulement autorise ale soupconncr ; on fait 10(or- — p) = x. 
Autant x — p a de valeurs entre z£ro etun ; autant x* en 
doit av'oir entre zero et dix. II faut done, au moyen des 
transformees en (x — 1 ) , (x' — 2 ) ; etc., jusqu'a celles en 
( oc ‘ — 10) tout au plus , chercher les racines que fequa- 
tion en x a ou peut avoir entre o et 10. 

On se comporte dans cette recherche comme dans celle 
des racines de Inequation en-r; et l’on parvient de cet'e 
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maniere, solt a trouver la premiere decimal e des racines 
dont la partie expriniee en nombre entier p est deja eon- 
nuejsoit a reconnoitre et a verifier, a moinsd'un dixieme 
pr£s, l’existence des racines comprises entrejn et (p-\~ 1) , 
qui jusquesda etoit douteuse, et qui cesse dc Tetre, parce- 
que ces menies racines ne se trouvent point comprises 

ensemble entre p et (p + -~ 1 ) , les diffe¬ 

rences de ces racines enir’elles pouvant d’ailleurs efre 
indefiniment moindres que -jV 3 soit encore a d^truire la 
presomption occasionnee par des racines imaginaires 
J"z t \/ — <P ? dans le cas ou le criterium 011 moyen d’ex- 
clusion mentionne dans lasecondef’artic [ 53 ],s’est trouve 
en defaut [ 5 ^]. 

6t. On parvient, disons-nous, a detruire ce soupeon 
a Taide des equations en (a' — p) et en (xV— 1 ), toutes 
les fois au moins que le centuple de la fraction <p est egal 
ou superieur a ~ ; ou, ee qui revient au meme, toutes les 
fois qidon n'a pas <P < T ^ r -, ou bien <p < 0,0026. 

Pour s’assurer de ceci, il ne faut que faire attention a 
l’equation 10 (a;— p) = x. Lorsqu’une valcur imaginaire 
de (x — p) est f + 1 / — <P y la valeur correspondante de x\ 

est 10 j + 100 <? , et celle de (x — p' ) est. 

(iof— p , )±\y'— 100 <p , ou bien f' •+ —100 <p ; 

si Ton fait 10 j — p =/'. On raisonnera done pour Inequa¬ 
tion en (z' P — 1 ), comrae on a fait ei-dessus pour celle 
en ( S -1) [ 58 ]. 

62. Ce qui precede va s’eclaircir par l’exemple suivant. 
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Soit a resoudre liquation.... 


X 3 _ 5 iX 2 -4-761X— a 655 — o; 

ou bien ^ X dtant egale k iox , soit propos6e cette autre 
equation.... 

x 3 — 5,ix 2 -h 7,61.2; — 2,655 = o. 

L’equation n 3 ayant point de permanence de signe ; n’a 
point de racine reelle negative. 

Coefficiens des equations..;. 

en x .1—5,i 4-7,61—2,655.. .en (z. —1)...2,6554-o,355—2 ,i 55—o,855 

en(x—i)...i— 2,1 4 - 0 , 4 1 +°; 655 . . .en (z,—i)... 0 , 8554 - 2 ,9754-1,285+0,1 65 
en (x—2)...i 4-0,9—0,794-0, i 65 ... en(z a —i).,.Oj 1 65 —0,295—0,1854-1,275 
en (x— 3 )... 14-3,94-4,014-1,275. 


Done zero est admis comine racine approchee , a moins 
d’une unite pres j le noinbre 1 est exclus; le nombre 2 est 
a verifier. 

Pourl’approxiinationde la racine adniise, soit iox=x'. 


1 



etc. 


Coefficiens des Equations.... 

en x '. .. . . 1 — Si + 761 — 2655 

en (x —1) _ 1 — 48 -4- 662 — 1944 

en (x' — 2 )... ; 1 — 45 -f- 669 — 1329 

en (x' —3).... 1 — 42 -f- 462 — 804 

en (x' —4).. . .1 — 89-4- 401 — 363 

en (, x — 5 ) .... i — 36 + 326 -f- o. 

Done #' = 5 ; d'on x = o, 5 . 


jV. B. On voit que Ies equations collaterals en (z'~— 1) T 
{z! y —1)» etc. sont inutiles dans cette circonstance , parceqne la 
transformee en ( z —i) n’ayant qu’mie variation de signe , il 
s’ensuit que x' ne peut avoir qu’une seule valeur entre oetio, 
,r.n’en pouvant avoir qu’une entre zero et un [ 53 J. 
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Pour la verification des racines douteuses, soit, .... 

1 i * 

10 (x — 2) — x, ~r — z , etc. 
x' 

Coefficiens des equations.... 

en x . i+ 9—79-f-1 65 . en (2'— 1).... i 6544 1 6434649 $ 

X 11 

en —1) - i-f-12— 58 -J- 96 . en (2-1 —9642004 1844$ 1 

en { x — 2) i 4 -i 5 — 5 i 4 - 5 i . en (s' a —1) 514-1224106436 

en * 3 ).. .. 14184 24 36 . 

Done of n’a pas de valeur reelle positive; done 2 est 
exclus, et l’equation est resolue. 

63 . Autre exemple.,.,x$ — 3 x 4 — 3 x 3 -i-jx 2 4-8 x-4-2 = o. 

Coefficiens des Equations.... 

enx. t— 3 — 34 ~ 74 84 2...en(2— 1)... 24*84 ^94 864^44*2 

en(x—i)...i 4 2— 5 —104 64 * 2 -*’ e n(z l -i)...i 24664 1 344 12 i 4464 6 
en(x—2)...i 4 74*3— 3 —i 64 6...eu(z, a -i)... 641 4 — 7— 02—104 * 
en(x—! 3 )...14124614884504 8. 

Coefficiens des Equations.... 

en x = — x .. .143— 5 — 748—2. . .en (z—i). . .242—5—44240 
en (x— 1)-1484194124240. 

Done line des vaieurs de x est — 1, et les transformees 
collaterals ne perinettent de soupconner d’autres racines 
reelles qu’entre 2 et 3 et entre o et — 1. 

Pour la verification des racines douteuses positives , 

. cd 

soit 10 ( x —2) = x f } ou x = 2 - 4 - —. On obtient l’egua- 

tion en x' par une addition convenable de zeros dans les 
coefficiens de i’equation en ( x —*2). 
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Coefficiens des equations.... 

en . i + 70+1800— 3 ooo — 161000+600000 

en (jc' —i ^.... i —f— 75+1690+ i 33 o—161815-J—438371 
en (u' — 2). . . . 14- 80+1900+ 656 o—164080+279662 
en (u — 3 J....I + 86+2280+12750—134935+18401 3 
en (+ —4). ... 1+ 90+2580+19960—102400+ 14146 
en (n/ — 5J....1 + 96+2950+28260— 5 48-? 5 — 66626 
en (u f — 6 ). . . . 1+100+3340+87680+ u 36 o— 88704 
en (V — 7). ... 1+ 106+3760+48310+ 97146 — 36228 
en (y — 8).... 1 +110+41S0+60200+206440+ 1 1 3 o 8 S. 

Done x' a deux valeurs, lime cut re 4 et 5 , 1’aulre entre 
7 et 8 ; cl parconsequcnt les ratines positives de x sont , 
a inoins d’un dixieme pres, 2,4 et 2,7. 

N. B. L’equation en ( z % — 1 ) on (7—37; — 1^ n’ajant que 

deux variations tie signe , ne pent avoir que deux racines posi¬ 
tives [ 55 ] , et parconsequent (u; — 2) ne pent avoir plus de deux 
valeurs entre o et 1 , ni x plus de deux valeurs entre o et 10: 
les transformees successives faisant ici connaitre ces deux va- 
leurs , il est inutile de calculer ies collaterals. 

Pour la verification des racines negatives qni peuvent 
etre comprises entre o et 1, on fera 10 x = x', et par les 
transformees successives en ( x'— 1 ) , ( x — 2) , etc. , on 
trou vera deux valeurs pour x', comprises respectivemeut 
entre 4 et 5 , et entre 7 et 8. D’ouil suit que les racines 
negatives de x sont — 0,4 et— 0,7, a inoins d’un dixieme 
pres. 

64. Les Equations en (x — p') et en (z p *— 1) peuvent 
11’etre pas sufBsantes pour determiner l’admission oli le 
rejet de la totalite des racines douteuses. Alors on a recours 
aux equations en (x r — p*)e t en ( —1 ) ? qu’ou obLient 
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en faisant io (a/— p) = x y 


z%»> ct en proce- 


danfc coinrne on a fait ci-dessus pour les equations en 
(x — p ) et en (z f t — i). 

Par ce moyen on approche , jusqu’a la seconde de'ci- 
male inclusivement, des racines dont r existence est deja 
reconnue, en meme temps que 1 ’on decouvre les racines 
reelles jusques-la douteuses, qui dtant comprises entre 

) et + 1 ) j n ’ ont point pour communes 


limites (p et (p -■ ), les diffe* 

V IO ICO/ v IO ioo 

rences de ces racines entr’elles pouvant d’ailleurs etre 
inddfiniment moindres que 

On detruit aussi , par ce meme moyen, le soupeon qui 
auroit etd maintenu dans l’equation en — p') par les 
imaginaires j' Hr —ioo<p ; toutes les fois , pour le 
moins, que ioooo <p n’est pas 6 gal ou supdrieur a ~; ou , 
ce qui revient au meme, toutes les fois qu’on n’a point 
<P < vsvs o? ou bien <p < 0,000025. Les raisonnemens sont 
ici les memes qu’aux numeros 58 et 61. 


65 . S’il reste encore a verifier des racines pr&umees , 
ou si l’on veut pousser l’exactitude des racines deeouvertes 
jusqu’a la troisiemedecimale inclusivement, on voit com¬ 
ment la verification et lapproximation se continueront 
par les Equations en (x — p m )et en(^V— i ) qu’on obtient 

x m 1 

en faisant io ( x "— v) — ■—, ct s -— y = £%• 

K L ' IO 7 X —p 


66 . En procedant de la sorte , au moyen des Equations 
en (x 11 — p ir ), en(x J — p 1 ), etc. etc., s’il y a lieu, on finit 
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par determiner quelles sont, parmi les racines prdsumces 
de 1’equationproposee enx, celles qui doivent etre admises 
et celles que Ton doit exclure. Generalement , on n’est 
dans le cas de recourir a l’equation en (jr°°—p°°), qu autant 
qu’on veut avoir des racines exactes jusqu’a la d^ciinale 
n itmo inclusivement , ou que la proposee a des racines 
imaginaires dont la partie reelle n’est pas un nombre 
entier, et dont la partie precddde du signe — sous le 

signe |/", est moindrequeencore, dans la seconde 
circonstance > ce recours n’est-il pas toujours necessaire. 

Nous sommes done arrives , par notre M6thode , au 
but que nous nous sommes propose, qui est de trouver 
exactement, jusqu’a telle decimal e qu’on voudra,les seules 
valeurs reelles qui puissent etre assignees a Tinconnue 
d’une Equation numerique d’un degrd quelconque; et 
nous y sommes parvenus par le seul emploi des deux pre¬ 
mieres regies de l’Arithmetique. La pratique etant la 
pierre de touche dc lacommoclite des diverses methodes, 
nous desirons que nos Lecteurs s’exereent k resoudre les 
memes Equations numeriquespar la notre et par celles qui 
l’ont prdeed^e* qu’ils resolvent, par exemple , J equation 
du cinquieme degre dn n° 63 , et celles du quatri&me 
degre du n° 55 . 
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NOTES. 


Sur le CIIAPITRE I' r . 


(A) Nous avons dit, au snjet du proc£d£ qne M. Lagrange 
a propose pour corriger la rn&hode des substitutions successives, 
qu’il pouvoit donner lieu , en certains cas , a des milliers , et 
merae a un nombre indefiniment plus grand , d’operations super- 
flues. Soitj par exemple , une equation du quafrieme degre 
ayaut une de ses racines entre o et q une autre racine entre 
i et 2 ) une troisieme egale a 4, moins 1111 demi-millionieme ; 
et, pour derniere racine , 4 j pins un demi-millionieme ( on 
prend ici, pour plus grande commodity , une fraction ration- 
lielle ). Dans ce cas, la limite de la plus petite difference des 
racines sera moindre qu’un millionieme. Done si l’on fait 
D < x 00 q 000 dans la progression arithmetiqueo, D,2D , 5 D,etc., 
le nombre destermes a substituer devra s’elever a plus de quatre 
millions *, tandis que cette metue equation pent se resoudre par 
la seule substitution des nombres 0,1,2, 3 , 4 et 5 . Cette 
extreme multiplicite de substitutions est done un luxe infiniment 
onereux j et l’ou auroit, generalement, plus tot fait d’employer 
v successivement , pour les substitutions, au lieu de la serie 
o , D , 2D , 3 D , etc. , la serie des unites simples *, puis, en cas 
d’insuffisance , celle des dixi&mes) puis encore celle des cen- 
tiemes , et ainsi de suite. 

Ce parti seroit preferable , lors merae qu’on seroit tenu ; 
an l’adoptant, d’operer la substitution des nombres de cliaque 
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s^rie compris enfre chaque terme de la Serie precedenfe et le 
terme suivant, c’est-a-dire, de substituer les dixiemes compris 
entre o et 1 , entre i et 2, entre 5 et 4 j et ainsi de suite sans 
exception, etc. A plus forte raison, ce mode de substitution doit- 
il etre prefere lorsqu’on a trouve le moyen de se dispenser de la 
plupart de ces intercalations ou substitutions intermediaires, 
ainsi que cela se rencontre dans notre Melhode. 

Parle raeme motif, dans une equation dont la plus grande 
racine paroitroit susceptible de renfermer dans sa valeur des 
dixaines, ou des centaines, etc., on devroit employer , pour 
les premieres substitutions, la serie des dixaines, ou celle des 
centaines , etc. Les termes de chacune des progressions aritli- 
metiques qu’il conviendroit d’employer successivement, peuvent 
etre representes d’une maniere generale par o, io", 2.10", 
5 .io n , etc.; n etant un nombre entier positif, 011 zero, 011 un 
nombre entier negatif. On doit commencer par la substitution 
des termes de la progression dont la difference io 71 est la puis¬ 
sance de 10 immediatement inferieure a la limite de la plus 
grande racine positive. Si cette limite, par exemple , etoit 
comprise entre cent et mille, la difference de la premiere pro¬ 
gression a employer seroit io\ La derniere progression a la- 
quelle on puisse etre dans le cas de recourir , est celle dont 
la difference est la puissance de 10 immediatement inferieure 
a D ; mais on pourra souvent, ainsi que nous l’avons fait 
observer, se trouver dispense d’en venir a cette progression, 
et meme a plusieurs de celles dont l’emploi doit preceder le 
sien. L’exemple allegue au commencement de cette note en est 
une preuve sensible. Quoiqueles puissances de tout autre nombre 
que 10 pussent etre prises pour les differences respectives de ces 
progressions , ce dernier nombre doit, en general, etre adopte 
de preference, a cause de la facilite des calculs, qui resulte 
de ce qu’il est la base du sysleme de numeration usite. 

$i les quatre premieres racines d’une equation proposee , du 
sixieme degre, eloientdes imaginaires dont la partie reelle fut un 
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nombre cntier positif moindre que 3 , les deux dernieres racines 
resfant Jes memes que ci - dessus , c’est - a-dire , 4 — —sis^o 
quatre millions, etplus, de substitutions a 
operer, seroient rigoureusement necessaires pour la resolution de 
l’equation , selon la methode de M. Lagrange; et cette dure 
necessite est encore un inconvenient extremement grave. Pour 
resoudre line semblable equation , a moins d’une unite pres , 
suivant la nouvelle methode, il ne faut que quelques minutes. 

(B) En parlant du fameux theoreme de Descartes , l’illiisfre 
Auteur du Traite de la Resolution des Equations numeriques 
jrappellequeles Anglois attribuentcette regie a leur compatriote 
Harriot. II est vrai que Descartes, de son vivant menie, fut 
accuse, par les Anglois , de cette espece de plagiat , comme ils 
ont forme depuis line semblable imputation contre Leibnitz. 
Mais en rappelant cette accusation surannee , qui n*a point 
cmpeclie que le theoreme dout il s’agit n’ait ete constamment 
appele la Regie de Descartes , il est juste aussi d’observer 
qu’elle a ete detrnite par plusieurs Auteurs dn dix-seplieme 
siecle. Le P. Prestet , dans ses Elemens imprimes en 1689, 
provoque , ace sujet, la comparaisou des ecrits d’Harriot avec 
ceux de Descartes. « Lorsque M. Wallis , dit-il , un peu trop 
a jaloux de la gloire que la France s’est acquise dans les 
j> Mathemathiques, vient renouveler cette accusation ridicule, 
» on est en droit de ne le point croire , puisqn’il parle sans 
2 preuves. M. Hndde , hollandois, qui n’est point suspect, puis" 
» qu’il n’avoit aucun interet a soutenir 1’honneur des auteurs 
» Francois, est bien plus equitable dans le jugement qu’il porte 
> de M. Descartes ». 
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Sur le CHAPITRF. II. 

(C) TjES deux propositions* dont depend l'Algorlthme du 
chapitre second , nous avoient parn nouvelles. 3 V 1 ais nous ne 
dcvons pas taire que M. Legendre , dans son rapport sur nne 
partie de notre travail, en a juge autrement. Suivant lui, « ces 
» deux theoremes que 1 ’Auteur regarde comme nouveaux, ne 
» sont que Venonce de proprietes dejd counties , relatives a 
» la soramation des suites, et ce qni lui appartient se reduifc 
» a l’Algoriihme propre a operer les transformations ». 

Si 1 ’on considere que le second de ces theoremes et l’Al- 
gorithme ne sont qu’une seule et meuie chose , on aura sans 
doute quelqne peine a comprendre que 1’un appartienne a 
rAutenr, si l’autre ne lui appartient pas. Peut-eire le Rap¬ 
porteur se seroit-il exprime avec plus de ju-itesse et de justice , 
s’il eiit dit que ces deux propositions, jusqu’ici inconnues, 
sont des consequences si faciles a deduire des priucipes deja 
recus, qu’il pent paroitre etonnant qn’ori ne s*en soit pas avise 
plus lot. Peut-etre, du nioius, auroit-il mieux vain que M. Le¬ 
gendre , en niant la nouveaule de ces propositions , ne se fufc 
pas borne a cette simple negation, et qn’il ent bien voulu 
indiquer en quel ouvrage, elementaire ou non, el es se trouvent 
consignees. Quoi qu’il en soit , d’apres I’imposante autorite du 
savant Rapporteur , on concoit qii’il est inutile de s’arreter 
ici a pro over des proprietes counties. 

(D) L’Algorilhme indiqnd an n° 26, pourroit efre employ^ 
a la recherche directe des racines negatives *, mais it nous a 
pam plus simple et plus commode de ramener cette recherche* 
comme on a coutunic de faire , a celle dcs racines positives et 
d’employer* a cet effet* noire Algoritlune ordinaire. 
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(E) L’Algorithme du second chapifre, en perdant un peu 
de sa simplicity , pent s’dtendre an calcul de la transformee 

en^o: — d n’etant plus seulement une puissance de io, 
mais un nombre entier quelconque. 11 faut, pour cela, faire 
x = ^ > et > pour avoir les coeffieiens de l’equation en x } mul¬ 
tiplier respeetivement ceux de liquation en a:, a compter de 
celui de x m } par d a , d l , d*,.„ d n \ Ensuite, par de simples additions 
et soustraclions, on se procure [n os 22 , 24, 25 ] la transformee 
eni —/;, dont les coeffieiens , a compter de celui de la plus 
haute puissance, respeetivement divises par d°, d l , d*d m 9 

deviennent ceux de l’equation en (x — Par ce procede 9 

le nombre des multiplications et divisions est diminue, autant 
qu’ii se pent. 
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Sur le CIIAPITRE III. 

(F) On a vu [n° 35 ] comment on peut determiner une 
limite, en moins, de la plus petite valeur positive, et una 
limite, en plus , de la plus grande valeur que puisse avoir 
rinconnue d’nne equation. Maisii estnne remarque qui n’a pas 
encore ete faite, c’est qn’on pent determiner deux limites sem- 
biables pour les valeurs reelles qu’une equation peut avoir entre 
zero et un ; et voici comment. 

Pour obtenir une limite moindre qtie la plus petite racine , 
on use du me me procede qu’au n e 55 \ c’est-a-dire, on prend 
le quotient du dernier terme divise par la soinme de ce merae 
terme et du plus grand coefficient precede d\m signe con- 
traire : ce quotient donne necessairement une fraction pour 
limite de la plus petite racine positive. 

La limite de la plus grande racine qui puisse etre comprise 
entre zero et tin , se decouvre a l’aide de la Iransformeeen ( x — i), 
apres qu’ona change les signes de ses coefficiensde rang pair : le 
plus grand coefficient de cette equation , ainsi modiflee , de signe 
contraire a celui de son dernier terme, £tant divise par la somme 
de ce coefficient et du dernier terme , le quotient est une frac¬ 
tion dont la valeur surpasse celle de la plus grande racine que 
la proposce en x puisse avoir entre o et i. Cette fraction est le 
complement, a l’unile , de celle qui exprime la limite de la 
racine la plus voisine de zero , que l’equation en (x — i ) pnisse 
avoir entreo et —i. Avec un peu de reflexion, on appercoit aise- 
ment la raison de ceci. 

On jugera , par la suite de ces Notes , de quelle importance 
peut 6tre cette remarque. 
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Sur la CHAPITRE IV. 


(G) Parmi les cas susceptibles d’etre resolns par la premiere 
partie de la nouvelle Methode, on a compte celui ou la pro¬ 
posee n’a ni racines imaginaires , ni plnsienrs racines reelles 
comprises entre deux nombres entiers p et p + 1 . II peut neau- 
moins se presenter alors tme difficult^, provenant de la pre¬ 
sence des racines commensiirables dans Peqnation: en void un 
exemple avec lc moyen d ’y obvier. Soit Pequation... 

X 3 4“ X 2 OX -f- 1=0; 

on a les coefficiens des equations.... 

en x . . i + i— 3+i 

en ( x —* i ). i -j— 4 4“ o - 

Dans cette circoiistance oil la proposee a Puniffi pour racine > 
il se pourroit qu’il y eutune antre racine entre zero et un , dont 
l’existence ne seroit point manifestee par le dernier ferine. Si 
cette racine existe en effet, on s’en assurera en prenant la somme 
des trois premiers termes de la proposee i + 1 — 3, laquelle 
somme egalant— i , est de signe contraire au troisieme terme 
+ 2 , de la transformee en ( x — i ) , et par consequent, atteste 
l’existence d’nne racine entre o et i. 

La raison de ceci est que , dans cecas, l’eqnation dudeuxieme 
degre qui resulte de la division de la proposee par x — i, a pour 
ses coefficiens respectifs les sommes-premieres des coefficiens de 
la proposee , a commencer dn premier jusqu’au troisieme. Ces 
sommes etant i, 2 , — i , Pequation du second degre est.... 

2X — i = o , 

dont la transformee en (a:— i) est- 

(x— i) 2 4-4(^— i ) 4-2 = o. 
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Cette operation seroit inulile , si Ton savait d’avance que la 
proposee n’a point de racines imaginaires , la simple comparai- 
son ties signes de cette equation avec ceux de sa transformee £tant 
alors suffisante pour manifester [’existencede la racineentre et i. 

Quoique Pexemple employe dans cette note, soit celui d’une 
equation ena? dutroisieme degre, dont la transformee en (x — 1 ) 
n’a que sou dernier terme egal a zero, le procede est general* 
La proposee etant du degre m , et sa transformee en (x —i ) 
ayant ses n derniers termes egaux , cbacun , a zero , il faufc 
alors prendre la somme des m + i —■ n premiers coefliciens de 
1’equation proposee j cette somme est la valeur du dernier terme 
<Je 1’equation en x du degre ( m — n ) , qui est le meme degre 
auquel la transformee en ( x — i ) se trouve abaissee par 1’ega- 
lite a zero de ses n derniers termes, 

(H) Nous n’aurions peut-efre pas du faire mention, au n° 
de l’objection opposee a la nouvelle Methode ; mais nous savons 
que cette objection a etd faite dans les propres termes que nous 
avons rapport^sj et des lors il a bien fallu en montrer la frivo- 
lite. Quelles sont d’ailleurs cesMetbodes ordinaircs qu’on puisse 
dire plus expediiives , et en meme temps aussi siires, aussi 
generates que la notre ? 
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Sur le CHAPITRE V. 

(I) Outre le criterium que nous avons fait connoifre [n° 53] , 
il en existe plusieurs autres qui, sans avoir tous les avanfagesdu 
premier, peuvent souvent en tenir lieu. Un second criterium 
consiste dans ce corollaire aussi important par son utilit6 que 
facile k deduire de la remarque que nous avons consignee dans 
la note (F) : 

Une equation n'a point de racine entre zero et un , lorsque 
la limite, en moins, de sa plus petite racine , est egale ou 
superieure a la limit e , en plus, de la plus grande racine qu'ellc 
puisse avoir entre o et i. 

Soit, pour cxemple , la m£me equation du n° 53...? 
a: 3 — + 3 x — G = o. 


Coefficiens des Equations.... 

en x . i — 4 + 3 — 6 

en ( a; —-1 ).i — i — 2 — 6. 

Ici la plus petite valeur que x puisse avoir entre o et 1 , doit 
etre superieure a § ou J*, et la plus grande doit etre au-dessous 
de | ou j ; la contradiction qui se rencontre entre ces deux con¬ 
ditions fait voir l’impossibilite qu’il y ait des valeurs positives 
de a; au-dessous de l’unite. 

(K) A l’aide du criterium que nous avons indiqu£ daus 
la note precedente , on peut souvent resoudre une equation 
numerique , sans avoir besoin de recourir aux transformees 
collaterals. 


e 
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Prenons pour example la meme Equation.... 

x 3 — 4 x a + 5 x -'C = 0. 

Coefficiens des Equations- 

en a:..... i — 4 + 3 — 6 

en (x —i)....i — i— 2 — 6 
en (.z— 2)....i+ 2 — i —8 

en (.z — 3 ). ...i 4 - 5 -f 6 — 6 

en (x — 4) - 1+8 + 19 + 6. 

O11 a dejavu que x ne peut avoir de valeuu entre o et 1. 

La plus petite racine de 1 ’equation en ( x — 1) doit surpasser 
f, et la plus grande racine positive , inferieure a i y que cette 
equation pnisse avoir , doit etre au-dessous de + ou ~. La con- 
tradictiou est evidente. Done l’equation en ( x — 1) n’a point de 
racine positive entre o et 13 et par consequent , celle en #n’en a 
point entre 1 et 2. 

De meme , les fractions qu’on voudroit admettre comme 
racines de l’equation en (x — 2 ), devroient etre en meme tenips 
au-dessus de -^ou et au-dessousde+, conditions incompatibles. 
Done l’equation en ( x —2) n’a pas de racine entre o et 13 et 
par consequent celle en x n’en a point entre 2 et 5 . 

L’equation en (x — 3 ) n’a qu’une racine positive qui est 
manifestee entre o et 1 3 par consequent x a une valeur positive 
entre 3 et 4* Et la proposee n’a pas d’autre racine rdelle , vu 
que n’ayant point de permanence de signe , elle n’a point de 
raciue negative , et que 1’absence des variations de signe dans 
latransformee en (x — 4 ) etablit le nombre 4 pour limite de la 
plus grande racine positive de la proposee. 

(L) Un troisierae criterhnn s’offre encore a nous : Une equa¬ 
tion ria point de racine entre zero et un } lorsque la suite 
formee par les sommes-premieres de ses coefficiens pris a 
rebours > ne presente point de variation de signe . Cette propo¬ 
sition est une consequence de notre Algoritlune [n° 20 car 
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il est evident que l’absence des variations de signe dans cette 
suite , entraiue cette meine absence dans la transformee colla¬ 
teral e. 

Ainsidanslameme equation qui vient de nous servir d'exeraple, 
les coefficiens pris a rebours etant.... 

— 6 -f- 5 —4 + 1 > 
les sommes-premicres sont ... — 6 — 5 — 7 — 6 , 

d’ou il suit que 1’equation en x n’a point de racine entre o et 1 

Ce criterium s’applique pareillernent aux deux transformees 
de cette equation en (a; — 1) et en (x — 2 ). L’operation qu’il 
exige peut souveut se faire meutaleiuent, et meme d’un coup- 
d’oeil, conime cela se trouve dans le cas pris pour exemplej ce qui 
rend ce criterium tres-commode. 

(M) Il est encore d’antres circonstances on I’on peut se 
dispenser de calculer les transformees collaterales. 

Lorsque les transformees successives en (x — 1), (x —2), etc. 
out fait decouvrir autant de racines positives que la proposee a 
de variations de signe, on voit que les collaterales en ( z — 1 ) , 
(z*— 1 ) , ( z 2 — 1 ) , etc. deviennent inutiles. C’est done sura- 
bondamment que ces dernieres out ete employees au n° 54, 

dans la recherche des racines positives de 1’equation . 

x 3 — 2X — 5 =o j et au 11 0 55 , dans celle des racines negatives 
de l’equatioii cc 4 — 5 x 3 -f- 5 x* + 6a;—12 = 0. 

Daus la premiere equation de ce meme n° 55 , la seule regie 
de Descartes rendoit inutiles toutes les transformees collaterales, 
a l’exception de celle en ( z a — 1). Il suffit, pour s’en convainere, 
de jeter les jeux sur les sigues des coefiiciens de cette equation 
et de ses transformees successives. On en peut dire autant par 
rapport a l’equation en x du n° 62 , et a ses transformees succes¬ 
sives. En general, il ne faut point perdre de vue cette regie de 
Descartes, dont les applications se presentent frdquemment dans 
la nouvelle Metliode. 
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Lorsqn’on est parvenu a d^couvrir 77Z— 2 racines reelles d’une 
equation clu degre m , on ne oeutsupposer cjue les deux restantes 
aient des valeur* reel les comprises entre deux nombres entiers 
p et p -f- i , si l’equation en (x — p — i ) n’a pas au moins deux 
permanences de signe de plus que celle en (x — p ). Ainsi dans 
l’equalion du n° 46, a: 3 — qx -f- 7 = o , lors meme qu’on igno- 
reroit que toutes ses racines sont reelles , la seule vue des 
transformees successives apprendroit qu’il ue faut chercher les 
deux racines positives de la proposee qu’entre 1 et 2, 

(N) Le criterium qui est indique au 11 0 53 , et que Ton doit 
considercr comme le plus important, peutetre generalise ainsi: 
une equation en x ne pent avoir plus de racines comprises 
entre zero et u, qu’il iiy a de variations de signe dans l'e- 

qnation en z — - ) ,■ u representant une valeur positive quel- 

conque,etz e'galant 

Sur quoi, il faut observer qu’en faisant z'= uz , on a les 
meraes variations de signe dans l’equation en (z' — 1) ou 

^ — 1 ^ que dans celle en ^ z — ^ ^ 011 ^ ^ ^ ^ \ ensorte 

qu’il suffit, sous ce rapport, d’obtenir la premiere. 

Ainsi la proposee en x n’aura point de racine entre zero et 
u, lorsque la transform^ en ( z' — 1 ) ou^—n’aura que 
des permanences de signe. 

Cette uniformite des signes de la transformee aura cons- 
tamment lieu , lorsqu’il n’y a aucune valeur de x entre o 
et u , si ce n’est quand la proposee a une ou plusieurs 
couples de racines imaginaires de la forme fdiz\/ — <p,/ayant 
une valeur positive moindre que celle de u , et <p etant moindre 

quey'( u — f) , et par consequent moindre que Ce cas 
d’exception est le seul qui puisse produire quel que variation de 
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signe dans la fransFormee en ( z !— i ); encore n’en est-ce pas 
nn efFet necessaire. 

Dans ce cas, si u = \ , f est une fraction , et <p est < 

4 

Si u= io ,fe st entre o et io , et est < — on 25 . 

4 


Si u = i oo , J' est entre o et i oo, et <p est < on 25 oo. 
Et generalement , si z/= io", f est entre o et io% et (p est 


1 O 272 

< — j- ou 25 .io aCn—l) . Ceci a egalemeut lieu lorsque l’expo- 
sant n est negatif. 

Ces resultats se lient avec ceux des n os 5 y , 6 i, 64 \ et ce 
criteriinn, ainsi generalise, se demontre d’une maniere ana¬ 
logue acelle du n° 5 j : z' ou - est ici- u .^= z ou l - ^ ^ 11 

6 ' X f zh v /— 9 /'+* * 

ainsi la partie reelle de z — 1 est ^— \ quantite qui ne 

peut etre >> o qu’autant que le nombre f est positif et plus petit 
que u , et que <p est 


(O) Appliquons ceci a l’equation.... 

a ; 4 — 1 2X 3 + 58 x a — 1 5 ax -}- 121 = o. 

Cette equation est la merae qui a dte resolue au n* 55 , 
a l’aide de ses transformees successives en ( x —1), etc ., 
et des transformees collaterals cn ( z — 1 ) , ( z x — 1), etc. 
II est aise de reconnoitre [ 55 ] que ses racines positives, si 
elle en a , sont moiudres que 5 . 

Les coefficiens de l’equation inverse en z ou ^ etant... 

121— 152 + 58 —12+1; 
ceux de ^equation en z f = 5 c sont. .. 

121 — 5.i52 + 5 a .58 — 5 3 .i2 + 5 4 \ 
ou bien 121 — ^96+ 522 — 524 + 81. 
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Les coefficiens de ^equation en (z' —i), calculus par 

TAlgorithme > sont. 

1 2 1 -f- 88 *4“ 6o “4“ 1 6 4* 

Done la proposee n*a point de racine positive moindre que 3 ; 
et comme elle n’en pent avoir qui soit egale ou supdrieure a 
ce nombre, et que l’absence des permanences en exclut toufe 
racine negative, il s’ensuit que l’equation en x n’a point de 
racines reelles. 

L’application de ce criterium n’a pas le meme r^sultat dans 
^equation suivante.... 

x 3 — 2, ix 2 -j- o,4io; + o ,855 = o , 
equation dont la plus grande racine positive, s’il y en a > est <4* 

Les coefficiens de liquation en z'= 4 Z = \ > sont.... 

o ,855 + 4 X 0,41 — 16 x 2,1 + 64 , 
oubien... o ,855 <+■ 1,64 — 55,6 4 “£> 4 » 

Ceux de liquation en ( z' — 1 1 ) sont- 

o ,855 + 4 ^o 5 — 27,755 4- 02,895. 

Done la proposee en x a, soit une couple de racines positives , 
soit une couple de racines imaginaires dont la partie reelle est 
entre o et 4, et dont la partie precedee du signe —sous le 

/a 

signe / est < ^ ou < 4* 

Si l’on fait attention que les coefficiens de cetfe proposee sont 
les memes que ceux de la transformee en ( x — 1 ) du n°62, on 
appercevra aisement que e’estun cas d’exception semblable a 
celui que presente i’equation en x resolue dans ce numero. 

(P) Le probleme de la resolution des equations nmneriques 
dtant reduit par la nouvelle methode a la recherche des racines 
d’une equation comprises entre zero et un , il est avantageux 
de multiplier les moyens de reconnoitre l’absence de toute ra- 
cine reelle entre ces deux limites : en void done un quatrieme. 
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On prendra la somme des coefficiens de signe contraire a 
oelui du dernier terme; si el 1 e n’est pas plus grande que ce 
terme y on en conclura evidemment que liquation n’a pour 
racine aucune valeur entre o et i. 

Ce mojen si simple , applique successivement anx diverse? 
transformees , suffit quelquefois a la resolution d’une equation. 
Reprenons l’exemple deja emploje.... 

x 3 — 4^ a + 5 x —* 6 = o 

Coefficiens des equations. .., 

en x .i — 4 -f- 5 — 6 

en ( x — i ). .. i — i — 2 — 6 
en ( .r — 2 )... i 4* ^ — 1 — S 
en(x — 3)...i + 5+ 6 — 6 
en (x — 4 )...i 4-8 4 - 19-1-6 

Au premier coup-d’ceil jete sur les coefficiens y on reconnoit 
a l’aide de ce qnatrieme crlterium, que la proposee n’a point 
de racine reelle entre o et 5 ; et par la regie de Descartes , 
on voit que la proposee n’a qu’une racine reelle , comprise entre 
5 et 4 * Cette seule regie , d’ailleurs , snffisoit pour indiquer 
l’absence de tonte racine reelle entre 1 et 5 . 

( Q) Si l’essai du moyen precedent n ? a pas snffi , on peut 
aussi prendre la limite , en plus y des valeurs positives que 
Tequation peut avoir pour racines entre o et i, en la maniere 
indiquee par 3 a note (F ) y substituer cette limite a la place de 
l’inconnue dans les termes de signe contraire a celui du dernier 
terme y et prendre la somme des termes ou la substitution a ete 
faite. Pour que l’inconnue puisse avoir quelque valeur entre 
o et 1 , il faut evidemment que cette somme surpasse la va¬ 
leur du dernier terme. Ce mojen est d’une application assez 
facile y quand la limite dont il s’agit est une fraction dont les 
deux termes n’ont, chaeuu, qu’1111 scul chiffre ; et il est souvcnt 
aise de s’en procurer une semblable. 
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(R) Si l’on fait — (x —i)=r£, et par consequent— x~£ —i, 
apres le changement dcs signes des termes de rang pair dans 
les equations en ( x — 1) et en x , on aura deux equations en g 
et (y — t) , auxquelles on pourra appliqner les niemes mojens 
indiques dans les notes precedentes , pour manifester 1’absence 
des racir.es reel les entre zero et un dans l’equation en % , et 
par consequent dans celle en x . 

(S) Ces divers moyens tendant a diminuer beancoup le 
nombre des operations , ne doivent pas etre negliges dans l’usage 
de la nonvelle Methode. Neanmoins il pourra paroitre conve- 
nable de ne point embarrasser les commencans par trop de 
details , et de les exercer d’abord a resoudre les equations par 
les seuls procedes indiques dans le corps de l’ouvrage. 

(T) Un criterium d’nne plus grande importance est celui 
qui resultera de la seconde proposition du n° 39, si on 1 ’admefc 
en principe general pour line equation qnelconque. « II arrive 
5 > quelquefois dans ces matieres, dit Fontenelle , que bon trouve 
» de bonnes melhodes , et qu'il n’est pas aise d’en trouver une 
» demonstration assez precise ou assez claire. On voit la route 
y> qu’il faut tenir, on voit qne l’on arrivera , on arrive tou- 
v jours *, mais a toute rigueur, on pourroit douter, et on ne 
» forceroit pas un incredule , triomphe indispensable pour les 
» Mathematiques Et cependant la regie menie de Descartes, 
la theorie des paralleles, et plusieurs autres verites mathema- 
tiques,ont ete generalement admises long-temps avant qu’elles 
sient ete rigoureusement demontrees. 
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Sur le CHAPITRE VI. 


(U)D 'APRes les Equations. 

i o (x — p) — x, i o (V— p) = x", ... t . i o — pt*-''*) sss x c *> ; 

on reconnoit aisemenfc que 


pW i o n (x~- p — ~ • 


P 

100 



II est done facile de passer , respectivement , des equations 
eu (x — p') , ( x n — p” ) , (x m — p n, )y etc. aux equations en 

( X -P-7Z)‘ ( x -P-ro-h)’( x -r-h-&o~7L)> etc - 

Generaleroent, les coefliciens de l’equation en (x^ — p 
du degre m, divises respectivement, a compter de celui de la 
plus haute puissance, par (io")% ( ig") 1 ,....(io") m , deviennent 

les coefficiens de liquation en (x — p — ..— 77^)* 

Ainsi le terme tout connu de cette derniere equation est 
egal au terme tout connu de celle en ( x ^— pW ) , divise par 
io""*. Par consequent, le dernier terme d’une transformee en 
(^oo— pW) , divise par io nm , est egal au resultat que donne le 

nombre^psubsfitue a x dans l’equation 
proposee. 


( a) II resnlte de ce qui precede que les transformees en 
( x — p) , (x — p) , etc. , sans autre operation ulterieure de 
calcul que le placement convenable de la virgule indicative des 
decimales , donnent arithmetiquement les valeurs de l’ordon- 
nee y , correspondant aux valeurs enfieres et decimales de 

9 
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Eabscisse x , dans la courbe qui a pour equation... 

A c x'* A iQcr-y +.A m _,ac r -f- A m x° = y\ 

On ne s’arretera point ici a montrer comment la conside¬ 
ration de ces valenrs muneriques de y peuvent contribuer a la 
resolution d’une equation numerique. 

(b) Une autre consequence estque les coefficiens de l’equa- 
tionen (cc (n) —io), respectivement divises par io°, io 1 , ioV**i° m > 
deviennent ceux de 1’equation en ( c’est-a- 

dire 3 ^equation en ( x '— io), ainsi modifiee, devient celle en 
(x — p —i)* 1’equation en ( x ! —io) devient pareillement 
celle en ( x '— // — i) , et ainsi de suite. Cela se prouve genera- 
lenient par 1’equation io ( ^ Cn- ’°—) = x^) d’ou. 

#00 — 10 — I0 ( — p ( n ~0 — j 

Or celte consequence merite quelque attention , en ce qu’elle 
fonrnit an calculateur un controle , ou, comme on s’exprime 
en Arithmetique , une preuve de la justesse des calculs relatifs 
aux transform^es successives. Et par cette raison , lorsqu’on 
attache quelque importance a dviter les erreurs, et que les 
niemes operations ne se font point coucurremment par deux 
calculateurs qui se servent mutuellement de controle , il con- 
vient de continuer les transformations jusqu’a celle en (a 00 — io), 
qnoique , sans ce motif, on flit souvent dans le cas de s’arreter 
plus tot. 

Prenons pour exemple ^equation du cinquieme degre du n° C 3 . 
On a pour les coelliciens de ses transformees.... 

en (x — 7+1 5 — 5 — i6-f-6. 

en (x — 5 ).... i + 12 — 5 1 +88 -f- 5 o + 8. 

On s’est trouve dans le cas de faire 10 (a;— 2) = x', et de 
calculer les equations en (x — 1), (as' —a), etc. , jusqu’A 
celle en ( x' —8 ) j mais pour s’assurer qu’il n *y a point d’erreur 
de ealeui dans ces transformations , il faut les continuer jusqu’a 
3’equation en ( x — 10 ). 
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Coefficiens des transformees. 

en (x' — 8)... . i+i i o*-f~ 4 1 8°—60200—}-^05^40—1~^ 1 3 oSS 

en ^ cc' — q ). •. . 1 +■ 1 1 5 —f— Zj .(3 j o — f— 7 041 o—f-ooSSaS—j— o8ao 1 q 

en ( x —10). ... 1+120+5100+88000+500000+800000. 

Les coefficiens de la transformee en (a/— 10) respectivement 
divises par 10% io', 10% .... io 5 , deviennent 

1 + 1 2 + 5 1 +88 + 504-83 

ils se reduisent 9 comme cela devoit etre* a ceux de la transfor¬ 
mee en ( x — 3 ). 

(V). On a vu , dans le Cliapitre YI* comment une meme 
methode nous sert a approcber davantage d’une racine deja 
manifestee, a moins d’une unite pres entiere ou decimale, et 
a operer simultanement la verification ,et l’approximation des 
racines qui restent encore a determiner. Cette unite de methode 
a ete prescrite par la nature meme de la chose ^ dans le dernier 
cas 3 et ii a paru convenable de la conserver dans le premier t 
autant pour lie pas deroger ala simplicities moyens 9 que pour 
ne point multiplier les methodes sans necessite , et pour conserver 
dans tons les calculs Tespece d epreuve ou de contrule mentionne 
dans la note precedente. 

Yoici neanmoins un nouveau procede d’approximation que 
nous proposons pour le premier cas , c’est-a-dire pour celui ou , 
al’aide de denx transformees successives en (£ — ?r) et (£ —?r— i), 
et en cas de besom* de la collateral en — i),ona reconnu 
l’existence d’une seule racine comprise entre o et 1, pour 
l’equation eu ( £— tt) * et par consequent d’une seule comprise 
entre tT et rf + 1 9 pour l’equation en 

(a) Soit £ = tf + , 011 £ — it = 3 soient respectivement 

■tt, et FT, les limites , en moins et en plus 9 de la valenr de 
comprise entre o et 1, determinees conformement a ce qui a ete 
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dit % plus baui [note (F) j. On pent prendre , on 7? r> on 17 , ponr 
deuxieme valeur approcbee de g ,, les premieres etant zero et mi; 
et par consequent ■+• rf l9 ou cr -j- Tb, pour deuxieme valeur 
approcbee de g. 

Supposons d’abord quin veuille approcber de la racine par 
des valenrs de plus en plus convergentes , qui soient toujours 
inferieures a la valeur exacte. 

Ou fera g, = tt, + > ou g r — tt, = g a ; on passera de liqua¬ 

tion en g, a celle en g a \_voyez la note (E)] , et Ton determiners, 
lalimite, en moins, de la valeur de g a comprise entre o et 1. 
Cette limite etant representee par cr*, la troisieme valeur appro- 
cliee de g sera cr + + 

On se procurers ainsi successivement les equations en 
J - • et l’onaura '7i4-*' 1 -f-7r a + .. .+7T, pour la (1+1)'^ 

valeur approcbee de g. 

Supposons maintenant quin veuille approcber de la racine 
par des valeurs de plus en plus convergentes, mais toujours supe- 
rieures a la valeur exacte de g. 

On passera de liquation en g, a celle en (g, — IT, )• puis faisant 
g, = n i —E, ou E = —(g, — n r ) , on obtiendra liquation 
en E, en cbangeant les signes des termes de rang pair dans 
liquation en ( g, — IT,). II ne restera plus qu’a obtenir des 
valeurs de plus en plus convergentes, mais toujours inferieures 
a E; de sorte que la valeur de plus en plus approcbee de 
( 71 ,- 5 ) ou g,, et par consequent celle deg ou 'tf-f-g,, de- 
meureront toujours plus grandes que la valeur exacte. Ces 
approximations vers la valeur de S se feront de la meme 
maniere que dans la premiere supposition. 

(b) Prenons pour exemple cette equation que nous avons deja 
resalue [ 54 ] > a moins d’une unite pres.... 


ccl — 2JC— 5 ^ o. 
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On a frouvd pour les coefliciens de ses transform^. ... 

en (x — 2)....i+ 6+10 — 1 
en ( x — 5 ). . .. i + g + 2S + 16. 

II resulte de ces transformees que l’equation en ( x — 2) a 
une racine comprise entre o et 1 , dont les premieres valeurs 
approcliees, l’une en moins , l’autre en plus, sont, respective- 
ment, o et 1. Mais , en outre , ces deux transformees fournissent 
immediatement les secondes valeurs approcliees de cette racine , 

qui sont — r — ou — pour la valeur en moins , et c ou — 
1 1 + 10 1 I r 7 2D+Xb 41 

pour la valeur en plus. [ Voyez la note (F).] 

On voit done , en se bornant aux valeurs approcliees en 

moins, que les deux premieres sont, pour la proposed..,. 

i 

a et 2 + 71 ' ou —) ou bien 2,0909090909. 

On reconnoitra ci-apres que cette derniere valeur est exaefe 
dans ses deux premieres decimales. 

II faut maintenant, en faisant x —2 = ^, passer de l’equa¬ 
tion en % x a celle en £ a ou ( On peut employer a 

cet efftt rAlgoritbme modifie [note (E)], de la maniere 
suivante* 

Soit 1 i> x = : on a pour les coefliciens des equations.. .. 


en .i+6.n + io.n a — 1.11 3 

ou.1+66 +1210 —i 55 i 


en (£\— 1)-1+69 +i545 —54. 

Substituant a %' t —1 sa valeur ii£,— 1, on 11 ^ —77 
et faisant g, — ~ = on a pour les coefliciens de Tequation..., 

en£ a ....u 3 + 69. 11 2 + i345. 1 1—54. 

i53i+8349 +i479^ —54, 


ou 
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La limite , en raoins, de ?. est ou Jg- ■ 

limite a laqcielle on peut substitner > pour plus de simplicit6 , 
~ = —^ = o,oo 36563636 . 

HJ 3 11.20 

Ainsi la troisieme valeur approchee de x est... 

2 + 77 + 77775> ou 775; ou bien 2,0945454545.... 

Nous ferons voir que cette valeur est exacte jusqu’a la qua- 
trieme decimale inclusivement. 

On passe ensuite, de la raerae maniere , de l’equation en a 
celle en 0 3 ou — -^-^^.Faisant 11. 25 £ a =£' a , etsubstituant 
dans l’equation en ^ona pour les coefficiens des equations.. 


en £' a ...1 +69.25 -f- 1545.25*— 54-s5 5 

on.. i + 1725 + 840625 — 843750 


en (?' a — 1 )... - 1 + 1728 +844078 — 1099 . 

Substituant a£' a — 1 savaleur 11. 25 £ a — 1, ou 11 .a 5 (?*— TT ~^) 3 
et faisant £ a — 77^5 = §3 > on a P our les coefficiens de I’equa- 


lion. 

en £ 3 .... ii 3 .25 3 +i728.ii 2 .25 2 +844o7S.ii .25—1399, 
on.20796875+10763750 + 232 i 2 i 45 o —1099. 


La limite^ en moins, de § 3 est.... 

— jr- , ou j on bien -r?—-— 

IOCi 3 -\- 20212 i 43 O 7 202122849 ib;09 20 

IMais on pent, pour simplifier , lui snbstituer. .. •. 

1 1 


65925 25.6637* 
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Ainst la quafrieme valeur de x , approcli^e en moins , est . r >. 

+ 1 » 1 » 1 

-- -j- —_ 

11 273 1 163923 

ou. 2,094545454545.. .-{“0,000006026819. .. , 

ou bien... .2,094551481564. • • • > 

et cefte derniere valeur est exacle jusqu’a la neuvieme decimate 
inclusivement, comme on le verra plus bas. 


(c) Les valeurs approchees de cette meme racine , calcu- 
lees par Newton, suivant le procede qui lui appartient, sont.... 


2... .2,1....2,0946....2,09455147* * *• 

3VI. Lagrange a anssi calculd , suivant son procede, les valeurs 
approchees de cette racine , en fractions continues , alternaii- 
vement plus petites et plus grandes que x, Les resultats sont.... 

2 21 23 44 111 1 55 576 731 1307 i 64 i 5 , 

1 3 10 3 11 ' 21 * 53 * 74 3 275 ' 349 ' 624 * 7867 9 e C * 

La dixierae de ces valeurs, > qui est approcliee en plus, 

ant rednite en decimales , devient 2,0945514865. 

Les valeurs approchees en moins, trouvees suivant le nou¬ 
veau procede que nous indiquons dans cette note , etant.... 


5 7 6 


,.2-j-OU — . . . 2 -{-1-- OU ~p . 

'll 11 1 11 ‘ 273 273 


11 ' 275 '165925 3 


ou bien 2,09096909.2,09454545.2,094551481 564 ..., 


on voit que ce procede a donne des resultats un pen plus exacts 
que celui de Newton, et qu ? il les a donnas plus proniptemeiit 
qu’on ne les obtient parle procede de 1 \I. Lagrange. 

En outre, ce procede est general et sur, et la methode de 
Newton n’a pas ccs avantages. « En general , 1 ‘usage de cette 
» methode n’est sur , dit 3 \ 1 . Lagrange , que lorsque la valeur 
» approcliee est a la fcis 011 plus grande ou phis petite que 
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» chacune des racines reelles de l’equation, et que chacune des 
y> parties reelles des racines imaginaires; et par consequent,eette 
» methode ne pent etre employee sans scrupule que pour trouver 
» la plus grande ou la plus petite racine d’une Equation qui 
» n’a que des racines rdelles ou qui en a d’imaginaires, mais 
» dont les parties reelles sont moindres que la plus grande 
» racine reelle , ou plus grande que la pins petite de ces. 

» racines. en regardant, corame on le doit, les quan- 

» tites negatives comme plus petites que les positives, et les 
» plus grandes negatives comme plus petites que les moius 
» grandes. ( De la Resolution des Equations runneriques , 
» page 141.) » 

Si 1 ’on emploie , au lieu du proeede de Newton, la methode 
d’approximation tiree des series recurrentes, on trouve, pour 
les valeurs approchees dea:, dans l’equation x *— 2X —5 = o...* 

2,089... .2,09487.., .2,094549* * * .2,09455i 5. . .etc. 

On ne pourroit, ainsi que l*a pronve M. Lagrange, employer 
generalement cette methode d’approximation pour chacune des 
racines reelles d’une equation quelconque, qu’autant que l’on 
connoifroit d’avauce une valeur approchee de cette racine, 
telle que la difference entre cette valeur et la vraie valeur de 
la racine fut moindre en quantito, e’est-a-dire, abstraction 
faite des signes, que la difference entre la meme valeur et 
chacune des autres racines, et en meme temps moindre que 
la racine quarree de chaeun des produits des racines imagi- 
naires correspondantes , s’il y en a , diminuees de la meme 
valeur. Autrement, cette methode ne sert qu’a trouver la plus 
grande et la plus petite des racines reelles*, encore faut-il que 
le quarr 6 de la plus grande*ou de la plus petite racine cherchee 
soit en meme temps plus petit que chacun des produits reels 
des racines imaginaires correspondantes, et qu’on ait quelque 
snoyen de s’en assurer. [ De la Resolution etc., pag. 147, i 5 i]. 
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(d) Nous avons indique plus liaut comment on pourroit se 
procurer line suite de valeurs approchees de l’inconnue, conver- 
gentes en plus. Mais pour eviter des calculs inutiles, on peut , 
au moyen de quelques operations ajoutdes a celles qui ont donne 
les equations en , 0 a , £ 3 ,. .. , obtenir une limi te , en plus , 

de , et par consequent de toutes les valeurs approchees de £ , 
depuis la premiere jusqu’a la v lime . Nous prendrons d’abord 
an exemple particulier, et nous traiterons ensuite ce sujet d’une 
maniere generale. 

Dans Pexemple qui nous a servi. on a trouve * - ou ■ - * 

r 1 3 183923 25.bb07 

pour la valeur de 7^, c’est-a-dire, de la liniite , en moins, 
de £3. Faisant done £ 3 = %' 3 , et calcnlant les equations 

en , ( £'3— 1 ) , ( £' 3 — 2 ) , on trouve pour les coefficiens des 
equations. .. . 


en (''3 — 1)... 1 331 4“ 1387721 0494-408998623104907 — 1 2049769755 
en (^3 — 2)... 1331 -f-1 3877230424-4090013985489984-40898796106752 1 

Puis on fait io 3 (f 3 —1 ) = >" s 3 et l’on obtient les coefficiens 
des equations. . . . 

en £"3. i53 14-1 08772io4900o4-4°8998623i04907000000 — 12049769756000000000 

cn(;" 3 — i)...i53i4- 1 o877210529934-4089986258800491019934-396948864736628030331.' 

Done la limite , en plus, de est.... 

__ 4-8998. . QU 408998. 

408998 . 4-396948 . 805897. 

On peut done faire *f 3 < ^*, et par consequent -. 


%'a < 1 -f~ 


4°9 . 

806000 J 


et ? 3 < 




409 


D’une autre part , on a tz > 

Done, en se tenant a cette derniere valeur, l’erreur est 

moindre que —- ou o.ooooooooSoGa.. .. 

^ 160920.800000 9 


10 
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* Bien plus, dans l'exemple qui nous occupe, il suffit de jeter 
les jeux sur ies coefficiens de i’equation en pour reconnoitre 
iju’on a 

%" 3 <±, et par consequent g' 3 < 1 +7^ ^ 

e i* • • ^3 <C !g5^ 2 5 “d” ib 5 g 25 oooo * 

done l’errenr est moindre que 0,0000000006026819.... 

II suffisoit meme de 1’equation en (£' 3 — 1 ) pour s’assurer d’nn 
tel resultat, puisqu’a la seule inspection des coefficiens de.celte 

equation 3 on pent reconnoitre que Ton a %' s — 1 < 

Cette meme equation fait voir que — 1 est plus grand 
cjue ——: done on a 

1 4 1000 

^ 3 ''' > 1 41000 9 i 65 g 25 i6‘5g25.41000 * 

ou > 0,000006026819. .. -f- 0,0000000001469... ► 

ou bien > 0,00000602696. 

On a de Tautre part. 

y / 1 *1 _ l _ 

^ ib' 5 gs 5 * 1659260000 9 

ou < 0,000006026819... .+ 0,0000000006026. . . . 
ou bien < 0,00000602742.... 

Ici la difference des deux limites est 0,00000000046... . 

Done , si I’on prend une des deux limites pour la valeur 
de £3, l’erreur ne peut avoir lieu qu’a la dixieme decimate. 

Ainsi la valeur exacte de x , dans l’equatiou x 3 — 2x — 5 = o 7 
est entre 

2,0945514810.et 2,0945514844. 

et meme entre... 

2,09455i48i5.et 2,0945514819. 

En prenant le premier de ces nombres, ou Tun des deux 
derniers , pour la valeur approchee de x , on est assure que 
ectte valeur est exacte jusqu’a la neuvieme decimale, inclusi- 
vcment, comme nous l’avons aunonce plus haut. 
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On cst egalement assure par ce moyen, que les denxieme et 
troisieme valenrs approchees en raoins , que nous avons trouvees 
ci-dessus pour x, sont, respectivement, exactes jusqu’a la seconde 
et a la quatrieme decimale , inclnsivement. 

La dixieme approximation, suivant le procededeM.Lagrange, 
a bien donne la huitieme decimale exacte , mais 1’exactitude de 
cette decimale n’est pas assuree par le procede merae, vn qu’ii 
indique pour limite de l'erreur , 0,00000001 65. . d’ou il resulfe 
que la valenr de x est comprise entre.... 

2,0915514702. et 2,0945514860. 

et que 1’exactitude de la valeur approchee n’est garantie que pour 
les sept premieres decimales. 

(e) Yoici maintenant comment on pent proceder d’une ma* 
niere generale. 

Soient 

= = et KX = X\ 

X n’a} 7 ant qu’une valeur entre o et 1 , X' n’en a qu’nne senle 
entre o et K. 

On se procurera done les deux transformees en (X' — P') 
et (X' —P'— 1) dont les termes tout connus sont de signes 
contrairesj P' etant < K. 

Ces deux transformers fonrnissent deja une double limite , 
en plus et rnoins , pour ( X' — P') , et par consequent pour X. 

Mais pour avoir des limites plus resserrees , on fera . 

io* (X' — P')= X ff j et comme (X' — P') n’a qu’une senle valeur 
entre o et 1 , X ff n’en a qu’une seule entre o et 10*. 

On se procurera done les deux transformees en (X ff — P") 
et ( X"—P*—1) dont les termes tout connus sont de signes 
contraires j P ff etant < io x . 

Ces deux transformees donneront une double limite , en pins 
et en moins , de (X ff — P' 7 ) , et par consequent, de X' et de X. 
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Soit la limife en moins = et la limife en plus = -^7. 


On aura X"—P"> , et < 

d’ou X ff > + , et < P f + 5 


et 


X'—F> 


P" 


io* 10* k' 

P" 


et 


d’ou X' ou KX > P' + —-“77,> et < P' + --^-f-7“? 

10" io H K 10* io*/v 


ct enfin 
et 


X > -— -4--—. 

K io N R io w Kk" 

X< F + -f- ---- — 

^ K^ 10 »k ' io w KA"* 


Si I’on prend pour X une de ces deux limifes , 1 ’erreur sera 
moindre que leur difference, qui est —)’ 

Soit x'-f-i le nombre de cliiffres que renferme le nonibre 


entier K. II est evident que Perreur sera < —d’ou il suit 

que si on veut obtenir, par ce procdde, une valeur approchee, 
exacte jusqu’a la n^ me decimale au moins, il faut, pour cn etre 
genecalement siir, prendre N = 72 — n'. 

C’est ainsi que dansl’exemple donton s’est servi, K ou i 65 q 25 
etant compose de sixchiffres, d’ou n' = 5 , on a du fa ire n = 5 , 
si I’on a pretendu avoir une valeur exacte jusqu’a la huiiieme 
decimale. 

Dans ce meme exemple , P* s’est trouve =0 , et P' = 1 \ ce 
qui a rendu le calcul tres-expeditif. En pareil cas, si l’on s’en 
tienta^-pour la valeur de X approchee en moins, l’errenr 

esttoujours moindre que —\ et par consequent < — 


(f) Ce procede pourroit etre etendu a la recherche de plu- 
sieurs racines comprises entre deux nombres entiers consecutifs , 
et l’on tireroit pour lors tin assez bon parti du criterium que 
nous avons generalise dans la note (N). Mais il nous paroit 
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inutile d’enfrer dans ces details. Notre principal objet dans cet 
Outrage , a dte de presenter, pour la resolution des equations 
nnmeriques , une Methode qui fut praticable, comme mecani - 
qnement ; la science du calcul pouvant , dc meme que les arts, 
avoir ses inanouvriers , et en tirer , dans des travanx eu grand, 
de notables avautages. Sons ce rapport, notre Methode generale 
sera peut-etre preferee au procede particulier qne nons donnons 
ici, surtout si 1’on ne vent avoir des racines exactes que jusqu’a 
la seconde on troisieme decimate. 

(g) L’evaluation des racines en fractions continues, suivant 
1 c procede de M. Lagrange , est particulierement recomman- 
dable , Iorsqu’elle fait counoitre les factenrs coramensnrables 
dn second degre dans un polynome qu’on sc propose de decom¬ 
poser en factenrs de ce degre. Mais quand il nc s’agit que de la 
resolution, proprement elite, d’une equation numerique, ce 
procede ne nous paroit pas preferable a ^approximation en 
nombres decimaux , soit pour la commodite des calculs , soit 
pour la rapidiie de ^approximation. De plus, la methode de 
M. Lagrange et la notre etant de telle nature qu’on y procede 
simultanement a la verification et a ^approximation des racines, 
il semble que e'est surtout a ces deux Methodes que devalua¬ 
tion des racines en fractions continues ne sauroit etre generale- 
ment convenable. Par exemple , dans celle de Pillustre Geo¬ 
metre , si le nombre D , ou la limite de la plus petite diffe¬ 
rence des racines , etoit un millienie , il est Evident que chaque 
racine seroit tout a la fois reconnue et appreciee , a moins 
d’un miliieme pres. Or il paroit infiniment dur , lorsqu’on a 
obtenn par des milliers de substitutions, une valeur anssi ap- 
prochee , d’etre force de retrograder jusqu’a la valeur du plus 
grand nombre entier contenu dans cette racine , pour chercber 
nne nouvelle evaluation en fractions continues. 

C’est par un semblable motif, joint a quelques autres , 
que nous n’avous pas cru devoir adapter ce procede a notre 
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Methode 3 et ce raotifsemble plus decisif encore dans la Methods 
de M. Lagrange , qui exige un bien plus grand nombre d’ope- 
rations pour la manifestation des premieres limiles des racines. 
Eli effet, lorsque D est , par exemple , uu millienie , on lie 
peufc, suivant la methode dont il s’agit, decouvrir deux raciues 
moindres que 1 ’unite , telles que 0,920... et 0,921..., qu’au 
mojen de neuf cent vingt-deux substitutions, tandis que le 
nombre des transformees exigees pour le meme objet dans la 
nouvelle Methode , egale seulemeut 10-f- 3 -j- 2, c'est-a-dire, i 5 . 
En un mot, s’il faut decouvrir line racine ajant n decimales , 
la recherclie de ces decimales 11’exige au plus que 10 .n trans- 
formatious , tandis qu’elle pent exiger jusqu’a io" substitutions , 
suivant la progression o, D, 2D, etc. 

(h) La covnparaison que nous venons de presenter, con- 
cernant le nombre des operations , dans la nouvelle Methode 
des transformees, et dans la Methode des substitutions suc- 
cessives , telle qu'elle a ^te perfectionnee par M. Lagrange , 
a donne lieu a une observation qu’il est bou de rapporter ici, 
ne fut-ce que pour empecher qu’elle ne soit desormais repro- 
duite. 

« Si la resolution des equations, a -1 - 011 dit , exigeoit 
» l’emploi d’une pareille Methode ( ccllc de M . Lagrange}, 
y> assurement celle de l’Auteur, qnoique tves-longne, meriteroit 
» encore 3 a preference. Mais , pour Tordiuaire, on ne procede 
» pas ainsi. La Metliode de Newton , qui est la plus usitee , 
y> suppose qu’on connoit, soit par la voie des substitutions , 
5> soit par des constructions geometriques , une premiere va- 
» leur de x , qui approcbe au moms dix fois plus d’une racine 
» de l’equation que de toute autre racine \ et d’apres cette 
» valeur, on en trouvera facilement une autre dont l’erreur 
» n’est qu’environ le quarre de la premiere, savoir 7^, si la 
>5 premiere valeur est do* Une seconde operation qu’on peut 
» faire par la meme forajule , reduit Terreur du centieme a 
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y son quarre , qui est d’environ IO * - 0 -o , etainsi de suite. D f on 
2> 1’on voit que 1’approximation continuelle est beauconp plus 
j> rapide par cette Metbode que par celle que propose l’Auteur. 
» [ 11 s'a git de celle que nous civons exposeeau Chapitre Vl\» 

Une pareille observation prouve que son Auteur n’a nulle- 
ment compris 1 ’efat de la question. Nous nous sommes propose 
de comparer deux Metbodes qui, l’une et I’autre , procedent 
simultanement a la verification et a l’approximation desracines, 
et qui jouissent, toutes deux, de l’avantage de resoudre gene- 
ralement et avec certitude , une equation numerique , dans des 
cas ou toutes les Metbodes precedentes ecbouent, ou n’abou- 
tissent qu’a des resultats faux ou douteux : et 1’on vient nous 
opposer le procede de Newton , qui n’est pas meme une me- 
tbode de resolution proprement dite , et qui d’ailleurs , 
comme nous l’avons dit plus baut d’apresM. Lagrange, n’a pas 
meme le merite d’etre generalement sur! Ce procede, fut-ii 
aussi sur qu’il 1’est peu , est evidemment insuflisant pour l’ap¬ 
proximation des racines qui, etant par exemple, 8,1 ...8,2.. .8,3..,, 
ont une meme premiere valeur connue 8 , tandis que , dans 
notre Metbode , il ne faut que qnelques iusfans pour decouvrir 
la decimale de cbacnne de ces racines. Et c’est un procede aussi 
incertain qu’incomplet qu’on a pretendu opposer a une Me¬ 
tbode geuerale et sure l 

Encore une fois, nous en appelons a la pratique. Qu’on 
se donne la peiue de resoudre les equations nnmeriques paries 
diverses Metbodes, et 1 ’on verra qu’abstraction faite du pro¬ 
cede approximatif indique daus cette note , notre Metbode 
generale , meme en ne f'aisant decouvrir, qu’un a un, les 
chiffres de la racine , est encore celle qui, dans son ensemble, 
se trouve en meme temps, la plus sure et la plus expeditive. 
Bien plus, dans certains cas, on sera force de reconnoitre qu’elle 
est la senle praticable. 

11 faut 1’avouer , cette observation , que nous avons rapportee 
tsxtuel lenient, et l’objection citee au n° 4 $, rennies a quelques- 
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aulres indices , ont paru provenir d’une disposition d’espritpeu 
favorable , et nous ont rappele la pensee de Pascal au sujet 
de cenx qui inventent. II faut sansdoute, suivant son conseil, 
que eelui qui a rencontre quelques inventions, ne se pique point 
de cet avantage. Quand on considere un objet sous toutes ses 
faces, avee une attention perseverante, il est difficile qu’il ne 
se presente pas a 1 ’esprit quelques vues nouvelles \ et, ce qui 
semble reduire a peu de chose cette gloire a laquelle on eroit 
pouvoir pretendre par des inventions scientifiques , c’est que la 
science nierae a ses hasards, et quesouventles inventions s’ofFrent 
comme fortnilemeut a l’esprit, a l’instant meiiie ou ses recher- 
clies le portoient ailleurs. Mais il peut, du moins , etre permis 
a l’auteur d’une decouverle utile, de desirer que la eomnni- 
nication qu il eu donue , soit accueillie avec quelque bien- 
veillance. 

(X) Quoique Pon puisse tirer quelque parti de la nouvelle 
Methode pour la determination des racines imaginaires , nous 
ne nous arreterons point a cet objet , qui apparlient an pro- 
bleme de la decomposition d’un poljnome en faetenrs reels 
du second degre , plutot qu'a celui de la resolution des equa¬ 
tions numeriques j l’objet essentiel de cette resolution elant de 
trouver les valeursreellesqui penventetre attributes a l’ineonnue. 
C’est ee qu’areconnu M. Lagrange, lorsqu’il a donue des moyens 
de trouver unelimite dela plus petite difference des racines, sans 
reconrir a l’equation aux quarres de leurs differences. 

Cependant l’illustre auteur a ern pouvoir surabondainment se 
servir de cette equation, qui donue la valeur de la quantity B 
precedee du signe—sous le radical dansles racines imaginaires, 
pour determiner , an moins par approximation , la partie reelle 
de ces racines. Pour cela on substitue A-f- \/—Baa:, dans 
la proposee , et on en tire deux equations en A, dontTune a 
tons ses termes reels , et dont l’aulre a tons ses termes multiplies 
/gar \/— B, faclenr coniniun que l’on Blit disparoitre j ce 



( 8i ) 

qui rend les termes de la seconde Equation tous reels , parce 
qu’ils ne dependent alors, ainsi que ceux de la piemiere , que du 
qnarre de \/— B , c’est-a-dire , de —B. 

Ensuite, procedant a la recherche du plus grand coramun di- 
viseur de ces deux equations, on s’arrefe au reste ou A n’esfc 
plus qu’audegre n et au-dessous , n etant Ie uorabre des valeurs 
egales que i’equation au quarre des differences a fo rnies 
pour B. Ce reste etant egale a zero, on y substitue a Bsa 
valeur exacte ou approchee, et cette equation ^tant ainsi devenue 
raimerique , on en tire les valeurs reelles de A. 

Cette resolution a, comrae l’on voit, 1 'inconvenient d’exiger 
la formation de I’equation aux quarres des differences; mais eu 
outre, il semble qu’on puisse douter qu’elle soit generalement 
exacte dans les cas ou le plus grand commun diviseur est de plu- 
sieurs dimensions. Carla substitution de la valeur approchee deB 
ne donnant aux coefficiens de I’equation en A qu’une valeur 
approchee, ne peut-il pas arriver que cette alteration, meme tres- 
legere, change la nature des racinesde I’equation, en substituanfc 
des racines imaginaires a des racines redles , et vice versa ? 

Lorsque le reste egale a zero est seulemeut du premier 
degre , et qu’on a ainsi determine la valeur de Aen fonction deB, 
il semble qu’en y donnant a B denx valeurs respectivement ap- 
proch^es en plus et en moins,il en doit piovenir deux limites 
entre lesquelles se trouve la valeur exacte de A. Cependant le 
rdsnltat meme obtenu par M. Lagrange , dans la resolution de 
l’equation x 3 — 2.x — 5 = o, est evidemment faulif. D’apres ce 

i5 15 

resultat,la valeur de A seroit comprise entre — -pg et — yg- 


la Resolution etc., pag. 3 g]. Or on a vn plus haut que la raciue 
positive de l’equation est bien certainement 2,0945...*, et sou 
second terme ayant zero pour coefficient , il s’eusuit avec la 
meme certitude , que A egale la moitie de cette racine posi¬ 
tive , precedee du signe — *, on voit done que la valeur exacte 
de A est comprise entre —1,047.*. et —1,048... Ce resultat 

ll 
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n’est nullement d'accord avec le precedent 5 ce qui vienfc appa- 
jemment de quelque erreur de calcul. 

L’observation que nous avons faite siir le cliangement possible 
de la nature des racines d’une equation par une legere alteration 
dans la valeur de ses coefficiens , peut aussi iuspirer quelque 
doute sur la legitimite de la resolution de deux equations a deux 
inconnues x et y, lorsqu’apres ^elimination de x } on obtient 
pour y une valeur seulement approchde, dont la substitution 
ne peut produire que des coefficiens d’une valeur approclie 
pour liquation en x. La meme difficulte se rencontre dans 
la decomposition d’un polynome en facteurs du second degre. 

D’une autre part , il seroit extremement ftkheux de ne pou- 
Voir , en aucun cas, se fier aux resultats qu’on obtiendroit d’une 
equation numerique , propre a resoudre un probleme pbjsico- 
mathematique , lorsqu’on n’a point la valeur rigoureuse de ses 
coefficiens. II est done a desirer que l’on trouve quelque regie 
certaine qui fasse connoitre quelles sont les equations dont les 
racines ne changent point de nature, malgre liberation produite 
dans lenrs coefficiens. 

(Y) On auroit un grand embarras de moins , si 1 ’on ponvoit 
decouvrir toutes les valeurs reelles de l’inconnue, sans de- 
pouiller liquation des racines egales qu’elle peut avoir. On 
a vu que , dans notre Methode [46] 9 l a presence des racines 
Egales commensurables ne forme point un obstacle a la reso¬ 
lution d’une Equation • et il est aise d’appercevoir que la presence 
des racines dgales imaginaires 11’en forme pas davantage. Bien 
plus , lorsqu’on sait d’avance que toutes les racines de liqua¬ 
tion sont reelles , on peut la resoudre , sans qu’elle ait et£ 
prealablement d^pouillee de ses racines multiples , meme de 
celles qui sont reelles incommensurables. Car une fois qu’on 
sera parvenu a reconnoitre 1’existence d’une racine, au moins., 
entre deux limites qui ne different que d’nne unite decimale 
de l’ordre que 1’on veut, ou qu’exige le probleme dont la so¬ 
lution depend de liquation a resoudre, il est indifferent, poufi 
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la pratique , que la Valeur trouvee appartienne a une ou k 
plusieiirs racines, soit absolument dgales entr’elles, soit ^gales 
seulement jusqu’a tel chiffre demande. L’essentiel est que l’on 
connoisse toutes les valeurs reelles qui represented, jusqu’au 
degre requis d’exactifude , celles dont 1’inconnue de l’equation 
est susceptible. 

D’apres cette consideration , on pourroit merae, dans tous les 
cas, laisser subsister les racines egales d’une equation nnm^- 
rique , sil’on avoit le moyen de connoitre une liznite, enmoins, 
de la valeur de <p , c’est-a-dire, de la plus petite valeur que 
pourroit avoir la partie des racines imaginaires repr^sent^es 
par A± \/ — p , precedee du signe — sous le signe \/. 

En effet, lorsque l’existeuce d’une couple de variations dans 
la collaterale en ( z p — i ) a donne lieu de presumer qu’il y a 
une couple de racines rdelles entre o et i , dans l’equatiou en 

(cc — p) , et qu’ou est ensuite parvenu a l’equation en. 

( .r Cn) —) et a sa collaterale, sans que cette prdsomption soit 
detruite, on en peut conclure que la pr^somption se change en 
certitude, quaud on sait d’ailleurs que, si les deux racines qui 
occasionnent les variations dont il s’agit etoient des imaginaires 
de la forme Adb \/ —tp, la valeur de <p seroit, d’apres sa 


limite en moins, plus grande que car, dans ce cas, 

l’existence de ces racines imaginaires devroit se nianifester 
par l’equation collaterale en ( zj n) —i),qui u’auroit point do 
variations de signe , et la presomption de l’existence des racines 
reelles entre p et p -f- i devroit etre ainsi detruite [66], 

Or il paroit qu’en substituant \/—<p al’inconnue de l’equa- 
tion en — p — . . . —7^r)» on P eut determiner une li- 

mite de la plus petite valeur dont <p soit susceptible, la valeur de 
la partie reelle A etant supposee exister entre... 

?+£+...+ e^et p +£ +...+ 

r 1 10 ' 1 1C* r 1 IQ ' ' 
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L’objection qui r^sulte de la legere alteration des coefficiens, se 
represente ici, raais moins grave que dans la note precedente. 
II semble bien que cette alteration , toute legere qu’elle puisse 
etre, suffifc pour rendre positif, dans l’equation en <p , tel 
coefficient, quieilt ete negatif, si l’on n’avoit pas pris pour A 

une valeur simpleraent egale a p on bien , 

vice versa . Mais cet inconvenient ne paroit devoir conduire 
qu’a l’obligation de modifier la maniere de determiner la limite, 
en moins, des racines d’nne equation numerique. Cette maniere 
depend , corame on sait, de celle de trouver la limite, en plus, 
des racines de l’eqnation inverse. C’est done cette derniere deter¬ 
mination qu’il faudra modifier, en prenant le plus grand de tous 
les coefficiens de cette equation , au lieu du plus grand coeffi¬ 
cient de signe contraire a celui de son premier terms. Au surplus, 
nous n’entendons donner ici qu'un simple appercti, concernant 
la possibility de conserver les racines egales dans la nouvelle 
Methode. 

(Z) On voit que nous nous sommes fraye une route bien diffe- 
rente de celle qui a ete tracee par l’illnsfre Auteur dn Traite 
de la Resolution des Equations numeriques . Mais c’est en 
nous fortifiant par la lecture de ses ecrits, que nous avons 
appris a marcher seuls , et nous nous plaisons a lui rendre ici 
eet liommage. 

Tout en recommandant aux Auteurs de son temps , la lecture 
assidue des ecrits des Grecs. 

( Vos exempt iria grceca 
Koeturnd versate manu , versate diurnd ) , 

Horace ne savoit pas mauvais gre anx Ecrivains de Rome de 
ne pas se trainer servilement sur les pas de leurs Maitres , et 
d’oser aussi marcher dans leurs propres voies..... 

Kec minimum meruere decus vestigia grceca 
Ausi desere re . 


FIN. 
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I. 

(^)uamquam demonftratio theorematis de refolutione functionurc* 
algebraicarum integrarum in factcres, quam in commentatione 
fedecim abhinc annis promnlgata tradidi, turn refpectu rigoris 
turn fimplicitatis nihil defiderandnm relinquere videatur, tamen 
haud ingratum fore geomelris fpero, fi iterum ad eandem quae* 
ftionem grauillimam reuertar, atque e principiis prorfus diuerfis 
demonfirationem alteram haud minus rigorofam adftruere coner. 
Pendet fcilicet ilia demonltratio prior, partim faltem, a corjfide- 
rationibus geometricis: contra ea, quam hie exponere aggredior, 
principiis mere analyticis innixa erit. Methodoruin analytica- 
rum, per quas vsque ad illud quidem tempus alii geometrae theo- 
rema noltrum demonltrare fufeeperunt, infigniores loco citato 
recenfni, et quibus vitiis laborent copiofe expofui, Quorum gra- 
. A 2 vi/Iimum 
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viflimum ac vere radicale omnibus illis conatibus, perinde ac re- 
centioribus, qui quidem mihi innotuerunt, commune: quod ta- 
men neutiquam ineuitabile videri in demonftratione analytica, 
iam tunc declaraui. Efto iam penes peritos iudicium, an fides 
olim data per has nouas curas plene lit liberata. 

' ? - r ' * f r ^ 

2 . 

Disquifitioni principali quaedam praeliminares praemittentur, 
turn ne quid deefle ^vidtatur, turn quod ipfa forfan tractatio iis 
quoque, quae ab aliis iam delibata fuerant, nouam qualemcun- 
que lucem afTundere poterit. Ac primo quidem de altifiimo diui- 
fore communi duarum functionum algebraicarum integrarum 
vnius indeterminatae agemus. Ybi praemonendum, hie Temper 
tantum de functionibus integris fermonem efie: e qualibus du'abus 
li productum confletur , vtraque huius diuifor vocatur. DiuiToris 
ordo ex exponente fummae poteftatis indeterminatae quam conti- 
net diiudicatur, nulla prorfus coefficientium numericorum ratione 
habita. Ceterum quae ad diuifores communes functionum per* 
tinent eo breuius abfoluere licet, quod iis, quae ad diuifores 
communes nnmerorum fpectant, omnino funt analoga. 

Propofitis duabus functionibus Y , Y ' indeterminatae x , qua- 
rum prior fit ordinis altioris aut faltem non inferioris quam pofie* 
rior, formabimus aequationes fequentes 
r =. q Y* + Y" 

Y ! = q* Y" + Y‘" 

Y u — q u Y n> + Y ly ■ 
etc. vsque ad 

* rco 

ea fcilicet lege, vt primo Y dinidatur fueto more per Y / ; dein Y* 
per refiduum primae diuifionis Y n , quod erit ordinis inferioris 
quam Y*; tunc rurfus refiduum primum per fecund uni Y ,n et fie 

porro, 
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porro, donee ad diuifionem absque refiduo perueniatur, quod 
tandem ncceflario euenire debere, inde patet, quod ordo functio- 
num Y\ 1 ", Y ' 11 etc. continuo decrefcit. Quas functiones perinde 
atque quotientes 9, 9', q u etc. elTe functiones mtegras ipfius x, vix 
opus eftmonere. His praemiflis, manifeltum eft, 

I. regrediendo ab vltima iftarum aequationum ad primam, 
functionem yC* 4 ) efle diuiforem fingularum praecedentium, adeo- 
que certo diuiforem communeni propofitaram Y f Y*. 

II. Progredjendo a prima aequatione ad vltimam, elucet, 
quemlibet diuiforem communcm functionum Y, Y f etiam metiri 
lingulas fequenies, et proiri etiam vltimam y(fO. Quamobrein 
functiones Y , Y* habere nequeunt vlluni diuiforem communem 
altioris ordinis quam yC* 4 ), omnisque diuifor communis eiusdem 
ordinis vt yGO'erit ad ‘ hunc in ratione numeri ad numerum, 
vnde hie ipfe pro diuifore communi fummo erit habendus. 

III. Si YM eft ordinis o, i. e. numerus, nulla functio inde* 
terminatae x proprie Jfic dicta ipfas Y, Y* metiri poteft: in hoc 
itaque cafu dicendum eft, has functiones diuiforem communem 
non habere. 

- jza>. Lr.‘ ' u *■:.<1 < 

IV. Excerpatnus ex aequationibus noftris penuhimam; dein 
ex hac eliminemus ye* 4 — 1 ) adiumento aequationis antepenultimae; 
tunc iterum eliminemus yO* — a) adiumento aequationis praece- 
dentis et fic porro: hoc pacto habebimus 

yw - + k Y — yci*-o 

— — u yo»-3) + yc^-s) 

= + A" yc^-4) — y>- 5 ) 

— — tin Y (f 4 - 5) 1Cf* - 4) 

etc. 

A 3 fi 
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li functiones A, A', k f/ etc, ex lege fequente formatas fupponamus 

A zx l i '» ; ; 

A' = qCf*-*) 

A" = q^T 5 ^ k* + k 

h u, xz <7 0* — 4) A" + A' ■ 4 - - ) 

A lr = qO-5) A'" + A'' 

etc. 

Erit itaque 

=s= AO-*) l r ~ AO-O I* = YM 
valenlibus fignis fuperioribus pro fj. pari, inferioribus pro impari. 
In eo itaque cafu, vbi Yet Y*< diuiforem commuJem non habent, 
inuenire licet hoc modo duas functiones Z, Z* indeterminatae x 
tales vt liabeatur 

zr+2?F='i. 

V. Haec prcpoiitio manifefto etiam inuerfa valet, puta, II 
fatisfieri poteft a equation! • 

Z Y + z ' Y = 1 

ita, vt Z, Z* lint functiones iniegrae indeterminatae x, ipfae 
Y et Y* certo diuiforem coramunem habere nequeunt. 

. . ■ . 
3 - . 

Disquifitio praeliminaris altera circa transformationem functio- 
num fymmetricarum verfabitur. Sint a, b , c etc. quantitates in¬ 
determinatae, ipfarum multitudo m, delignemusque per X' illarum 
fummam, per X" fummam productorum e binis, per X /7/ fummam 
productorum e temis etc. ita vt ex euolutione product! 

(x — a) (x — b) (x — c) .... 

oriatur 

x m — X'x™ — 1 +X // X m ~ 2 — X'"x m “5 -f- etc. 

Ipfae itaque X', X", X'" etc. funt functiones fymmetricae indeter- 
minatarum a, b, c etc., i. e. tales, in quibus hae indeterminatae 

eodem 
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eodem inodo occurruut, fiue clarius, talis, quae per qualemcun- 
que harum indeterminatarum inter permutationem non mutantur. 
Manifeftogeneralius, quaelibet funcdo Integra ipfarum X', V', A"', 
etc. (Cue has Tolas indeterminatas iniplicet, fiue adhuc alias ab 
a,b,c etc. independentes contineat) erit functio Tymmetrica inte- 
gra indeterminatarum a, b, c etc. 


4 - 

Theorcma inuerfum paullo minus obuium. Sit g functio 
Tymmetrica indeterminatarum a,b, c etc., quae igitur compofita 
erit e certo numero terruinorum formae 
Ma« be cv . .. . 

denotantibus a, /3, y etc. integros non negatiuos, atque M coef- 
ficientem vel determinatum vel faltem ab a,b,c etc. non penden- 
tem (ft forte aliae adhuc indeterminalae praeter a,b, c etc. 
functionem g ingrediantur). Ante omnia inter fingulos hos ter- 
minos ordinem certum ftabilienuis, ad quem finem primo ipfas 
indeterniiaatas a, b , c etc, ordine certo per fe quidem proifus ar- 
bitrario disponemus, e. g. ita, vt a primum locum obtineat, b fe- 
cundum, c tertium etc. Dein e duobus teiminis 
31 a u b 1 * c y •. . . et 32a* 1 b ^ 1 e?* . . 

priori ordinem altiorem tribuemus quam pofieriori, fi fit vel 
a>a‘, vel a — cL / et /3 > /S', vel a—cd, /3 = j 3 ' et y>y' vel etc. 
i. e. fi e differentiis a —rt / , /3 — /S', y — y' etc. prima, quae non 
euanefcit, pofitiua euadit. Quocirca quum termini eiusdem or- 
dinis non differant nifi. refpectu ccefficientis M f adeoque in ter- 
minum vnum conflari poflint, fipgulos terminos functionis g ad 
ordines diuerfos pertinere fupponemus. 

Iam obseruamus, li 31 a*b l 2 c‘y . fit ex omnibus terminis* 

functionis g is, cui ordo nltiflimus competat, ne'Ceflaria ct efTe 
maiorem, vel saltern non minorem, quam Si etiftlv'efTet 

r> < 

P > Cl, 
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ct f terminus MaPb*& quern functio,. p, vtpote fymme-* 

trica , quoqueiinuoluet, foret ordinis aliipris quam J\la x ,bfcv \ .. . fi 
contra hyp. Simili. modo (o erit maipr , vel faltem non minor 
quam y; porro y non minor quam exponens fequens <5 etc.: proin 
fingulae differentiae a — (o , j3 —;y, y — <5' etc. erunt integii non 
negatini. ; f i v u . lfJ ; .. ,r * ’ 

Secundo perpendamus, fi e quotcunque functionibns integris 
indeterminatarum n, b, c etc. pioductum conlletur, huius termi- 
num altiffimum neceffario efle ipftim pioductum e terminis altis- 
limis illonuh factorum. Aeque tftanifefium efi, terminos altis- 
limcs functtonum X', X y/ , X'" etc. refp. effect, ctb, abc etc. Hinc' 
colligitur, terminum altiffimum e product© 

p ~ M X /a “ /3 X"*-* V"*- 3 . 

prodeuntem effe Ma x ¥ & .; quocirca ffatuendo g — pzz g\ 

terminus altiffimiis function^ g 4 certo erit ordinis inferioris quam 
terminus altiilimus functionis g. Manifefio autem p, et proin 
etiam g, fiunt functiones integrae fymmetricae ipfarum a, b, c etc. 
Quamobrem g 4 perinde tractata, vt antea g 9 discerpetur in p 4 g " 9 
ita vt p 1 fit productum e poteftatibus ipfarum X', X", X'" etc. in 
coeflicientem vel determinatum vel faltem ab a, b , c etc. non pen- 
dentem, g" vero functio Integra fymmetrica ipfarum a, b, c etc. 
tails, vt ipfius terminus altiilimus pertineat ad ordinem inferiorem,- 
quam terminus altiilimus functionis g 4 , Eodem modo continuando, 
manifefio tandem £> ad formam p p 4 -|- p /7 + p ni etc. redacta, i.e. 
in functionem integram ipfarum X', X", X y// etc. transformata erit. 

b; ■ r n. ■ * . r r 5* 

Theorema in art. praec. demonfiratum etiam fequenti modo 
enunciare poffumus: Propofita functione quacunque indetermina- 
tarum &, c etc. integra fymmetrica g , afiignari poteft functio 
integra tp^idem aliarum indeterminatarum l 4 % l /4 t l Ui etc. talis, quae 

per 
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per fubftitutior.es Z'rrA.', /''“A/', l iU ~\ ui etc. transeat in g. Fa¬ 
cile infuper oftenditur, hoc video tantum modo fieri pojje. Sup- 
ponamus enim, e duabus functionibus diuerfis indeterminataruni 
l\ Z", V" etc. puta turn ex r, turn ex r' poft fubftiuuiones V rrA.', 
Z"=A.", l in — A. /#/ etc. refultare eandem functioned! ipfarum a , Z? f 
c etc. Tunc itaque r —?' erit functio ipfarum Z ; , V\ V" etc. per fe 
non euanescens, fed quae identice deftruitur poft illas fubftitutiones. 
Hoc vero abfurdum effe, facile perfpiciemus , ft perpendanius, 
r — r* neceftario compofttam efte e csrto numero partium formae 
Ml'* l" Ci l"'v . 

quarum coeflicientes M non euanefcant, et quae lingulae refpectu 
exponentium inter fe diuerfae fint, adeoque terminos altifiimos e 
lingulis iftis partibus prodeuntes exhiberi per 

Ma* & *5* y etc. 7 etc. c 7 ^ etc * ..... 

et proin ad ordines diuerfos referendos efte, ita vt terminus abfo- 
lute altiftimus nullo modo deftrui poftit. 

Ceterum ipfe calculus pro huiusmodi transformationibus plu- 
ribus compendiis infigniter abbreuiari poftet, quibus tamen hoc 
loco non immoramur, quum ad propofitum nofirum fola transfor¬ 
mation^ poflibilitas iam fufliciat. 

6 . 

Confideremus productum ex in (in — a) factoribus 
(a — b) ( a — c) (a — d ) . 

X (& —<0 (& — c) (b — d) . 

X a) (c — h) (c — d) . 

X (<* — a) (d — b) (d — c) . 

etc. 

quod per it denotabimus, et, quum indeterminatas a, &, c etc. 
fymmetrice inuoluat, in forniam functionis ipfarum A.', A.", A."' 
etc. redactum fupponemus. Transeat haec functio in p t ft loco 

B ' ip fa- 







10 


CAROL. FRID. GAVSS 


ipfarum V, V', X'" etc. refp. fubfiituuntur l\ V /f etc. His 
ita factis, ipfam p vocabimus determinantem funciionis 

y — x m — V x m — 1 + l"x m ~ m2 — Fx m - 3 **(- etc. 

Ita e. g. pro 7/2 — 2 habemus 
p = — Z' 2 + 4*" 

Perinde pro ?/z—3 inuenitur 

p = —• Z' 2 /" 2 + 4^ /3 l ft/ + 4Z" 3 — -f 27/"'* 

Deteiminans functionis y itaque eft functio coefficientium P,-Z", 
l"'etc. tails, quae per fubftitutiones V — Z" —A.", etc. 

tranfit in productum ex omnibus differentiis inter binas quantita- 
tum a, b , c etc. In cafti eo , vbi mzzi , i. e. vbi vnica tantum 
indeterminata a habetur, adeoque nullae omnino adfunt differen¬ 
tiae, ipfum nomerum 1 tamquam determinantem functionis y 
adoptare conueniet. 

In itabilienda notione determinants, coefficientes functionis 
y tamquam quantitates indeterminatas fpectare oportuit. Deter- 
minans functionis cum coefficientibus determinatis 

Y — x m — L! x' n — 1 -\- L n x m ~ 2 — V J/ x m ~5 -}- etc. 
erit numerus detenninatus P, puta valor functionis p pro l'—L 
V — L'\ I/" etc. Quodfi itaque fupponimus, Y refolui polfe 

in factores fimplices 

Yz= (x — A) (x — B) (x —C). 

Hue Y oriri ex 

v — (x — a) (x — b) (x — c) .. r.. 

Itatuendo c— A , b — B, c — C etc., adeoque per easdem fubftitu- 
tiones \\ X", \ iU etc. refp. fieri L', L", U n etc., manifefttf P ae- 
qualis erit producto e factoribus 

(.A — B ) {A — C) {A — D) 

X {B - A) (B-C) (B-D) 

X {C — Aj ( C—B t (C — D) 

X ( D — A ) { D — B ) ( D — C ) 

etc. 


Patet 







DEMONSTR. NOVA ALT. THEOR. OMN. FVNCT. ALGEBR. 


ETC. H 


Patet itaque, fi Fiat Pzzo, inter quantitates A % B , C etc. duas 
faltem aequales reperiri debere; contra, Fi non fuerit P=z o, cun- 
ctas A f B t C etc. necefTario inaequales efTe. Iam obferuamus, fi 

r dY 

ftatuamus = Y\ fiue 
dx 


Y' 

baberi 


wix " 1 - 1 — (in — 1) L'x^-2 - 1 - (712—2) L"x m -5 — 

(772 — 5) L . 4 it x ni *”4 4- etc.. 


r' = (x — B) (x — C) (x — D) . 

+ (x — A) (x — C) (x — D) . 

+ (x — A) (x — B) (x - D). 

4_ (x—A) (x — B)£x — C) ..... 

4~ etc. 

Si itaque duae quantitatum A, B } C etc. aequales funt, e. g. A = B, 
Y' per x *""• A diuifibilis erit, fiue Yet Y* implirabunt diuiforem 
communem x — 4 - Vice veifa, fi Y / cum Y vllum diuiforem 
coramunem habere fupponitur, neceOario Y* aliquem factorem 
fimplicein ex his x — A, x — B, x — C etc. implicare debebit, e. 

g. primum x — A , quod manifelto fieri nequit, nifi A alicui reli- 

quarum B, C, D etc. aequalis fuerit. Ex his omnibus itaque col- 
ligimus duo theoremata: 

I. Si determinans functionis 7 fit x o, certo } r cum Y / diuiforem 
communem h&bet, adeoque, fi Y et Y' diuiforem communem 
non habent, determinans functionis Y nequit efTe ;=o. 

II. Si determinans functionis Y non eft — o , certo Y et Y 4 diui* 
forem communem habere nequeunt; yel, li Y et Y 4 diuifo¬ 
rem communem habent, necefTario determinans functionis Y 
effe debet n: o. 


7* 

At probe notandum eft, totam vim huius demonfirationis 
fimpliciflimae inniti fuppofitioni, functionem Y in factores fimpli- 

B a ce» 
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ces refolui poITe: quae ipfa fuppofitio , hocce quidem loco, vbi de 
demonftratione generali huius refolubilitatis agitur, nihil efiet nifi 
petitio principii. Et tamen a paralogismis huic prorfus fmiilibus 
non fibi canerunt omnts, qui demonllrationes analyticas theorema* 
tis principalis tentauerunt, cuius fpeciofae illufionis originem iam 
in ipfa disquifitionis enunciatione animaduertimus, quum omnes 
in formam tantuin radicum aequationum inquifiuerint, dutn exi- 
fientiam temere fuppofitam demonftrare oportuifTet. Sed de tali 
procedendi modo, qui nimis a rigore et claritate abliorret, fatis 
iam in commentatione fupra citata dictum eft. Quamobrem iam 
tbeoremata art. praec., quorum altero faltem ad propofitum noftrmii 
non polTumus carere, folidiori fundamento fuperfhuemus: a fe- 
cundo, tamquam facilioii initium faciennis. 

8 - 

Denotemus per p functionem 

7 f (X — b) (x — c) (x — d) . 

(a — b ) 2 (a — c) 2 (a — d, 2 . 

-rt_ (x— a) (x — c) (x — d) . 

(b — a ) 2 ( b — c ) 2 (b — d ) 2 ..... 

ft (x — a) (x — b) (x — d) . 

(c — a ) 2 (c — b ) 2 (c — d ) 2 . 

7 1 (x — a) (x — b) (x — c) . 

(d — a ) 2 (d — b ) 2 (d — c ) 2 . 

-f- etc. 

quae, quoniam nt per fingulos denominatores eft diuifibilis, fit 
fnnctio integra indeterminatarum x, a , b, c etc. Statuamus porro 

^ rz v* 9 ita vt habeatur 
ax 

v f — (x — b) (x — c) (x — d) 

+ (x — a) (x—c) (x—d) 

+ (x—a) (x—b) (x — d) , 

+ (x — a) (x — b) (x—c) , 
d - etc. 


Mani- 
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Manifefto pro x — a f fit gy'zz 7 i vnde concludimus, functionem 
7 t — gv 4 indefinite diuifibilem effe per x — «, et perinde per x — b, 
x — c etc., nec non per productum y. Statnendo itaque 


7t - gV* 

V 



erit a functio integra indeterminataruni x, a y b, c etc,, et quidem, 
perinde vt g t fymmetrica ratione indeterminataruni i, c etc, 
Erni poterunt itaque functiones duae integrae r, 5, indeterminata- 
rum x, l\ l'" etc, tales quae per fubftitutiones — V* — \'' 9 
V l ‘ zz A."' etc. transeant in g t cr refp. Quodfi itaque analogiam, 
fequentes, functionem 

— ( m - \ )Vx m — z-\-(m- 2 )P J x m —3 — (771- ^)l Ht x m — 4 -j-etc. 
d y 

i. e. quotientem differentialem per y f denotemus, ita vt y* 

per easdem illas fubftitutiones transeat in y f , patet p — sy — ry* 
per easdem fubftitutiones transire in tt 1 — cv — gy', i:e. in o, adeo- 
que neceffario iam per fe identice euanefcere debere (art. 5.): ha- 
bemus proin aequationem identicam 
p-sy + ry' , 

Hinc fi fnpponamus, ex fubflitutione V l tN zzU° etc. 

prodire s zz <S, erit etiam identice 

P=SY+ RY' 

vbi quum <$, R fint functionis integrae ipfius x, P vero quantitas 
determinata feu numerus, fponte patet, l^et Y* diuiforem com- 
munem habere non polfe, nifi fuerit P— o. Quod eft ipfum theo- 
rema pofterius art. 6. 


9 * 


Demonfirationem theorematis prioris ita abfoluemus, vt ofien- 
damus, in cafu eo, vbi 2'et T* non hahent diuiforem comnninem, 
certo fieri non polfe P~o. Ad hunc finem primo, per praecepta 


B 3 


art. 2 
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trt- r. ertiiss fcpporimus on if fnccdocei iniepr if icdetennlnstae 
x, puts /x el 3 x, ule? 9 rt h&fce&ier seqmsiio identic# 

/*■ f+ 2 x.T' = i 

cc-T hiz it* exinbenrns: 

fx.z -;i.:'=i*-/x.;v- r>-r Jx. 

£ n § j ^ncijis he r zzz ni» 

•' = (x — d>) (x— c'\ r x — c- 


d - 2') 


+ «* - *)• 


dx 


ia fcr=.3 feq-ente: 

Cx. (x — c) (x — --) Ci — c) - 

c''x — o (x — OCr — c)....] 
<; - Z x. x — a, -r- 

C X 

-/-■ -«;(*-c* — «; r x - c).... 

f , - . 

= 1 —/*•(-- — 2) T r x • 


cr 


ZxprintsisEJ Lreniiatis CEoHa 


/x.Cy-JV-r ?: 


d fy - D 

8 x 


ct:£€ eft fucrdo ictezxs indetermiEEtarEin x f 2', Z", J'" etc. 

per F ; x, 2', Z", l"' etc,) 

^nde exit ilzzike 

d * — 2*) 

1 -fj. ( — 2* -:i —- -= I — F x, X'» X", /."'etc.) 

Hsbesiisxs usque ceqnEtiones identic*? [i] 

: c . O — fc) — 0 (c — e)... = : t F(*. X", X" etc) 

Zb.(b— c) r h — c)(& — <£)- =i -rF(b, X', X", X'"etc) 

:r.(c-c)(r-J)[:-fl....=i T F(e, X', X", X'" etc.) 

etc. 

Scppo- 
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Supponendo itaque, productum ex omnibus 
1 +F(a,l\ Z", l'" etc.) 

1 -b F(M', l'\ l'" etc.) 

1 -f F(c, Z', Z", Z'" etc.) 
etc. 

quod erit functio integra indeterminatarum a t b,cetc. y V y Vl n etc. 
et quidem functio fymmetiica refpectu ipfarum a t b, c etc., ex- 
hiberi per 

^ (>/, X", X y// etc., Z', Z", Z'" etc.) 
e muitiplicatione cunctarum aequationum [1] refultabit aeqnatio 
identica noua [2] 

X /7/ etc., X', a", a'" etc.) 

Porro palet, quura productum <Z a . (£b . Cc.... indeterminatas 
a, b, c etc. fymmetrice inuoluat, inueoiri poOe functionem inte- 
gram indeterminatarum l\ Z'', l ,n etc. talem , quae per fubftituuo* 
nes V — X', l f/ — X", l f// = X' ;/ etc. transeat in Z a . X b . p c .... Sit 
£ ilia functio, eritque etiam identice [,] 
p£=\J,(Z', Z", l'" etc. , Z', Z", Z"') 
quoniam haec aequalio per fubftitutiones Z' — X', Z / = X // , l <n z=.\ tN ttc. 
in identicam [2] transit. 

lain ex ipfa deEnitione functionis F fequitur, identice haberi 
F(x, L' f L", L"' etc.) = o 
Hinc etiam identice eric 

1 -f F(a, L', L", L'" etc.) - 1 

1 4- F (Z>, L\ L", L"' etc.) = 1 

1 4. F (c, L', L", U" etc.) = 1 

etc. 

et proin erit etiam identice 

^ (X', X'', X" 7 e?c., F', F", F'" etc.) =: 1 
adeoque etiam identice [4] 

• v l ;Z', Z", Z"' etc., F', L", F"' etc.) = i 


Guam- 
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Quamobreni e combinatione aequaiionum [5] et [4], et fubfli- 
tuendo V— U , V'zzL", l /u = I/" etc. habebimns [5] 

PT - 1 

fi per T denotamus valorem functionis t ill is fubfiitutionibus re- 
fpondentem. Qui valor qmun necefiario fiat quantitas finita, P 
certo nequit efie o. {?. E. D. 


10 . 

E praecedentibus iam peiTpicuum eft, quamlibet functionem * 
intcgram X vnius indeterminatae x, cuius determinans fit zr. o, 
decomponi pofle in factores, quorum nullus habeat determinan- 
tem o. Inueftigato enim diuifore communi altifiimo functionum 
d T 

X et —, ilia iam in duos factores refoluta habebitur. Si quis 

d X 

hornm factorum *) itevum habet determinantem o, eodem modo 
in duos factores refoluetur , eodemque pacto continuabimus, donee 
X in factores tales tandem refoluta habeatur , quorum nullus ha¬ 
beat determinantem o. 

Facile porro perfpicietur, inter hos factores, in quos 2 ’refol- 
vitnr, ad minimum vnum reperiri debere ita comparatum, vt in¬ 
ter factores numeri, qui eius ordinem exprimit, binarius faltem 
non pluries occurrat, quam inter factores numeri in , qui exprimit 
ordinem functionis X: puta, fi fiatuatur m—k,2^ t denotante k 
numerum imparem, inter factores functionis X ad minimum vnus 
reperietur ad ordinem k‘. 2 V referendus, ita vt etiam A' fit impar, 
atque vel vel v ^ Veritas huius aflertionis fponte fequi- 

tur 

*) Reuera quidem non nifi factor ifte, qui eft il!e/diuifor communis, de- 
terminantem o habere poteft. Sed demonftratio huius propofitionis 
liocce loco in quasdam ambages perdueeret; neque etiam hie necellaria 
eft, quum factorem alterum, fi et huius determinans euanefeere poffet, 
eodem modo tractare, ipfumque in factores refoluere liceret.' 
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tar inde, quod m eft aggregatum numerorum, qui ordinem fingu- 
lorum factorum ipfius T exprimunt. 

II. 

Antequam vlterius progrediamnr, expreflionem quandam ex- 
plicabinius, cuius introduclio in omnibus de functionibus fynime- 
tiicis disquifttionibus maximam vtilitatem affert, et quae nobis 
quoque peropportuna erit. Supponamns, M efTe functionem qua- 
rundanvex indeterminatis a> b f c etc., et quidem fit ju niultitudo 
ear urn, quae in expreflionem M ingiediunlnr, millo refpectu ha* 
bito aliarum indeterminatarum, fi quas forte implicet ipfa M* 
Fermutatis illis p, indeterminatis omnibus quibus fieri poteft modis 
turn inter fe turn cum m — p reliquis ex a f b t c etc., orientur ex 
M aliae exprefiiones ipfi M fimiles, ita vi omnino habeantur 

m (m — 1 ) (111 — 2) (in — 3). (m —//+,) 

expreffiones, ipfa A7 inclufa, quarnm complexum fimpliciter dice- 
mus complexum omnium M. Hinc fponte patet, quid fignificet 
aggregatum omnium M, productum ex omnibus Til etc. Ita e. g. 
rff dicetur productum ex omnibus a — b , y productum ex omnibus 

v 

bus x — a, 7 / aggregatum omnium - - etc. 

Si forte M eft functio fymmetrica refpectu quarundam ex p 
indeterminatis, quas continet, iftarum permutationes inter fe fun¬ 
ctionem M non variant, quamobrem in complexu omnium M qui- 

libet terminus pluries, et quidem 1.2.3 . v vicibus reperietur, 

fi v eft niultitudo indeterminatarum, quarnm refpectu 1VL eft fym- 
metrica. Si vero M non folum refpectu v indeterminatarum fym- 
metiica eft, fed infuper refpectu v* aliarum, nec non refpectu v u 
aliarum etc., ipfa M non variabitur fiue binae e primis v indeter¬ 
minatis inter fe permutentur, fiue binae e fecundis fiue binae 
e tertiis v u etc., ita vt femper 

1.2.3.r. 1*2.3. v 1 . 1.2.3 . p u etc. 

C permu. 
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permutationes terminis indentieis refpondeant. Quare G ex his 
terminis identicis Temper ynicum -.tantum retineamus, omnino 
habebimus 

7 n (m —i) (m — s) (771 — 3). (711 — 12+ 1) 

1.2.3. v. 1 . c . 3.1.2.3. v u etc. 

terminos, quorum ccmplexum dicemus complexum omnium M 
exclufis repetitionibus , vt a complexu omnium M admiffls repeti - 
tionibus diftinguatur. Quot-ies nihil expreffis verbis monitum 
fuerit, repetitiones admitli Temper fubintelligemus. ' 

Ceterum facile perTpicietur, aggregation omnium M t vel pro* 
ductum ex omnibus 2 M, vel generaliter quanilibet functionem Tym- 
inetricam omnium M Temper fieri functionem fymmetricam in* 
determinatarum a, b, c etc., fiue admittantur repetitiones, flue 
excludantur. - 

12 . 

Iam conGderabimus, denotantibus u, x indeterminatas, pro- 
ductum ex omnibus u (a-\-b) x-\-ctb , excluGs repetitionibus, 
quod per ^ deGgnabimus. Erit itaque productum ex | m (7/2 — 1) 
factoribus his 

u — (a~\-b) x-\-ab 
u — (a + c) x -f- a c 
u — (a + d) x-\~ad 
etc. 

u — {b -{- c) x + b c 
u — (b -f- d) x -j- b d 
etc. 

u — (c + d) x-\-cd 
etc. etc. 

Qaae functio quum indeterminatas a, b , c etc. fymmetrice impli- 
cet, aifignari poterit functio integra indeterminatarum u } x, l\ l" f 

I't'etc., 
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/' 'etc., per z denotanda , quae tranfeat in fi loco indeterminata* 
rum V y Z" f V 4t etc. fubftituantur A/, A.", A.'" etc. Denique defigne- 
mus per Z functionem folaruin indeteiminataruni u, x, in qnarn z 
t ranfit, fi indeterminatis l\ l ,f % V " etc. tribuamus valores detern.i ■ 
natos L', U\ Z/" etc. 

Hae tres functiones z, Z conHdernri poflunt tamquam fun- 
ctiones integrae ordinis | m (m — i) indeterminatae u cum coeffz- 
cientibus indeterminatis, qui quidem coefli dentes erunt 

pro <^, functiones indeterminatarum x, a , b , c etc. 
pro z, functiones indeterminatarum x, Z 7 , .Z", Z 7// etc. 
pro 2T, functiones folius indeterminatae T 
Singuli vero coeRicientes ipfius z, tranfibunt in coefficientes ipfitis 
g per fubltitutiones Z' —A/, Z" — A." f Z'" — A.'" etc. nec non in coef- 
ficientes ipfius Z per fu bill tut i ones V — L\ Z" —L", Z' /7 — L"' ere. 
Eadem, quae modo de coefficientibus diximus, etiam de deterrni- 
nantibus function uni z, Z valebnnt. Atque in hos ipfos iam 
propins inquiremus, et quidem eum in finem, vt demonftretur 

Theoreaia. Quoties non eft P o, determinant functions Z 
certo nequit ejfc identice zz o. 

n- 

Peifacilis quidem eflet demonftretio huius theorematie, il 
fupponere liceret, T refolui poffe in factores fnnplices - 

(x—A) (x — B) (x — C) (x — D) . 

Tunc ezum certuni quoque eflfet, Z e£fe productum ex omnibus 
atque determinantem functionis Z productum 
e differentiis inter binas quantitatum 
(A+B) x—AB 
(A + C) x — AC 
(A + D) x — AD 


(B + C) 
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(B + C) x — BC 
(Z3+D) x — BD 
etc. 

(C + D) x — CD 
etc. etc. 

Hoc vero productum identice euanefcere nequit, nifi aliquis facto- 
rum per fe identice fiat rr o , vnde fequeretur, duas quanlitatum 
A, B, C etc. aequales efle, adeoque determinantem P functionis T 
fieri zzo, contra hyp. 

At fepofita tali argumentatione, quam ad inftar art. 6. a pe- 
titione principii proficisci manifeftum eft, ftatim ad demonftra- 
tionem ftabilem theorematis art. is. explicandam progredimur. 


14 - 

Determinans functionis g erit productum ex omnibus diffe- 
rentiis inter binas -j- b) x — ab , quarum difTerentiarum rnul* 
titudo eft 

| m (in — i) (J in (in — i ) — l) = ^ (in + i) in (in — i) (in — c) 
Hie numerus itaque indicat ordinem determinantis functionis re- 
fpectu indeterminaiae x. Determinans functionis z quidein ad eun- 
dem ordinem pertinebit: contra determinans functionis Z vtique 
ad ordinem inferiorem pertinere poteft, quoties fcilicet quidam 
coefhcientes inde ab altiffima poteftate ipfius x euanefeunt. No- 
ftrum iam eft demonflrare, in determinante functionis Z omnes 
certo coefRcientes euanefcere non poOe. 

Propius corfiderando differentias illas, quarum productum eft 
determinans functionis* deprebendemus, partem ex ipfis (puta 
diffsrentias inter binas (ct b) x —ab tales, quae elementum com¬ 
mune habeni) fuppeditaie 

productum* ex omnibus (a— b ) (x — c) 


e re- 
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e reliqiiis vero (puta e difTerentiis inter binas ( a-\-b)x—ab tales,' 
quarum elementa diuerf3 funt) oriri 

productum ex omnibus (a -f* b — c — d) x — ab-\-cd, ex- 
clufis repetitionibus. 

Productum prius factorem vnumquemque a — b manifefto m — 
vicibus continebit, quemuis. factorem x — c autem (m —1) ( m —2) 
vicibus, vnde facile concludimus, bocce productum fieri 

— — 2 v (m — 1) (m 2) 

Quodli ita productum pofterius per p defignamus, determinans 
functionis g erit 

— in — 2 y (m - O “ 2 ) p 

Denotando porro per r functionem indeterminatarum x 3 1 \ V u etc. 
earn, quae tranfit in p per fubftitutiones V — V, = = A.'" 

etc., nec non per R functionem folius x, earn, in quam tranfilr 
per fubftitutiones Vz =L', l“zzL*\ V f, ~ L"' etc., patet determinan- 
tem functionis z fieri 

-- p m — 2 y (m — O C m ~ 2 ) r 

determinantem functionis Z autem 

— pm — 2 X( nt-i) (m — 2 ) ft 

Quare quum per hypolhefin P non fit = o, res iam in eo verti- 
tur, vt demonftremus, R certo identice euanefcere non poffe. 


15 . ' 

Ad hunc finem adhuc aliam indeterminatam 1 u introduce- 
nuis, atque productum ex omnibus 

(a 4 * b — c — d) w (a — c) {a — d) 
exclufis repetitionibus confiderabimus, quod quum ipfas n, b,celc. 
fymmetrice inuoloat, tamquam functio Integra indeterminata- 
rum iv, X", X"' etc. exhi>eri pcterit. Denotabimns banc 
' C 3 function 
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functionem per f (w, X', X", X'" etc.) Muhitudo illorum facto- 
rum (ct -f b — c — cl) w 4" ( a — c ) (u —* d) erit t 
zz £ m (m —i) (m — 2) (7U—3) 
vnde facile colligimus fieri , 

/(o, X', X", X'" etc.) = Ti-Cm-O 0-3) 
et proin etiain 

- /(o, V, l", l'" etc.) = pO-OO-3) 

nee non 

/(o, I/, L", L'" etc) — FO—OC«-5) 

Fundio /(iu, IX Z.", L J " etc.) generaliter quidem loquendo ad 
ordinem .. 

\ in (in — l) (in — 2) (in — 3) 

referenda erit: at in cafibus fpecialibus vtique ad ordinem infe- 
riorem pertinere poteft, fi forte conlingat, vt quidam coeffieien- 
tes inde ab altillima poteftate ipfms iv enanefcant: impojffibile 
autem eft, vt ilia functio tota fit identice zz o f quum aequatio 
modo inuenta doceat, funciionis falteni terminnm vltimum 
non enanefeere. Supponemus, terminnm aliiflimum functionis 
f (w, L' t L", L iU etc.), qui quidem coefficientem non eua'nefcen- 
tem habeat, efTe Nw v . Si igitur fubftituimus wzzx — a, patet 
f (x— c1 , X', L ", I/" etc.) efTe functionem integram indetermi* 
natarum x, a, fine quod idem eft, functionem ipfius x cum coef- 
ficientibus ab indeterminata a pendentibus,’ ita tamen vt termi¬ 
nus altilfimus fit Nx v , et prbin coefficientem determinatum ab a 
non pendentem habeat, qui non fit — o. Perinde f (x — b, 
L', L", U" etc.), f (x— c, L', L", L'" etc.) erunt functiones 
integrae indeterminatae x f tales vt fingularum terminus altilli- 
mus fit Nx v , terminorum fequentium autem coefficientes refp. 
a b, c etc. pendeant. Hinc productum ex m factoribus 
/(x— a , U, jL", JL" 4 etc.) 
f (x — b, XX JL", JJ" etc.) 

/ (x — c, JL V JL", JL'" etc.) 
etc. 



erit 
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erit functio integra ipfiu's x, cuius terminus altiflimus erit N m x m * t 
dum terminorum fequentium coefficientes pendent ab indetermi- 
natis a, by c etc. 

Confideremus iam porro productum ex m factoribus his 
f (x — a, V, V\ l etc,) 
f (x — by V, V a etc.) 
f (x — Cy Vy l", V" etc.) 
etc. 

quod quum fit functio indeterminatarum, x, a> b t c etc., V y l", V" etc., 
et quidem fymnietrica refpectu ipfarum a, b,c etc., exhiberi poterit 
tamquam functio indeterminatarum x t X'jX", X'^etc. V y l", V" etc. per 

$ (Xy \'y X", \''' CtC., Vy l" y V" CtC.) 

denotauda. Erit itaque 

<P {Xy X', X", X'" etc., X', X", X'" etc.) 
productum ex factoribus 

/ (x — a, X', X", X'" etc.) 

/ (x — b> X', X", X"' etc.) 
f (x — Cy X', X", X'" etc.) 
etc. 

et proin indefinite diuifibilis per p, quum facile perfpiciatur, quem- 
libet factoiem iplius p in aliquo illorum factorum implicari. Sta* 
tuemus itaque 

<p (x, X', X", X"' etc., X‘, X“,X‘" etc.) = ^ (x, X', X‘\ X“> etc.) 
vbi characteriltica functionem integram exhibebit. Hinc vero 
facile deducitur , etiam identice efle 

<p(x f L\ L n y U" etc., Vy L"y V" etc.) = R ^ (x> V, L",L"' etc.) 
Sed fupra demonftrauimus, productum e factoribus 
/ {x— ay V , V'y V" etc.) 
f (x — by L\ V' t V" etc.) 

/ (* —c, Vy L"y V" etc.) 
etc. 


quod 
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qnod erit = p (.X, A", X'" etc., L\ L", U“ etc) habere termi- 

oum-altiffimuni S m x my i eitDdem proin tern.inum altiftimum ha- 
bebir fucct'-o ® (.r, L‘, L", L "' 1 tic., L\ L", L' ' etc.)', adeoque 
certo non eft identice =: o. Ouocirca etiara R nequit effe identice 
_ 0 ( neque adeo etiani determinans functionis Z O. E. D. 

i 

16. 


Theorexla, Denolet $(u, x)-*, productum ex quotcunque fa¬ 
ctorials talibus , in quos indttenninatae u , x lineariter tantum in - 
grediuntur , fine qui fint fcnnae 
Ci r 3 !i T 7 x 

a' + 4- v'x 

a" 4- +V'» 


etc .: fit porro w alia indetenninata. Tunc functio 

d jp (z/, x). 


d £ (z*, x) 

? ( u ^ ,u -_ d3r - * 


d w 


-) =£2 


indefinite erit diuifibilis per (p (u, x). 


Dem. Staiuendo 

p («, x) = (« + jS» + yx-) p 
= («' + 3'« + y'x-: p' 

= («" 4 - 3 "“ + •/"*) P" 


etc. 


erunt p, p', P" etc. functiones integrae indeterminatatum n, ac, 
a, p, y, a', .3', y', a. p", y" etc. atque 

dp{u,x) 


f ) Vel nobis non monentibcg quhqae videbit, figna in art. praec. intro* 
ducts reftringi ad iftam fo!um arriculum, et proin fignificationem cha* 
racterum ip, w praefentem non effe confundendam cum prifrina. 
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d (p (u, x) 


dp 


dx = VP+(«+ 0 u + yx).^ 

= y'P' + (<*' + &'u + y'x). 

= y"P" + («" + |3 "u + y"x). 
etc. 

<3 0 (w, x) d O 

du = 0 P + (ct + 0u yx). jy 

= S'P'+ («' + £'«+A). 

„ „ AO" 

= 6"P" + (a' 7 + /3"« + y"*). -j— 

etc. 


2* 


Subfiitutis hisce valoribus in factoribus , e quibus conflatur 
productuin £ 2 , puta in 

' « . - d 0 (zz, x) d 0 (u, x) 

a + /3« + yx + 0io. -yy- yto. — - - - 

d (u, ?c) d (P (m, c\.) 

a' + 0'u + y'x + /3'u>- —yy-V' I0 ‘ -yfj— 

d 0 (zz, a*) d0 (zi, a*) 

ft" + /3"w + y "x + fr'w. y -y "w. -,- 

m A a zt 

etc. refp. 

hi obtinent valores fequentes 

dO d O 

(a + 0u + yx) (i+0io. yy — yio. —) 

d Q> dQ> 

(<*' + 0‘u + y'x) (i +0'w. - y'u>. -f-) 


(ct" + 0"u + y"x) (l + 0“w. 
etc. 


dp- 

d x 

D 


// 


— y"ic. 


dp" 


qua- 
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quaptopler Q, erit productum ex (p ( u, x) in factores 

dp dp 


i + /3 1 


dx 

dp' 


y iv. 


du 

dp' 


1 + &lu ~ JT “ ° /w - “ 


d u 


cl 0" d 0" 

1 + £"«, /- - °/' w - f- 

etc. i. e. ex 0 (n, x) in fanctionem integram indeterminatarum it, 
x, u ’> a, /3, y, a', /S', y', a", /3", y" etc. - p E, £>. 


17- 

Theorem a art. praec. manifefio applicable eft ad functio* 
nem £*, quam abhinc per 

f (u, x, X', X", X'" etc.) 
exhiberi fupponemu3, ita vt 

/(“+“»• x —10. t~ j X', X", X'" etc.) 

U X K* ll 

indefinite diuifibilis euadat per g: quotientem, qni erit functio 
integra indeterminataruni u , x, w, a, b, c. etc., fymmetrica refpectu 
ipfarnm a, b t c etc., exhibebimus per 

(u, x, w, X', X", X'" etc.) 

Hinc concludimus , fieri etiam identice 

f(. u + w - x ~ w - V> l "> l 11 'etc.) 

— z\p (it, x, iv, l\ V\ l J * etc,) 

nec non 

r dZ d Z 

j (w + iv . — , x — iv . -3— , L' L", JL* ft etc. 
d x d u 

= Z\[/ (u, x> iv, JL /, L", JL"' etc.) 

Quodfi itaque functionem Z fimpliciter exhibemus per F (u, x) 

ita vt habeatur 

f (u, x, JL', JL", U" etc ) zn F (w, x ) 

erit 


DEMONSTR. NOVA ALT. THEOR. OMN. FVNCT. ALGEBR, etc. 
erit identice 


z az az\ 

F \ uJ r w -J^' X ~ w -Jz)- Z ^^ u,x ' w ’ etc.) 


IS- 

Si itaque e valoribus detenninstis ipfarum u, x, puta ex 
u — U, x — X prodire fuppor.imus 
d Z d Z 

dx ~ ’ du “ L 

eiit identice 

F(E7-j- «> X', X —to L T, J = F(L’, -MU, X, to, V, L", L>" etc.) 
Quo ties U y non cuanefcit, iiatuere Jicebit 

L 7 

vnde emergit 

*) = F(Cr,X).-vHL',X,^-* U,L»L'"tto.) 

quod etiam ita enunciate licet: 


Si in functions Z Ratuitur w=r £7 + 




£ 7 ' 


yp , Uvnfi. 


bit ea in 


F(U, X) . ^ (£7, X, U, L”, £/" etc.} 


*9- 

Quum in cafu eo, vbi non eit P~o, determinans functio- 
nls Z fit functio indeterminatae x per fe non euanefeens, rnani* 
felto nuiltitudo valorum determinatoium ipfius x, per quos hie 
determinate ^valorem o nancifci poteft, erit numerus finitus, ita 
vt infinite multi valores determinati ipfius x aflignari pofiint, qni 
determinant! illi valorem a o diuerfum concilient. Sit X talis 
valor ipfius x{ quern infuper realem fuppenere lice*.). Erit itaque 

D c deter- 
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determinans functionis P (u, X) non = o, vnde fequitur, per theo- 

rema II. art. 6, functiones 

d F(u,X) 

F(u,X) et —— 

habere non poiTe diuiforem vllnm communem. Supponamus 
porro, exftare aliquem valorem determinatum ipfius u f puta U 
(fine realis fit, Hue imaginarius i. e. fub forma g-{-hV —r con* 
tentus), qui reddat F(u, X) =2 o, i. e. effe F(U, X) = o. Erit 
itaque u — U factor indefmitus functionis F(u, X), et proin 


functio 


dF(n,X) 


d u 


—- certo per u—U non diuifibilis. Supponendo 


. d F(m, X) 

itaque, hanc functionem - —-- nancifci valorem U*, fi It a- 

tuatur u=. U, certo effe nequit U'=zo. Manifelto autem U / erit va- 

dZ 

lor quolientis differentialis partialis pro u“U, x~X: quodfi 

itaque infuper pro iisdem valoribus ipfarum 11 , x valorem quo- 

dZ 

tientis differentialis partialis -— per X' denotemus, perfpicuum 

cl x 

eft per ea quae in art. praec. demonffrata funt, functionem Z 
per fubffitutionem 

XX' X'x 

“ - c + -Jj, JJ, 

identice euanefcere, adeoque per factorem 
X' > XX'\ 

“ + u> x ~ O + ~U~J 

indefinite effe diuifibilem. Quocirca fiatuendo u = xx, pater, 
F(xx,x) diuifibilem effe per 

X ' s XX‘\ 

xx + U" x ~ K u+ ~u~) 

adeoque obtinere valorem o, fi pro x accipiatnr radix aequationis 
X' /" XlA 
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i. e. II ftatuatur 

— X' v" (4 UU'U' + 4X.W + X'X') 

x — - -- -:- 

a Tj * 

quos vidores vel reales eflfe vel fub forma g -\-hV~ 1 contentos 
eonftar. 

Facile iam demonftratur, per eosdem .valores ipfius x etiam 
functionem 2 ~ enanefcere debere. Manifefto enim (p (xx, x, W 
X", V" etc.) eft productum ex omnibus {x — 'a) (dc — b ) exclufis 
repetitionibus , et proin = 17— 1 : Hinc fponte fequitur 
(p (xx , x , l", V" etc.) — 1 

$ (xx, x, L' t L", L'" etc.) rr T" 1 - 1 
liue F (xx, x) — 2 ' m - >, cuius itaque valor determinatus eua- 
nefcere nequit, nifi finiul euanefcat valor ipfius 2' 


20 . 

Adiumenlo disquifitionum praecedentium reducta eft folutio 
eequationis X = o, i. e, inuentio valoris determinati ipfius x, vel 
realis vel fub forma g -f- h V — 1 contenti, qui illi fatisfaciat, ad folu- 
tionem aequationis F(u,X) — o, fiquidern determinans functionis 
2 ' non fuerit — o. Obferuare conuenit, li omnes coefficientes in 2 \ 
i. e. numeri L\ U\ L etc. fint quantitates reales, etiam omnes coef¬ 
ficientes in F (u, X) reales fieri, fiquidern quod licet pro X quantitas 
realis accepta fuerit. Ordo aequationis fecundariae F (u, X) rr o ex- 
priznitur per nnmeruni | m (m — 1): quoties igitur m eft nnmerus 
par formae 2 * k , denotante k indefinite numerum imparem , ordo 
aequationis fecundariae exprimitur per numerum formae A. 

In cafu eo vbi determinans functionis 2 "fit=ro, aflignari po» 
terit per art. 10. functio alia 9) ipfam meliens, cuius determinans 
non fit = o, et cuius ordo exprimatur per numerum formae 2 v A, 
ita vt ft vel v</j, vd *>=://. Quaelibei folutio aequationis $)—o 
etiam fatisfaciet aequationi 2"~o: folutio aequationis Q)zzu iterum 

redu- 
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reducetur ad folutionem alius aequationis, cuius ordo exprimetur 
per numerum formae 

Ex his itaque colligimus, generalit'er folutionem cuiusuis 
aequationis , cuius ordo exprimatur per numeruin parem formae 
<2^ k y reduci polfe ad folutionem aliuS aequationis, cuius ordo 
exprimatur per, numerum formae 2.^ A, ita vt fit p. Quoties 
hie numerus etiamnmn par eft, i. e. fj , 4 non r o, esdem methodus 
denuo applicabitur, atque ita continuabimus, donee ad aequatio- 
nsm perueniamus, cuius ordo exprimatur per numerum imparem; 
et huius aequationis cocffkientes omnes erunt reales, fiquideni 
omnes coefficientes aequationis primitiuee reales fuerunt. Talem 
vero aeqnationem ordinis imparis certo folubilem effe conftat, et 
quidem per radicem realem, vnde lingulae quoque aequationes 
antecedentes. folubiles erunt, line per radices reales liue per radi- 
ces formae g-{-hV' — 1. 

Euictum eft itaque, functionem quamlibet T formae x m — 
Ux m 1 +• L /f x m ^ 2 — etc. vbi L', L 4/ etc. funt quantitates de- 
terminatae reales, inuoluere factorem indefinitum x — A, vbi A 
(it quantitas vel realis rel fub forma g-\-hV —1 contents. In 
cafu pofteriori facile perfpicitur, T nancifei valorem o etiam per 
fnbftitutionem x~g — hV' — 1, adeoque etiam diuifibilem elTe per 
x — ( g — hV' — 1), et proin etiam per productum xx — 2 g x + gg 
+ hh. Quaelibet itaque functio Tcerto factorem indefinitum rea¬ 
lem ptimi vel fecundi ordinis implicat, et quum idem iterum de 
quotiente valeat, manifeftum elt, T in factores reales primi vel 
fecundi ordinis refolui poITe. Quod demonftrare erat propofitum 
buius commentationis. 
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PRAEMITTENDA QUAEDAM. 


§• *• 

Quum omnes fere honiinnm artes, omnisque doctrina ac 
disciplina ad varias humanae naturae necessitates praecipue 
spectent, vel quum, ut animi nostri vires excitentur, irritamen- 
tig, iisqne saepissime externis, indigeamus, eas potissimum scien- 
tias, quae plurima ad ea, quae cuique maxime sunt necessaria, 
praebenda et praestanda conferunt, tractari atque excoli, per se 
saiis apparet. Jam sexcenties matheseos, quod maximam homi- 
nibus utilitatem adtulerit, prosperrimo successu multis rebus, 
in vita communi obviis, immo toti fere physicae adplicata fuerit, 
laudes sunt praedicatae. Mechanica, seu scientia de motu cor- 
porum, jure meritoque ad potiores matheseos, qnam vocant, 
adplicatae partes refertur. Itaque jam hide ab antiquis tem- 
poribus multi deinceps viri, iique saepe ingenii praestantissimi, 
pertractandae atque excolendae huic scientiae operam navarunt. 
Incredibile eft dictu, quantopere Arcliimedis, Galilei, Nentoni, 
Euleri, Lagrangii aliorumque virorum opera liujus scientiae 
exactissima cognition e progressi simus. 

. .. §• 2 . 

Natura animi liumani ita comparata eft, ut, si quis primam 
curam et cogitationem in rem aliqnam conferat, in singulis ac 
specialibns, quae ei offeriintnr, perpendendis acquiescat. Tem- 
poris demum progressu, liis singulis vane inter se confe- 
rendis atque nectendis, ad rerum proprietates magis imiversas 
ac generales accedit. Item animo omnino exciiltiove opus eft, 
ut quis rerum, quas jam din fortasse notas habet, caussas explo- 
rare studeat. Hinc intelligitur, quomodo factum sit, ut plnra 
mechanicae theoremata multum antea cognita sint, quam cui~ 

A 
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dam leges, ex quibus baec omnia deduci, immo secundum quas 
ampliari atque.dilatari possint, universas explorare in mentem 
incident. Quibus de mechanicae principiis sum mi demum viri, 
Leibnitius, Wolfius, Bernonllius, Lambertus, Riccatus, Alem- 
bertus, Eulerus, Lagrangius, Kaestnerus, Karstenius, Salimbe* 
mis, Fenonus aliique magni geometrae disquisitiones. institue- 
runt. Multum de his principiis, sed multo magis de motuum 
caussis, "seu de viribus inter geometras, et praesertim inter Ita- 
los, est disputatum. Quorum quidem omnium expositio idonea 
atque apta, quantumvis essetutilis, partim tamen ad propositum 
nostrum haud conveniret, partim, ut ingenue fatear, tironis 
vires longe excederet. 

Quocunque autem modo geometrae de his rebus inter se 
dissideant, ejus tamen mechanicae partis, quae de virium aequi- 
librio agit, tres potissiuium propositiones esse fundamentales, 
inter omnes fere constat. Quavis earum, tanquam fundamento, 
cetera omnia staticae tlieoremata superstrui possunt. Sed ne ab 
iis, quae hie prosequimur, nimium aberremus, in unam tan- 
tummodo ex his tribus, in illam scilicet, quam compositioem 
vel parallelogrammum virium vocant, mquirere nunc possuinus. 

Quae quidem doctrina, una vel altera denominatione in 
libris staticis et dvnamicis fere omnibus obvia, consistit in eo, 
ut, viribus, quotcunque libuerit, una corpus quoddam sollici- 
tantibus, unam omnino esse vim, quae sola eundem, quem 
illae conjunctim agentes, effectum praestare, sumatur. In de- 
terminanda autem cum directione, tam quantitate ejusmodi 
potentiae omnis haec doctiina versatur. 

§• 4 - 

Quum omnes autores statiri punctum id, in quod, duae 
vires una agant, secundum diagonalem moveri, ideoque pun¬ 
ctum ad eundem, sive vires actiones suas conjunctim, sive sin- 
gulatim exseruerint, locum ferri contendant, haec libenter uti vera 
accipimus. Veri atque congrui quid, ut ita dicam, in eo con- 
spicimus, quod duae ejusmodi vires, etsi altera alterius actio¬ 
nem imminuit, eundem tamen effectual praestant, h. e. quod 


§* 5 - 
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punctum conjuncta ipsarum actione ad eundem locum, ad quem 
singulis deinceps agentibus latum fuisset, movetur. Ilinc theo- 
rema nostrum saiis diu, etsi non rigida demonstratione muni- 
tum, non solum notum esse, sed etiam ad alias ejus ope pro* 
positiones probandas adhiberi potuisse intelligitur. 

§• 5 - 

Quod attlnet ad originem propositionis nostrae, secundum 
ea, quae summus geometra a) refert, prima ejus vestigia apud 
Galileum b) reperiuntur. Idem vero Italus geometra aliique ne 
snspicabantur quidem, quanti momenti theorema nostrum sit, 
et quam facile ab eo plures, ni omnes staticae propositiones de- 
deduci possint. Ipsius plani inclinati theoriae, quae proxime ad 
compositionem virimn, accedit, exponendae tunc temporis theo¬ 
rema -nostrum baud adhibitum est. Mul to satis post Petrus 
Varingonius omnia certe ea staticae theoremata, quae ad aequi- 
librium machinarum pertinent, hac ipsa nostra propositione su- 
perstrui posse ostendit; multoque serius Dan. Bernoullius primus 
demonstrationem ejusdem theorematis magis rigidam conficere 
tentavit. Cujus quidem viri exemplmn aliis secutis, plures 
ejusmodi demonstrationes accepimus, quas omnes mox cogno- 
scemus. • 

. §• 6. 

Quaedam nunc de his demonstrationibus, generatim specta- 
tis, praecipue vero de Kantiana disserere mihi licitum sit. Ma¬ 
th esis adplicata, uti nomen satis indicat, ea est scientia, quae 
de mathesi variis naturae externae rebus, quatenus ipsae aut 
ad calculum, aut ad constructionem geometricarn. revocaii pos- 
sunt, adplicanda agit. Quam quidem disciplinam a mathesi 
pura distare ac differre, per se satis apparet. Paucis vero, qua- 


a) Lagrange mecanique analytique; ab init. Vcrbotinus totus hie locus 
iterum legitur in libro: Montucla histoirc des matbemat. Tom III- 
p. 6o8- sq. 

b ) Galileo opere. Bologna 1556. Tom II; Dialoghi p. 190* 

A 2 



4 PRAEMIT'TENDA. 

nam in re hoc <3 is crimen positumlsit, exponere, hand Inconve**’ 
mens esse mihi videtur. (Matheseos nimirum purae principia vel 
axiomata, quibus omnia superftruuntur, ila comparata sunt, ut 
ex ipso nostro mlellectu, eoque solo prodierint, vel ut mens 
nostra, cujusque alius rei ratione plane nulla liabita, secundum 
ipsius tantummodo naturam atque indolem haec sibi finxerit et 
constituent. Itaque non solum liaec ipsa principia, sed eliam 
omnia ea, ad quae iisdem rite adhibendis pervenitur’, intellectui 
nostro ita accommoddata esse, ut contrarium eorum, quae ibi 
pronuntiantur, ne cogitari quideni possit, omnino necesse est, 
I line ilia perspicuitas atque evidenlia, qua omnia gaudent, quae 
matliesis nos docet. 

§• 7 - 

Ex his ipsis vero jure colligendum est, hanc evidentiam ve- 
ritatemque necessariam non amplius locum habere, quum prae- 
ter principia vere mathematica simul et alia spectentur, quae 
non a sola mente nostra statuta, sen potius ab ea sola, ut ita 
dicam, genitasunt, vel, quod idem eft, cum mathesis externae 
naturae rebus adplicetur. Turn enim et universariim naturae 
legum, quibus ejusmodi res vel corpora obnoxia sunt, et varia- 
rum, quibus gaudent, proprietatnm nniltorumque aliorum, 
quae, licet plane non geometrica sinl, aut philosophia, aut ex- 
perientia nos docet,-ratio omnino est habenda. Turn propone 
tiones, quae neque calculo, neque consructione geometrica de- 
monstrari po«sunt, in subsidium vocari debent. Ouodsi enim 
v. c. in propositionem hanc: ” Vis duaruin aequalimn media, si 
ejns directionem respicias, angulum, quem illae comprehendunt ? 
hifariam secat. 44 si, inquain, in hanc propositionem diligentius 
inquirimus, mox neque ip^uin axioina esse vere geometrician, 
neque ex his deduci, vel sola eorum ope d^monstrari posse vide- 
bimus. Attanien omnes eos auctores staticos, qui hanc propo¬ 
sitionem, tanquam axioina acceperunt, minime reprehendendos 
esse puto. Ibi enim omnia, quae ad determinandam resultahtis 
directionem aliquid conferre possunt, utrimque ita inter se sunt 
aequalia, ut nulla reperiri queat caussa, qua ip^a haec directio 
propius imam, quam alteram viiium componentium aceedat. 
Eadem, quae de hac proposilione diximus, de multis aliis, non 
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Tcre mathematicis, sed tamen in matbesi adplicata accipiendis, 
did possunt. Ex his autem malheseos adplicatae propositiones, 
universe spectatas, non eodem, quo matlieseos purae theore- 
mata, sensu ac niodo, vel non plane geometrice demonstrari 
posse, patet. Est igitur omnino, ut Kantio, conipositionem mo- 
tuum rigore plane vereque geometrico a se demonstratam esse 3 
dicenti, non statim fidem praebeamus. Postquam infra autem 
ipsum Kantii argumentum exposuerim, spero, fore ut, banc 
clemonstrationem 4 ejusmodi rigore hand gaudere, ostendere 
possim. 

§• 8 ; 

Pauca quae dam denique jde discrimine inter compositionem 
virium et compositionem motuum adjecerim. 

Multi auctores statici, has duas notitiones haud inter se 
distare, sumsisse videntur. Itaque, una cum compositione mo- 
tuum demonstrata virium quoque compositionem probatam esse, 
existimarnnt. Quantum autem equidem video, res non ita se 
habet. Quum enim sine dubio plures vires, secundum oiversas 
directiones in corpus vel punctum quoddam una agentes concipi 
possint, merito quoque, quaenam sit corporis, hoc modo ad 
motum sollicitati, directio et celeritas, disquiritur. Unusquis- 
que autem, si quis eidem corpori eodem tempore plures secun¬ 
dum diversas directiones motus Iribueret, hoc plane absurdum 
esse, intelligit. Quodsi igitur de compositione motuum sermo 
est, hoc tantummodo quaeri potest, quinam sit motus ille, quo 
solo corpus ad eundem perveniret spatii locum, ad quem pluri- 
bus singulis deinceps motibus latum iuisset? Quae vero tunc 
respondenda sint, per se ita apparet, ut nullis disquisitionibus, 
rnillaque deinonstratione opus sit. Hoc autem ipso composi¬ 
tionem virium nondum esse demonsratam, non minus darum 
atque perspicuum est. 




PRINCIPIA, 


Pars commentationis prior* 


Demolish*ationes eae, quarum auctores composition em vi- 
rium ', ut fundamentalem mcigis staticae , qjtam mecha- 
nicae propositioneni probandam sibi summit , ideoque 
mot us , a viribns adhibitis ejficiendi^ saepissune nullam 
fere rationem habeuh 


Liber primus. 

Antoves, qui theorema nostrum sine ulla alius staticae proposltionis\ ope 
demonstrare student. 


§• 9 - 

Principia vel axiomata, quibus aliis aliae harum demon- 
strationum nituntur, haeccine sunt: 

1) Quarnmvis potentiarum loco aliae, illis aequivalentes, 
substitui possunt. 

2) Plures potentiae, plane inter se conspirantes, uni poten- 
tiae, summae earum aequali, aequipollentes habendae sunt. 

• 5) Potentia dnaram aequalium media angulum, quam liae 

comprehendunt, bifariam secat. 

4) Duae vires nonnisi aequales ac plane repugnantes sunt 
inter se in aequilibrio. 

5) Item duae potentiae, in aequilibrio positae, aequales et 
inter se repugnantes sint necesse est. 

6) Aequilibrium, quod inter plures constat potentias, aut 
addendis, aut auferendis et ipsis in aequilibrio viribus, baud 
tollitur. 

7) Aequilibrium, in quo plures versantur potentiae, etiam 
inter omnes illas vires, quae, secundum similes directiones agen- 
tes, quodammodu illis sunt proportionales locum habere oportet. 



quibus demonstrations, in libr. I obviae, nituntur. 7 

8) Actio cujnsdam potentiae semper sibi constat, quocun- 
que directionis suae loco ipsa adplicata concipiatur. 

9) Vires omnino in aequilibrio esse nequeunt eae, quae cor¬ 
pus sen punctmn, in quod agunt, omnino omnes ad eandem 

spatii partem *) inovere tendunt. 


Sectio prim a. 

Dcmonst vat tones geomctricae , atque geometrico- 
anahjticae. 

C I a s s i s p r i m a, 

Demonstrationes principiis vet axicmatibus ** ) 1 . 2 . 5 . 4 . 6 supersruefae. 


C a'p. I. 

Argnmentum Bernoullianum ***)♦ 

§. ~io. 

Tlieor. Quodsi plures vires, punctum quoddam sollicitan- 
tes, inter se in aequilibrio versantur, potential etiain eas, q^ae, 
qnodammodo illis proportionates, secundum easdem directiones 
agunt, in aequilibrio esse neCesse est. 


*) Ad eandem spatii partem plures vires corpus quoddam movere cTicuntur, 
dumomnes, sicuti v. c AB, AD, AC etc. (iig. i.)ab eademlineae lectae 
C F parte sunt adplicatae. 

**) Auctores ipsi haec axiomata modo rite pronuntiaverunt, modo tacite 
suppleri voluere. ^ 

Dan. Be'rnoullii examen principiorum mechanicae; v. Comment. 
Acad. Petrop 172 8 Tom I. p. 126 sqq. 
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Demonstr. Quum enim vires, duplo, triplo etc. deinceps 
auctas concipiamus, his sane incrementis, et ipsis inter se aequi- 
librantibus — sit venia verbo — aequilibrium tolli plane ne- 
quit. Eadem omnino, dim! ab his wibus, quarum quamvis 
in tantasdem partes aequales divisam ponamus, ejusmodi par¬ 
tes deinceps auferuntur, valere debent. 

§-ii- 

Theor. Vis ea AD (fig. 1.), quae duabus aequalibus rectan- 
gulisque AB, AC, aeqnivalet, si ejus quantitatein respicias, per 
diagonalem quadrati exhibetur. 

Demonstr. Ducatur EF perpendicularis ad AD fiatque 
( AB) 2, 

EA = -, AG = AF. Quum verositBAD = DAC =45°, 

AD 

ideoque EAB ~ BAD = CAF, potentia AB duabus AE, AG, 
itemque AC viribns AG, AF aequivaleus habenda est. Itaque. 
potentia AD viribus his: 2AG, AE, AF aequipolleat necesse 
est, vel cum AE, AF semet ipsas invicem destruant, AD =: 2AG “ 
S(AB) 2 

■ — — > et hinc (AD) 2 = 2(AB) 2 

Coroll. Potentia igitur duabus aequalibus ac rectangulis ae- 
quivalens, tam quantitatis quam directionis respectu per diago¬ 
nalem exprimitur. 

§. 12. 

Theor. Quum potentia CF (fig. a) duabus rectangulis, sed' 
inaequalibns CD, CE aequipolleat, aequationem hanc, (CF) 2 = 
(CD) 2 -f- (CE-) 2 locum habere necesse est. 

Demonstr. Ducatur et nuncBA perpendicularis ad CF; deinde 

(CD) 3 (CE) 2 CD.CE 

sit CG= — ■ ■ ■ , etClI=r-——, deniqueCBr=CA=r- rT - . His 

Cl Cb ■ -CF 

ita positis, CD duabus CG, CB etCB aliis duabus CH, CAaequivalere 
necesse est; unde patet potentiam CF hisce aequipollere poten- 
tiis: CH, CG, CB, CA, vel, quum CA, CB, sint inter se aequa- 
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(CD)- (CK)- , rim , rmi 

seu (CF ) 1 = (CD ) 4 


CF 


les ac repugnantes CF : 

*HCE) a 

§• 13 - 

Theor. Quodsi vis quaedam AD (fig. 5O duabus aequalibus 
AB, ACaequivalet, atque AE, AF duae aliae vires sunt aequaies, 
quae, et ipsae polentiae AD aequipollenteS; angulos BAD, CAD 
bifariam secant (positis AB = AC = a, AE = AF = x, AD = b) 

a 

aequationem banc x = b p(--—) pro dire necesse est. 

2a+b 


Demonstr. Posito enim AG=AH='AL = — } AE duabus 
• b 

AG, AH, et AF aliis AH, AL aequipollet 5 porro sit AM = 
b.AG x 2 ♦ 

--=—^ liinc ergo AM viribus AG, AL, ideoque AD poten- 

a a 

x 4 2 x 2 

tiis AM, 2AH aequivalet, liabebimus itaque b = — -f- —— } 

a b 


unde elicimns x = b j/(- 


)• 


t + b 

§• 14- 

Quum AB, AC (fig. 4.) duae sint vires aequaies ac rectan- 
gulae, ducta AD perpendiculari ad BC, binas vires, AG, AH, 
item AF, AF, etc. angulos BAD, GAD etc. bifariant secantes, 
eidem potentiae 2AD, cui AB, AC aequipollent, aequivalere 
necesse est. » 

Demonstr. Postquam enim ex tbeoremate precedente va¬ 
lor virium AG, AH determinants fuerit, habebimus 
at/2 

AG =r All — *3-V—— 

V(? +v/2) 

Idem vero valor geometricus duabus AG, ATI, angulos ABD, 
ADC bisecantibus, statuendus estj ergo potentiae AG, A 1 I po¬ 
tentiae 2AD aequivalent. Eadem facile pro AE, AF aliisque 
binis ejusmodi viribus probari possunt. 

B 
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Coroil* Binis igitur viribus aequalibus, uno horumce an- 
gulorum: iR, R, \ R, £ R etc. in punctum quoddam agenti- 
bus, vis earnra media, tam quarit.itatis, quam directionis respe- 
dlu habito, diagonalem exaequat. 

§• lo- 

Ouodsi vires aequales AB, AC (fig. 5.) potentiae BF, per 
lineam AC in duas partes aequales BL, LF divisae, aequivalent, 
lineis DE ad BF, et AD, CE ad DE perpendicularibus duel is,- 
BA duabus BD, BL et BC duabus BE, BL aequipolleant ne> 
cesse est. 

Demonstr. Quodsi enim res non sic se haberet, BA dua- 
bus aliis v. c. Bd, Bl, et BC viribus Be,.Bl aequipollentes po- 
namus ; hinc ergo BF viribus Bd, Be, 2B1 aequivalere sequi- 
turj quod quideni absnrdum; alteram igitnr virimn poteniiae 
BA aequipollentium, vim BL aequai e necesse est 3 hinc autvin 
alteram esse potentiam BD jure colligimus. 

Coroll. In omnibus igitur rpetangulis iis, quae lineis aut 
AB, ant AG, aut AE (v. fig. ad §.-14.) tanquam diagonalibm cir¬ 
cumscripta, et quorum alterum latus est AD, dum per ea.dem 
lineas vires exliibentur, vis'mediae et quantitas et directio de- 
terriiinata est. 

% 16. 

Theor. Viribus aequalibus BA, BE (fig. 6.), itnnqne aliis 
aequalibus BC, -BD uni potentiae 2BL aeqnivalemibws, vires 
quoque BF, BG aequales, angnlos ABM, NBE bifariam secan- 
tes, eidem potentiae 2BL aequipollere necesse est. 

Demonstr Productis lineis BC, BD, ita ut sit BM = BN=: 
BE, MN, PR ipsi AE et AP, MO, QN, PvE, ipsi BS parallelae 
ducantur. Ex prececentibus potentiam 2BS viribus BM, BN ae¬ 
quivalere patetj itaque si BU duabus BA, BM, et BW duabus 
BE, BN aequipollere ideoque angulos ABM, NBE bisecare poni- 
tur, duas BU, BW uni potentiae 2BL-|-2BS aequivalere neces¬ 
se est. Resolutis autein BM in duas BO, BS, et BA in duas BP, 
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BL aequipollentes, hanc habemus aequationem 
BO = ^((BP -f BO) 1 -f (JJL-f LS) 2 ). 

Qnum vero, uti vidimus, potentiae BU, BW uni potentiae 
2BL-J-2BS, aequivaleant, et si earum directionem respicias cum 
duabus BF, BG coincidant, vim duarumBF, BG mediam esse~ 
BTJ BF # x 

X posito,-=:— (1) esse debet. Qua quidem ae~ 

r 2BL + 2BS X 

quatione quantitas X determinari potest. Quem in finem AB 
= a, BC = b, AC—c statuamus. Ex ipsa constructione nostra 
statim hae prodeunt aequationes: 

a 1 —ab 2 — ac 2 
BO = MS= — 


BP = AL= 


2bc 

a 2 —b 3 -|-c 2 


, 2b 2 c 2 4-2a 2 b 2 4-2a 2 c 2 — a 4 —b 4 — c\ 

BL= y*(----) et hinc 


2bc 


BU = 


\/(a 3 b-[-ab 3 -|-2a 2 b 2 —abc 2 ) 


Dum autem BAF et BFZ angulos inter se aequales reddamus, 
ex triangulorum BAF et BZF similitudine aequatio haec BF = 

i/(a 3 b4-ab 3 4-2a a b 2 -(~abc 2 ) ... ... 

Lj- - -‘-deducitur; substitutis autem 111 

a-j-b 

aequatione (1) quantitatum BU, 2BL2BS et BF valoribus 
supra repertis, hanc babebimus aequationem 

yY2b 2 c 2 - 4-2 a 2 b 2 4 - 2 a 2 c 2 —a 4 —b 4 —c 4 ) 

- X = —-■---- 2BL. 

c 

§• ir- 

Tlieor. Duae vires aequales AG, AH (fig. 7.), quopiam 
aimulo ill punctum quoddam A concur rentes, uni potentiae, 
quae tain quantitatis, quam directionis respectu habito, diagona- 
lem aequat, aequivaleant omnino necesse est. 

Demonstr. Quum enim supra, duas*vires AB, AC, dum 
sint inter se aequales ac rectangulae, diagonali AK aequipollere, 

B 2 









T 2 
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idemque pro viribus AE, AF,* angulos BAD, DAC bisecantibus, 
valere demonstratum sit, et quuin detur progressio haecin infini¬ 
tum, liquet non posse exhiberi duas potentias aequales intra ter- 
minos AB, AC concurrentes in B et terminatas a linea BC, quae 
non aequivaleant potentiae AK. Duplicatis vero angulis, inter 
AD et quamcunque AE, seu AG etc. comprehensis, propusitio 
fit de illis potentiis, quae terminos AB, AC 

.§• 18. 

Ouae hue usque pro potentiis aequalibus ostendimus, facile 
viribus in aequalibus ac rectangulis, et inde quibuspiam binis vi- 
ribus accommodari possunt. Quomodo ad vires rectangulas ex- 
tendantur omnino ex iis quae (§. 15.) probavimus patetj, eadem 
vero etiam pro quibuspiam viribus valere nunc viclebimus. 
Sint enim binae ejusmodi vires AB, AC (fig. 8-)- Altera ea- 
rum AC in duas rectangulas AE, AF resoluta ductisque EC, BG, 
DG, AD, quisque, vires AE, AG eundein, quem etiam AB, AC, 
praestituras esse effectum, intelligit. Vis autem duarum AE, AG 
media quuin sit diagonalis AD, eadem et potentiis AE, AB ae- 
quipollere debet3 ergo, quod AD utrius.que parallelogrammi EG, 
CB est diagonalis, quarumlibet binarum viriuih resultantis tam 
quantitas quam directio est determinata. 

§• » 9 - • 

Epic risi r. 

Autor noster, uti primus, qui hanc virium composilionem 
rigidius, quam an tea, evincere conatus fuerit, omnino laudan- 
dus, multumqne laudatus est. Oninis liaec ejus demonstratio, 
quantopere evidentia, perspicuitas, rigorque geometricus-curae 
ei fuerit, satis osteudit, Tanto magis autem optandum fuisset, 
ut eventus operae nostri respondent. Sed quantum equidem 
video hoc nostri argumentum plura desideranda relinquit *). 


inanifesta quoq 
transgrediuntur 


*) Postquam jam diu haec scripseram, non sive volnptate virum doctis- 
simum Alembeitum eadem fere contra hoc argumentum moniusse 
cognovi. 
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Nam quum haec demonstratio proposition^ Staticae fundamen- 
talis jam a tironibus, prima liujus scientiae elementa adeim- 
tibus, cognosci atque intelligi debeat, calculus iste satis impedi- 
tus, quo noster in posteriori praecipiue parte utitur, jure repre¬ 
hend! potest, Insuper tota demonstratio tanta prolixitate labo- 
rat, utinlibrum, elementa staticae exhibentem, recipi nequeat, 
Deinde me non intelligere fateor, qnomodo nosier aequatio- 
nem: BU = ^([PB-j-RO] 2 [BA►}-»BS] 2 ) nactus sit. Ni enim 
fallor ponendum ei fuisset: BU ~.y^(BP 2 ^B 0 i + BL 1 >x H BS 2 ). Sed, 
quod maximum est, theoreina, quod (§. 17.) legimus, debito 
rigore non est demonstratum. Ea enim, quae noster ibi proba- 
vit, non valent, nisi anguli, quo vires componentes concur- 

1 

runt, quantitas hujus est formae: — R. Idem vero jam antea 

an 

(§. 14.) probaverat noster j duae igilur postremae propositiones 
(§§. 16. 17.) ad id, quod noster petiit, adsequendum nihil con- 
tulerunt. 


Cap. II. 

Argumevitim a Lamberto traditum *). 

§• 2 0 - 

Tlieor. Quum peripheriam ABDE (fig. 9.) in tres partes 
aequales divisam AB, AD, BD concipiamus, tres vires, per ra¬ 
dios CA, CD, CB exhibitas, unaque punctum C sollicitances, 
in aequilibrio esse contenditur. 

Demonstr. Quum enim liae vires ita inter se comparatae 
sint, ut, ..quae pro una valeant, cuivis ceterarum omnino accom- 
modari possint, si unins trium liarum virium actione punctum 


') J. H. Lainberi’s Beytrage zum Gebrauche der Mathematik. 1771. 
Tom. II. p. 444 sqq: 
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C vere moverelur, duas alias simul eundum effectum pvoducere 
necesse esset; ergo punctum eodem temporis momento secun¬ 
dum diversas directiones ferreturj quod quidem absurdum. — 
Quis igitur est, qui polentiam CE, ipsi CB aequalem, sed re- 
pugnantem, eandem, qnamCA, CD conjunctim exsemnt, acti¬ 
onem exercitmam esse dubitet? Ex quibus antem, virimn com- 
positionem re vera locum habere, rite colligitur. Ductis AE 
et DE, ACDE esse parallelogramraum, cujus diagonalis sit CE, 
statim intelligitnr; his ergo positis, vel hoc rernm statu, com- 
positio virium breviter atqne evidenter demonstrari potest. 

Coroll. Eadem, quae de ternis viribus dicta sunt, ad plu- 
ra facillime extendi posse, per se clarum est. 

§. 21 . 

Theor. Ternis viribus, quae punctum quod dam una sol- 
licitant, in aequilibrio versantibus, omnes quoque eas, quae, 
secundum easdem directiones agentes, quodammodo illis sunt 
proporlionales, inter se aequilibrari necesse est. 

Demonstratio est omnino eadem, quam jam supra (§. 10.) 
leffimus. 

' . §. 22 . 

' Theor. Quum potentia CD (fig. 10.) duabus CB, CA, in¬ 
ter se rectangulis aequipolleat, aequationem hanc (CD) 2 = 
(CB) 2 (AC) 2 locum habere necesse est. 

Demonstratio hand discrepat ab’ea, quam Bernoullius (§. 12.) 
pro eodem theoremate tradidit. 

Coroll. l. Idem, quod apud Bernoullium legitur. 

Coroll. 2. Sit angnlus ABC = <p$ liinc nobis erunt aequa- 
tiones CB = CD cos <p 

CA = CD sin (p. 

vScholion. Angulum ABC littera <p, alterum BCD lit- 
tera w nobis denotet j illam autem hrevitatis caussa angulum hy- 
potlienusalem, hunc angulum directorem adpellemus. 


jArgumentum Lambcrti. 


1 


§• 25 - 

Theor. Qnodsi, dum angulus director est o>> angulus hv- 
pothenusalis sit <p , itemque dum ang. dir. ca', angul. hypoth. 
etiam, dum angulus direct* wangulum hypothenusalem 
esse necesse est. 

Demonstr. Resolutis enim viribus CD, cd (fig. 11.) in bi- 
nas laterales CB, CA et Cb, Ca, ita quidem, ut sit DCA = w ? 
dCA dumCD = Cd= 1 hae nobis erunt aequationes, 

CA = cos (p Ca = cos (p' 

CB = sin (p e Cb = sin (£)' 

Sit porro CS = Cd et $CD ~ dCA, ideoque SCA :=: du- 

catur Ce perpendicularis ad CD j fiat 
Cg = Ca — cos <p' 

Ce = Cb = sin <p > 1 

resolvantur, C z in duas Cx, Cx', Ce. in alias Cy, Cg et Cj in 
duas Q 3 , Cccj denique ducantur Se, $e, fil. 

His ita constitutis, quum sint eCB =DCA = w, et SCg = 
dCA^w', hasce nauciscimur aequationes: . 

Cx = Cg cos (p = Ca cos (p — cos (p* cos (p 
Cy = Ce sin <p = Cb sin (p = sin (p' sin (p, 

Line ergo Cx — Cy -=u Ca = cos (p‘ cos (p — sin (p ' sin (p 

— COS (P ~|- (pt) 

Item habebimus Cx' = Cg sin (p = cos (p ' sin (p 
Cg = Ce cos <p = sin (p ; cos (p 
ergo Cx' -f- Cg = C /3 = sin ((p -f - (p 7 ). 

§■ 24. 

Quum igitur angulis w, w', w w' abscissae AP, AQ, All 
(fig. *), angulis vero (p, (p', (p -j- <PC onlinatae PM, ON, tlL 
respondeant, ducta LK ipsi All parallela, quoniam AP = QR = 
TL, ideoque PM = TN atque eadem ratione SM = QN, linea 
AMNL curva esse nequit. Quodsi enim csset , ducta recta Amnl., 
Pm=lTn,etQn = Smhaberemusquae aequationes non nisi pnneta 
binaM, m, N, n coincidant locum habere po. 4 sunt,ita'que ha? erunt 

AP AO AR w U ) 1 ca + to' 

aequauones — - - _ -^el - ~ - = 



Glass. I. Cap. II. 


16 


Posito igitur, esse (J>.— nco,etiam (p'.'ZZ nco 7 , (ft-{-<$' — n (co —{— 
<p+<p'+®" = n (« 4 “ w/ ”lr w *0 etc * esse debent. Tres anguli co, co 7 , 
co 77 si sint ita inter se comparati,ut Sit co +«/+*" = go°, habebi- 
mus sin (<p -j- <p 7 4" <p 7/ ) = 1 
cos (<p -j- p 7 -j- <p /7 ) “ o 

ergo <p -f- ;p 7 -f- <p" “ go® — w-J-o) 7 -J-co /; et hinq nrz 1 , ideoque 
# HI CO, cp 7 = Ce>' 5 Cp" = 

Quum igitur anguli BCD, CBA sint omnino inter se aequales, 
vis binaruin rectangularum media tam quantitatis quain direction 
nis habito respectu aequet diagonalem necesse est. 



Aequalitas binorum angulorum, co, <p, vel co 7 , <p 7 , vel co -f-co 7 , 
hoc quoque modo probari potest; 

Vires tres una in punctum C (fig. 12.) agentes sint inter se 
in aequilibrio. Produclis AC, CB ita ut, Ca — CA, et QrzCB, 

potentiisc[ue CD in Cd, C&, et CB in Cb, C /3 aequivalentes reso- 

lutis BCot zz co 

DCa zz co 7 
DCf zz co 77 

ideoque 180 0 esse ponatur. Ceterum ilsdem de¬ 

note* tionibus retentis, erunt aequationes 
C /3 — CB cos cp, C$ zz CD cos <p 7 

Cb zz CB sin cp, Cd zz CD sin cp 7 

Itaque, quoniam est Cb zz Cd et Ca zz: CJ-J-C /3 
CB sin <p 7 ZH CD sin <p 7 


CA — CB cos <p 4 * CD cos # 7 habere debemusj unde 
„ _ A) 2 -f (CB) * — (CD) 2 

facile deducrtur Cos <p —---- 


eos cp 7 : 


eos (p 77 ~ 


(CA) 2 (CD) 2 — (CB) 2 

2AC. CD 

(CB) 2 4 “ (CD) 2 — ( CA) 2 


2BC. DC 

Ex eo autem tres angulos <p, <p 7 ', <p 7 ' tribus trianguli cujus- 
dam angulis, cujus latera sint AC, BC, DC, aequales, ideoque 
i p4-<p 7 4*(p /J zz i8°° esse patet=. 
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Argumentum Lamberti. 

Etsi igitur <p -f- -J- = n («_-(-&/ -f- w") ponatur, ex iis 

tamen, quae raodo cleinonstravimus, n. 180° = 180° ideoque 
n= 1 esse jure colljgitur. ltaque et &>, w', co ,/ trianguli angu- 
los aequant; ergo quaevis potentia, cum duabus aliis in aequi- 
librio versans, omnino diagonalem exaequat. 

§• 36 . 

Quae pro viribus rectangulis demonstrata sunt, facile, uti 
supra vidimus, aliis quibuspiam viribus accommodari possunt. 


C a r. III. 

Argumentum ab Eytehvino ullattim *). 

§• 27. 

Potentla quadam duabus inter se rectangulis P, Q aequi- 
pollente, aequaLionem lianc R*=P Z -|-Q 2 nobis esse necesse est. 

In demonstrando hoc theoremale noster Bernoullium omni¬ 
no sequutus est v. Supi\ §. 12. 

§. 28. 

Theor. Ouodsi angulo directori w angulus hypothenusalis 
<£>, respondeat, ejusmodi angulo 2w angulum hyp. quoque 2 (p 
respondere neces’se est. 


Eytelwein’s Grand! ehren der Statik und Mechanik fester Korper, 
Tom. I. ab init. Gilbert’s Annalen der Pliysik, XVIII. Th. p. 181 
sqq. — Quod argumentum ab iis, quae jam exposuimus, eo quidem 
discrepat, quod propcsitionem, quam auctores illi in primis tlieore- 
matibus evineere conati sunt, tanquam axioma pronuntiaverit. Ni- 
hilominus tamen hanc nostri demonstrationein jure ad hanc classem 
refeni puto. 


c 
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Demonstr. Potentiam P (fig. 15.) vim mediam, eamque 
in duas vires rectangulas p, q, secundum directiones GF, GM 
agentes, ita, ut sit DGM= w, ideoque CGM = 2co, .resolutam 
concipiamus. Simili modo Q in duas p y , q y vires resolvatur. 

Ilis ita positis, sponte liae prodeunt aequationes 
P 2 P. Q PQ Q* 

r ~ T ’ q = IT’ P = TP q = lC 

Duarum autem virium P, Q, loco potentiis quatuor p, q, p y , q y 
substitutis, dum p—q y = P y et q —|— p / = Q y posuerimus, has 
habebimus aequationes P y =R (cos (p 2 —sin (p 2 ) = R cos. 2(f), 
(V=2R cos (p. sin (p ■= R. sin 2 (p. 


§• 2 9 ' 

Theor. Quodsi ea, quae modo pronunciavimus, pro an* 
gulis cu, <p atque n<w, n(p locum habent, pro angulis quoque 
C”+ 0 «» (n-|- 1) <p eadem valere necesse est. 

Demonstr. Vires laterales, quarum anguli w, (p, esse P, Q, 
potentias autem eas, quibus anguli nw, n (p, P y , Q y esse ponamus. 
Eodein, quo antea, modo potentia P y in duas vires p, q rectan¬ 
gulas, quarum altera v. c. p cum ipsa potentia P angulum w, 
ideoque cum potentia R angulum (n-(-1) w constituit, itemque 
(V in duas ejusmodi potentias p y , q y resolvatur $ hinc, dum p — 
q y = P. yy , et q —p y = Q yy ponamus, has nauciscimur aequationes: 

PP y — QQ y OP y PQ y 

P yy = -— , O yy — -— 

R ' R 

PP y — QQ/ 

Est autem - = R (cos < 2 >. cos n (p — sin (p. sm h<p) 

R 

= R cos. (n-f-i) (p 

OP y -J- PQ y = R [sin. (p. cos. n(J)-[” s i n - n( P- cos <p] 

= R sin. (n -j-1) <p. 

Coroll. Quurn autem, uti cognovimus, ratio, in qua an- 
giilos w, <p, nw, n<p constitutes esse sumsimus, revera, dum 
n =: 2 ponatur, locum habeat, eandem pro quibuscumque va- 
loribus, litterae n attributis, locum habere rite colligitur. 
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D emonstratio ab Eytelwino adlata. 


§• 30. 


Onodsi igitur binae vires, quarum anguli directores atque 
hypotheun.sales «, et (p putentiae R aequipollent, binae aliae vi¬ 
res, qnibns eadem potentia R aequivalet, dum anguli dir. et 
hyp. sint nw, et n(p, inter se aequilibrari debent. Posito igitur 

cu ft)* 

esse no) = a)* et n<p = (£ / , habebimus — — — • 

<p <p‘ 


Ouae quidem aequatio cum rata sit5 quicunque valores quantitati 
(p tribuantur, ratio, quam (p et w subeunt, nobis est nota, si- 
111 ulac ratio, quae inter (p { et cd* intercedit, pro quopiam, quan¬ 
titati (j)' assignato, valore enotescil. Quisque autem, dum 


»* r=45°, etiam (p l = 45 0 intelligit; itaque est — = 


=' 1, hinc 


00 1 ~ 

etiam — = 1, h. e. u — (p. 

<p 

Angulus igitur director angulo hyp. aequalis sit omnino necesse 
est. Ex his vero vim duarurn rectangularum mediam, si tam 
ejus quantitatem quam directionem respicias, omnino diagona- 
lem aequare, jure meritoqne conclndimus. 


§• 5 *- 

Ouomodo, quae pro viribus rectangulis sunt demonstrata, 
ad quaspiani alias AD, AE (fig. 14.) extendantur, nunc videamus. 

Constructo parallelogranimo ADFE, CH, EG, UH perpen- 
diculares ad diagonalem, atque EB, DC eidem diagonal! paral- 
lelae ducantur. Nunc AD in duas AC, AH et AE in alias AB, 
AG resolutas esse ponamus. Quum autem vires AC, AB, quae 
inter se aequales ac plane repugnantes sint,-plane sese destruant 
AD, AE unipotentiae AG-(-AH, h. e. AF aequipollent. 


§. 7 ) 2 . 


E p 


Unusquisque hanc, quam modo exposuimus, demonstra- 
tionem, generatim spectatam, proxime ad preccdentem (§. 20 

C 2 
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Epicrisis argumentorum. 


sqq.) accedere cernit. Itaque de utriusque ambitu, tenore atque 
rigore una tantummodo disceptatione opus esse arbitratus sum. 

Utriusque demonstrationis auctores in exploranda resultantis 
quantitate Bernoullianam methodum jure sequuntur. Eytelwi- 
nus nirnirum ex dissertis snis verbis hanc methodum a Bernoul- 
lio sibi sumsit. Lambertus vei'Q ipse illam invenisse putandus 
est, cum, se non, si Bernoullianam demonstrationem, etsi pro- 
lixam, satis tamen rigidam, prius cdgnoverit, novam meditatum 
fuisse dixerit. In determinanda autem resultantis directione, 
ambo viam, a Bernoulliana plane diversam, inierunt. Quonam 
successu ab iis hoc factum sit, nunc videamus. Cardo utriusque 
liujus demonstrationis in eo versatur, ut aequalitas inter angu- 
Jum directorem et hypothennsalem demonstretur. Quod pri- 
mum ad Lambertum attinet, quantum equidem video, neque 
unum, neque alterum ejus conameu, banc aequalitatem pro- 
bandi, ita comparatnm est, ut nihil desiderandnm relinquat. 
Argumentum enim, quo noster, lineam AMNL omnino non esse 
curvam probare studet, eo nititur, ut3 quoniam AP =r TL, etc. 
ordinatas cjuoque PM et TN etc. aequales esse contendat. Quod 
quidem baud, verum. Nam si AMNL, sicuti noster ipse primum 
sumit, revera esset curva, ab altera parte concavam, ab altera 
autem esse convexam necesse esset 5 itaque ab utraque parte ab- 
scissis.aequalibus omnino aequales respondere ordinatas, miniine 
oportet^ imo conditionibus, quas noster ponit, fieri plane ne- 
quit. Eodem modo altera, quam auctor ad idem demonstran¬ 
dum ink, ratio, me quidem, judice, lectori haud satis facit. 

Quum enim nostro, nil nisi resultantis quantitas sit nota, 
ipse non solum potentiam CB in duas rectangulas, Cd, C$, sed 
etiam plures alias, illi aequales v. c. CB', CB" etc. (yid. fig. 12.) 
resol vi posse, omnino concedere nobis debet. Ea.dem pro al¬ 
tera potentia CD valent. Tunc autem pluribus virium paribus, 
etsi diversas liaberent directiones, eadem tamen esset resultans. 
Quod quidem locum habere nequit.' 

§• 53 - 

Ej'tehvinus aequalitatem iiiter angulum directorem atque 
hypo tlienusalenr pro quibuscunque binis viribus universe a se 


iLamberti atque Eyteltvini. 


2 i 


demonstratam esse contendit. Quod quidem liaud verum esse 
puto. Quum nimirum auctor dissertis verbis lilera n nmmne- 
rum quendam integrum significari dixerit, atque omnino hac 
tantumxnodo coudilione omnia, a nostro demonstrata, valeant, 

oo _ Cj) / 

sine dubio, ut ea, quae de aequatione — — — disseruit, lam 
universe spectata, vera rectaque essent, aut, quicunque valores 

45 

quantitati w tribuantur, semper omnino aequationem w =r — - 

locum habere, aut eadem, quae, dum quantitati n integrorum 
numerorum valores vindicantur, valeant, etiam tunc, cum ea¬ 
dem quantitate fraetio, vel quantitas quaedam irrationalis deno- 
tetur, valere probandiun ei fuisset. 

Quod attinet ad arabitum duarum harum demonstraiionum 
argumento Bernoulliano sine dubio sunt praefereiidae. Nihilo 
minus tamen et ipsae nimia longitudine premuiitur. Eytel- 
vvinus ipse argumentum Lamberti multo prolixins esse dicit, 
quam ut in libriun elementorum staticae recipi posset. Pro inea 
autem sententia ipsius demonslratio illam brevitate parnm prae- 
cellit. Ceterum methodus, generatim spectata, quam hi duo 
auctores usurparunt, sine dubio planior atque expeditior, quam 
Bernoulliana, judicanda est. 


C a r. IV. 

Argumentum a Scaret l a adlatum *). 

§• 34 - 

In parte demonstrationis priori auctor, etsi pauca quaedam 
modo mutaverit, modo addiderit, in universum tamen metlio- 


J, B. Scarellae physica generalis methodo mathera. tractata. Tom. II. 
Biixiae 1756. p. 13 sqq. 
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Clas. I. Cap. IV. Argumentum Scarellae. 

dum Bernoullianain sequitur. Quare ea, quae ad determinant 
dam resultantis quamitatem protulit, jure omitti hie possunt. 

§• 55 - 

At directionis quoque respectu duarum virium mediant per 
diagonalem exhiberi, hac fere ratione probare noster tentavit- 

Quodsi duarum virium rectangularum, sed inaequalium DA r 
DC (fig. 15.), ^ ta quidem, utDA>DC, resultanti non eadem, 
quae et diagonal! t DB rectanguli CA, esset directio, ab alterutra 
hujus diagonalis parte sitam esse illam, h. e. aut secundum Dc. 
aut secundum Db agere necesse esset. Quum prius autem illu'd 
sumamus, hoc iis, quae antea demonstrata sunt, omnino re- 
pugnat. Quum enim, viribus tanquam aequalibus assumtis, 
liarum resultantis directionein quoque cum diagonali coincidere, 
ideoque corpus nostrum, duabus viribus una agentibus, inde a 
puncto D versus rectam AB aeque, ac si potentia DA sola egis- s 
set, auferri videremusj quum ergo hoc respectu potentia DC, 
quamvis ex ejus actione corpus secundum directionem, a DA 
diversam, moveri nititur, alterius DA actionem haud iinminu- 
ere dici possit, hanc actionis imminutionem multo minus tunc,' 
quum sit DC DA, locum habere necesse est. Itaque corpus 
et nunc non minus, quam spatio DA, inde a D versus AB amo¬ 
ved oportet. Sed hoc ipsum non fieret, si corporis directio es¬ 
set Ac. Sed non magis corpus, hoc modo sollicitatum, secun¬ 
dum directionem Db moveri potest. Quum enim iunc corpus 
majori, quam DA, spatio, versus AB moveretur, ideoque ma- 
jori, quam si potentia DA sola egisset, tanquam caussa hujus 
rei potentia DC spectari deberet. Quod quidem omnino absur- 
dum. Itaque duarum inaequalium DA, DC, resultantis dire- 
dtio a neutra diagonalis DB parte sita esse potest, ergo cum 
hac ipsa coincidere debet. 

§■ 

E p i crisis. 

Quamquam, quibus noster directionein resultantis deter- 
minare studuit, praeferenda omnino sunt iis, quae multi alii, 


23 


Cl ass. I. Cap. V. Demonstratio Venini. 

lit'eundem scopum adtingerent, tentarunt, et quam quam mul- 
tis fortasse lectoribus, haec tanquam facilia atque expedita sese 
commendent, non deerunt tamen, qni totarn lianc demonstran- 
dqrationem lion esse geometricam, et omnia, sola ejus ope pro¬ 
bata, magis verisimilitudine, quam veritate geometrica gaudere 
contendant. 


Cap. V. 


Demonjlratio a Venino tradita *). 


§• 37 - 

Quum duae vires inaequales, eaeque rectangulae DA, r |DC 
(fig. 15.), una punctum quoddam sollicitent, eandem exserunt 
actionem, quam quatuor aliae vires, quarum duae DT, DO la- 
tera sunt quadrati, circa DA circumscripti, duae autem DH, De 
latera jejusmodi parallelogrami, cujus diagonals DC, producunt. 


Demonstr. Posito enim esse DE = DT-|-De 
et DF=DO — DII 
AD -{-DC 


liinc nonciscimur DE = 


DF = 


1/2 
AD—DC 


Ducta igitur BF ipsi DE parallela, rectangulo DE. DF eandem, 
quae rectangulo AD. DC, esse diagonalem, facile probari potest. 
Quum enim inde a puncto B ducatur Bf perpendicularis ad DE, 
quoniam DCM triangulum tam aequicrurum quam reelangnlum, 
ideoque etiam BfM ejusmodi est triangulum, piuicta E, f coin- 
eidere necesse est; ita habebimus 

AD—DC AD 4 -DC' 

Df = DM + Mf = DC. ]/2 -f ^ 


1/2 


V * 2 


*) Venini nouvelle demonstration du principe de la composition des 
forces, v. Journal des Scav. annee-1764. 
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Class. L Cap. V. Demonstratio Venini. 

ergo Df = DE, et bine duobus rectangulis eadem est, diagona- 
lis. Itaque vim duabus AD, DC aequipollentem , secundum ean¬ 
dem directionem, quae et potentiae duarum DF, DE mediae 
est, agere oportet. Qua quidem directione angulum ADC 
quodammodo secari, non minus, quam, eandem directionem 
tanto propius directionem" ejus potentiae accedere, quae quanto 
magis alterius quantitatem excedat, evidens atque perspicuum est* 

§• 38 - 

Ratio igitur sinuum angulorum, quib’us vis media ad duas 
componentes inclinatur, tanquam functio rationis, in qua hae 
duae potentiae laterales positae sunt, spectanda est; 'sive' ilia si- 
nuum ratio huic. inversae virium rationi aequalis, sive major, 
sive minor ea sit. Quum ipsam esse majorem ponamus, pun- 
< 5 tum D virium DA, DC actione secundum directionem quan- 
dam inter AD et DB sitam v. c. Db moveri debet", eadem caussa 
idem punctum, viribus DF, DE sollicitantibus, secundum di- 
rectionem, angulum BDE quodammodo secantem, v. c. Dc ferri 
oportet. Itaque a duobus virium paribus, eandem actionem 
exserentibus, punctum quoddam inde ab eodem loco secundum 
diversas directicnes moveretur. Quod quidem fieri nequit* * Si- 
mili plane modo rarionem sinuum , quam rationem virium 
componentium inversam, non esse minorem probari potest; ita¬ 
que altera haec ratio alteri omnino aequalis sit necesse est; h. e. 
vis, duabus DA, DC aequipollens, non solum quantitalis, sed 
etiam directioiiis respectu habito diagonalein aequare debet. 

§- 39 - 


Epicrtfif* 

Autor non sine caussa de directione tantummodo resultantis 
duarum virium inaequaliunv ac rectangularum determinanda 
agit: Kac eiiim semel explorata cetera omnia sponte inde 

fluunt. Seel et poster, uti piures alii, hanc directionem non 
debito rigore determinasse mibi videtur. Jam Alembertus *) 

4 ) Opuscules mathematiques. Tom. I, p. 170, 
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quaedam contra hanc nostri demonstrationem monuit. Dixit 
nimirnm ex eo, quod semel liaec ratio virinm inversa major, aut 
minor, qnam ratio sinnmn sit, colligi plane non posse, idem pro 
omnibus oinnino binis viribus locum esse habiturmn. Kquidem 
quoque, ut ingenue fatear, ab initio, sed aliis praecipue caus- 
sis, huic nostri demonstration! rigor cm geomctricum vindicari 
non posse putavi. Sed quantum equidem nunc video, nullius 
momenti* sunt ea, quae auclori objici possent. Itaque hoc ejns 
argumentum plurimis lectoribus satisfacere persuasum mihi 
liabeo. 


a* 


Cap. VI. 

Argumentum ab Alembcrto traditum ‘). 

§■ 40 - 

Ouodsi tres vires aeqnales una in pnuctnm ita agnnt, nt 
quilibet angulorum 5 , quos binaecomprehendmit sit = 120°, pun- 
clmn vel corpus illud in aeqnilibrio versatnr. 

Demonstratio est eadem, qnam snpr. (£. 20.) legitims. 

§. 41. 

Ouodsi duae vires aeqnaeles AC, AC (fig. 16.), aequipollent 
uni potentiae AD, eadem pro potentiis aequalibus Ab, Ac, an- 
° ulos BAD, CAD bifariam secantibus, valere necesse est. 

Demonstr. Nam si res non sic se liaberet, Ab, Ac poten- 
liae AO > AD aequivalcntes p on ant nr; rhombus ALbl ronstrua- 
turv fiatque AB: Ab:: Ab : AO5 ergo AL > AI esse debet5 sit An 
= AI; itaque Ab his duabus Ao, Al aequipolleat necesse esl. 

Item Ac aequivaleat duabus Ao, AK; itaque Ab, Ac viri¬ 
bus his AI, AK, 2A0 aequipollent. Quoniam vero AI, AK po- 


*) D’Alemiert opuscules rcathematiques, Tom, T. p, 169 sqq. 
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Class. I: Cap. VI. xArgumentum Alemberti. 

tentiae 3A1 aequivalent, Ab, Ac uni potentiae 2 Ai -J- 2A0 ae- 
qnivaler-e oportet. Praeterea antem, cum sit lb>AI, etiam 
1 G > Ai esse debet5 atqni etiam A 1 > Ao, ergo 2Ai-{- 2A0 <5 2AI 
+ 2IG, b. e. <5 AD omnino esse oportet. Hoc igitur modo vi¬ 
res Ab, Ac viribus inaequalibus simul aequivalerent; quod om¬ 
nino absurdum; simili ratione potennam duarum Ab, Ac me¬ 
dian! non minorem qnam AD esse probari potest 5 ergo poten¬ 
tiae AD omnino est aequalis. 

Coroll. 1. Itaque vis duarum virinm Ab, Ac, per diago- 
nalem rhombi exliibetur. 

Coroll. 2. Ea quae de viribus Ab, Ac demonstravimus, 
de omnibus binis potentiis, quae unum horumce angulorum : 
BAC BAC BAC 

-n-vel universe - compreliendunt, valere facile in- 

4 8 2 n 
telligitur. 

Coroll. ^5. Ouibuslibet binis potentiis aequalibus angulum 
120 ° .. 

quendam hujus formae - inter se comprehendentibus , vis 

una aequipollet, quae diagonalem plane, exaequat. 

-§• 42- 

Tbeor. Ouodsi virium duarum AB, AC (fig. 17.) resultans 
diagonali AD aequalis est, deinde si vis duarum aliarum aequa- 
lium Ab, Ac media per diagonalem 2Ag exliibetur, denique si 
RxAb / = RAb, et AB duabus Ab, Ab' aequipollet, eadernque de 
altera AC valent, vim, duarum Ab', Ac' mediam per diagonalem 
2Ag' exliibeii necesse est. 

Demonstr. Quum enim ipsa nostra constructione vires tam 
AB, AC potentiis Ab, Ab', Ac, Ac' quam Ab, Ac uni potentiae 
2Ag aequipollentes statuerimus, vires Ab', Ac' potentiae 2gG, 
vel, cum sit Ag' = gG, potentiae 2Ag'aequipollere debent. 

Coroll. 1. Itaque, re generatim spectaia, si duae vires ae- 
quales queinpiam angulum, A, compreliendentes diagonali ae¬ 
quivalent, eadernque de duobus aliis virium paribus, quorum 
alterum b, alterum A — b angulos constituit, valent, time quo- 
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que, cum duae ejusmodi vires aejquales' angulo 2A — b concur- 
rant, quae prcnuutiavimus, locum habere necesse est. 

Coroll. 2. Quum igitur, mi supra vidimus, resnltaiis bina- 
120 ° 

rum virium, quaruni angulus — 5 per diagonalem exliibeatur, 

m. i2o° 

eadem pro potentia earum, quae angulum ———— comprehen- 
dunt, media valere facile intelligitur. 

§• 43 - 

Theor. Inter omnes binas potentias eae, quae minimum 
constituunt angulum, maximae polentiae aequipollent. 

Demonst. Fiat ad'=i ad (fig. 18.) et ae'r=ae. Si ad', 
ac una agentes ponantur, vis earum media angulum Nad' 
quodammodo sccare debet ; item vim duabus a'b, ae' aequipol- 
lentem angulum Mae' in quaspiam duas partes dividere neces¬ 
se est. Quae vires duae cum sint inter se aequales, secundum 
directionem aK agere omnino debent. Jtaque vis media X', cui 
eadem directio est, > x, idtoque etiainX^x esse debet. 


§• 44 - 


Tlieor. Dato quopiain angulo BAC (fig. 19.), alius omnino 
q. 120 0 

h ti jus formae --— - angulus in veniri potest, ita nt uterque aut 

plane sit inter se aequalN, aut alter alterum miiius, quam data, 
quantumvis parva, quantitate k excedat. 

1 20° 

Demonstr. Primum enim fractionem -5 ejus denunii- 


natore magis magisque ancto, a quoque data, v 
se intelligitur; dein tie laciliime quantitatis q 
120° 120° 

quo assumto (q-f 1) —-p- ^ BAG, sed q. — — 


a love snperari pos- 
is valor reperitnr, 

BAC redditur; 


126 ° 120 ° 120 ° 
itaque habebimus (q + 1) —-q > BAC — q. —- 

D 2 
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12 0° 12 0 0 

tanto inagis igitur k > BAC 

vel 

—— P 5 * BAC — q. *—— •) 
2 n 2 11 • 


120° 


q- 

- • Simili ratione habemus 


2 n 


120 ° . 120 120 

(q-{- l) --- — BAG <J (q -f- i) - -q- 

1 2 n 1 “ o n 1 2 n 

120 ° 

< - 

2>V 

ergo (q —f- l) ~~ ~ BAC ^ k - 

Coroll. .Neutiquam igitur angulus GAD, qui BAC, itera- 
que alius, FAE qui ^'BAC, ita ut uterque ab angulo BAC, mi- 

120 0 

nus quam data, quantumvis exigua, hujus formae q. ——— quan¬ 
titate snperetur, inveniri ncquit. 

Coroli. 2. Ouodsi ergo All est rhombi ABHC diagonals, 
si AF =■: AG — AB = AD = AE =. AC atque, anguli GAD, FAE 

q. 120 

ejus sunt indolis, ut universe per quantitatem -— exliibeantur, 

diagonales rhomb or um sub AG-, AD et AF, AE constructoruin, 
tantum, quantum libuerit, ad diagonalem accedere sumi potest. 

§• 45 ' 

Duabns potentiis aequalibus, quopiam angulo punctum 
quoddam una sollicitantibus, omnino diagonalis aequipohet. 

Demonstr. Si enim vim earum mediam AR AFI diago¬ 
nalem poneremus, atque duarum virium AG, AD, angulo quo- 

T). 120 ° 

dam — — < BAC concurrentium, vim mediam diagonalem 

2 n 

minus quam linea HR superare conciperemus, duarum AG, AD 
resultans major quam virium AB, AC potentia media esset. Quod 
quidexn praecedentibus plane repugnat. Simili ratione AR < AH 
esse nequire probaturj ergo omnino AR = AH. 
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Argumentum Alemberti. 

§• 40. 

Quae-hue usque pro virjbus iis, quae sunt inter se aequa- 
les, probavimus, facile ad potentias quodammodo inaequales 
transferri possunt. 

Ouum enim vires AG, AD, AH, AD (fig. 20.) esse pona- 
mus, quarum binae angulo recto punctnm A sollicitant, et quae 
ita inter se comparatae sunt, ut AH =: AG sit, vim omnium 
mediam 2AD esse, satis apparel. Secundum ea, quae Bernoul- 
lius demonstravit, vires binarum ejusmodi mediae diagonal's 
AB, AC exaequant; sint autem earum directiones AE, AF. Tunc 
omnino AE, AF eundem, quern et AB, AC, effectmn produce- 
rent; quod quidem fieri nequit, nisi puncta D et K coincidant; 
ita autem AE, AB, et AF, AC coincidere necesse est. 

Quomodo omnia theoremata, pro viribus rectangulis demon- 
strata, quibnslibet aliis potentiis accommodari possint supra 
vidimus. 


E p 


§•’ 47 - 
c r i s 


/. 


Quodsi auctor ipse lianc suam demonstrationem facilem- at- 
que simplicem praedicat, pro mea sententia, liaec laus hactenus 
tantum ei tribuenda est, quatenns non nisi-aliquot plauimetriae 
theoremata in subsiuium vocat. Quum enim in ejusmodi sim- 
plicitate recte dijudicanda ambitus qnoque argumenti rationem 
habeas, quae, me judice, omnino est hahenda, ab hac parte 
simplicitas atque facilitas demonslrationis nostrae landari nequit; 
nulla alia-certe earum, quae saepius nimiae prolixitatis acc usatae 
sunt, ipsa praecellit. — Quantum equidem video rigori geo- 
metrico hand alienum fuisset, si noster in §.41, figuram ALbl 
esse rhombum, demonstravisset. Quum enim lineae bL, ipsi 
AG parallelae, eo, quod punetum b transire* sumebatur, plane 
esset directio determinata, insuper AL = bL esse, probandum 
fuit. 

Quae auctor eadem theorematis hujus parte colligit, scili¬ 
cet rectam AG, cum lb=AL>ABsit, majorem quam Ai esse, 
ut essent vera, lineam Ii = bG, aut Ii > bG esse noster evincere 
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Class. II. 


debuisset. Qnod vero, pro mea sententia non solum probari ne- 
q U it, sed etiam saepius vere non locmn habet. Praecipue 
autem ea nostro , quae in corollario primo, theoremati (§. 42.) 
acljecto, pronuntiavit, adsentire non possum. Nervus eni-m 
theorematis illius probandi sine dubio in eo consistit, ut Ab, Ab' 
latera sint rhombi, cujus diagonals AB. ' Itaque non nisi tunc, 
cum vires in liac ralioire inter se sint positae, minime vero 
cum, uti nosier elicit, vires quaepiam sint, ea, quae autor hoc 
corollario contendit, valent. Hoc autem corollario primo, quod 
dolenduml corollarinm secundum, imo tota demonstrationis pars 
posterior tanquam fundamento superstructa est. Quo quidem 
labefiente tota demonstratio corruere debet. 


Classis secunda. 

Demonstvntic.nes axiom Rtibus 4. 5. 6. 8 snpersructae. 


Caput unicum. 

Argumentum Satimbenianum *). 

48- 

Quamquam omnia, quae noster in his staticae elementis 
protulit arctissime inter se coliaerent, haec tamen hie exponi 
plane nequeunt. Itaque tantumnrodo ea, quae maxime ad tom- 
posit ionem virium pertinent, referarn. 

Postquam niinirum aucLor ligore vere Fuclideo plura stati¬ 
cae theoremata, praecipue autem lioc: „quum inde a puncto 


*) Leonardo Salimboni Saggio di un nuovo corso di elementi di statiea 
v. Memorie di matematica e fisica della Sccieta ltal. Tarn. V. p, 426 
sqp 





Argumenlum Salimb enianum. * 51 

quodam D, in directione imius trium inter se aequilibrantium 
viriurn P, O, R, y. c. R sumto (fig. 21.), ceteris viribus ducan 
tur parallelae DB, DC; analogiam hanc R: 0 : P:: AD: AC: AB 
locum habere necesse esi M nimium prolixa demonstratione osten- 
derit, hoc fere modo pergit. 

§• 49 - 

Quod>i trimn virinm, in pnnctum quoddam A (fig. 22.) con- 
currentium, atcjue in eodem piano sitarum, quaevis ad earn 
spatii partem, quae illi, ad quam ceterae punctnm sollicitant, 
opposita est, corpus vel punctum urget, et si, dum inde a 
puncto, in directione unins illarum sito, ceteris ducantur pa¬ 
rallelae, sit, P:Q:T:: AF: AC: AG, hae vires in aequibibrio sint 
necesse est. 

Demonstr. Quum enim vires P, Q una punctum A per- 
meent, quaepiam \is, quae, idem punctum transiens, cum his 
aequilibratur, e<se debet. Quae quidem potentia sit T. Sed 
non secundum directionem All, sed secundum aliam quandam 
v. c. AE agere earn ponamus. Product! HA ad G, dnctaque GF 
ipsi AC parallela, ex praecedentibus est. P : Q : T : : AF: AC: AG 
Sed per hyp. est-F : Q :: AB : AC, ergo AB = AF.; quae quidem 
aequatio locum habere nequit, nisi All et AE coincidant. 

Coroli. Eadem, quae pro potentia, cum illis aequilibrante 
demonuravimus, pio ea quoque, quae iisdem illis aequipollet, 
valent. 

§. 50. 

Quum tres vires AP, AO, AR (fig. 25.), in pnnctum A con- 
currentes, inter se aequilibrentnr, hancce analogiam AR : AQ : 
AQ : : sin. RAQ : sin QAP locum habere necesse est. 

Demonstr. Ductis enim GI et Gllipsis AP, AQ parallelis, 
praecedentibus erit: AP : AQ : AR : : AFI : AI : AG: est autem Al 
AH : : AG :: sin. c : sin b : sin a ergo etiam AH * AI : AG : : sin 
QAR : sin PAPv : sin. PAR : sin PAQ. 

Coroll. Quodsi igitur potentia AS secundnni directionem 
AK aequipollet, hanc esse anafogiam AP : AQ : AS : : sin. QAK : 
sin PAK: sin PAQ jure hinc concluditur. 
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§• 5i* 

Quum ad directiones trium virium AP, AQ, AR (fig. 24.), 
inter se aequilibrantiuin, ducantur perpendiculares, quae satis 
productae triangulum EGF constituunt, hanc analogiam EG: 
GF : EF : : AP : AQ : AR esse contenditur. 

Demonstr. Ductis inde a puncto U, Iibere sumto DC, DB 
ipsis AP, AQ parallelis AP: AQ : AR : : AB : AC : AD esse debet. 
Guoniam vero BAD — GEF, atque DAC — EFG, etiam EGF =: 
ACD esse oportet, itaque AP : AQ : AR : : sin EFG : sin GEF : 
sin EGF ideoque AP : AQ : AR : : GE: GF : EF esse oportet. 

§• 32 . 

Quum, datis trium, quae inter se aequilibrari debent, vi- 
rium directionibus BK, CH (fig. 25.), DE, ipsarum autem virium 
una tantummodo nobis sit nota, ceterae duae ita sumendae sunt, 
vit, si IG, IH lineis DE, CH, parallelae ducantur sit analogia . 
haec : AI: AG~: AH : : AR : AP: AQ. 

Demonstratio nostri theorematis sponte ex iis, quae supr. 

§« 49* probavimus, fliiit. 

§• 33 - 

Probl. Duabus AP, AO (fig. 26.), quae punctum A trail- 
seunt, viribus datis, reperiatur vis ea AR, quae cum illis, aequi- 
libretur. 

Solut. Constructo parallelogrammo ABDC, AR in directio- 
ne RD ita sumatur, ut sit AD ; AB: AC : : AR: AQ: AP. Eadem 
vis AR qnemadmbdum cum potentiis AP, AQ aequilibratur, 
ita potentia AD, ipsi aequalis sed repugnans, iisdem illis aequi-- 
polleat necesse est. Guam quidem soiutionein esse ratam ex 
precedentibus intelligitur, 

o 4 ~ 

Probl. Datis tribus potentiis AP, AQ, AR (fig. 27.), qua- 
rum binarum summa major, quam tertia est, inveniaYitur di¬ 
rectiones, secundum quas hae vires agentes, inter se aequili- 
brentur. 
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Solut. Constructo parallelogrammo AHGI, ita ut sit AR; 
AQ: AP:: AG: AH: Al; potentiae AR secundum AD, AQ secun¬ 
dum AH et AP secundum AI agant. 

His ita constitutis, vires illas aequilibrari ex prioribus patet. 


§• 55 - 

Epicri sis, 

N T oster in bis staticae elementis summa opera Id agit, ut 
methodum vere Euciideam sequatnr, omnesque suas propositio- 
nes satis rigide demonstret. Ipsis igitur praeinittenda in difini- 
tiones, postulata et axiomata dividit. Ceteriun puto hypothe- 
sin, quam attulit, earn: „vires, una in corpus quoddam adpli- 
catae, non inter se‘ aequilibrari possunt, si omnes ad eandem 
spatii partem corpus vel punctum sollicitant“ non majore frui 
evidentia, quam plures propositiones, quas noster demonstran- 
das sibi sumsit. Laudanda omnino est nostri diligentia, cura, 
ac perspicuitas, quam in his suis demonstrationibus, quae non 
nisi aliquot planis geometriae theorematibus superstructae sunt, 
consectatur. Eorundum autem elementorum ambitum multo 
esse majorem, quam debeat, quisque satis intelligit. Tanta 
enim est prolixitas, ut non sine labore satis‘magno ad finem 
perveniri possit. Quod attinet ad rigorem, quantum equideui 
video, nihil contra lias demonstrations moneri potesL 


E 
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Classis tertia. 

Demonstrationer axiomatibus 1. 2. 5. 8 nitentei. 


Caput unicum. 

Argnmentum a viro doftiffimo Duchayla adlatum *). 

§. 56 . 

Tlieor. Quodsi vis duarum media non solum cum, hae vi¬ 
res per p et m, sed etiam cum per p et n exhibeantur, diago- 
nalem parallelogrammi, sub his construct!, exaequat, idem, 
dum vires laterales sint p etm-|“ n ? easdemque obtineant dire- 
dliones, locum habere necesse est. 

Demonstr. Si (fig. 2g.) AB = p, AE i=r m, et EC = n esse 
ponimus, vires p, et m-|-n per rectas AB, AC exliibentur. In- 
cohimi antem potentiae m-j-n actione, fieri potest, ut poten- 
tiam n vel EC puncto E adplicatam esse concipiamus. Quum 
autem potentiam, duabus, m, p aequivalentem, directionis suae 
respectu, cum diagonali AF coincidere sumserimus, hanc ipsam 
vim, a puncto A ad F transpositam, secundum directionem FK 
agere concipi potest. Resolvatur nunc, quod omnino conceden- 
dum est, potentia AF in duas FH, FG, ita, ut sit FH == AB et 
FG = AE j alteram earum FH puncto E adplicatam esse po- 
namus. Sed cum duabus p, n aequivalentem cum diagonali ED 
coincidere sumatur, vires ED, FG inde a punctis E, F ad pun- 
dhim D transferri possuntj duabus igitur ED, FG, vel tribus 
EF, EC, FG aequipollentem punctum D transire necesse est. 
Hae autem vires omnino potentias AB, AC, vel p, m-|-n exhi- 
bent j itaque his quoque aequivalens idem punctum D permeare 


*) Legltur haec demonstratio in hisce HBris: Poisson trait^ de Mecani- 
que, Par. lgm Tom. I. p. 475 sq. — Francceur elemens de Stati- 
que 1812. ab init — Correspondence de l’ecole poly technique. 
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debet; quum ilia autem pnnctum quoque A transeat, cum dia¬ 
gonali coincidere omnino debet. 

§• 5 7 - 

Ex his vero, quae modo probavimus, et ex axiomate tertio, 
potentiam duabus viribus, ita inter se comparatis, ut sit 
P:Q :: m:n (m et n nuinmercjs quospiam integros denotent) ae- 
quivalentem, diagonalem omnino aequare facile colligi potest. 
Ponamus enim esse p=n=i, ac deinceps m = i, m = 2 etc. 
Primum igitur demonstrata quum pro viribus aequalibus 1 et 1 
valiant, eadem pro viribus quoque 2 et 1 , 5 et 1, et universe 
N et 1 locum habere oportet. Itaque si nunc p = N esse ponitur, 
quoniam, quae contendimus, pro potentiis, N et 1 valeant, 
etiam pro N et 2, N et 3, et generatim pro N et M valere ne- 
cesse est. 

§• 58 . 

Quae pro viribus commensurabilibus sic demonstrata sunt, 
facile et incommensurabilibus accommodari possunt. 

Potentiam emm, duabus ejus modi viribus aequivalentem, 
cum diagonali non coincidere ponamus; sit igitur ejus directio 
v. c. AD (fig* 29.). Linea D / B / ipsi DB parallela ducta, AC in par¬ 
tes aequales, quarum qnaevis BB' dividatur, ita, ut si in re- 
da AB inde a puncto A ejusmodi partes sumantur, unum certe 
punctorum, partes illas determinantium, intra B et B / situm sit. 
Quum vero potentiae, duabus commensurabilibus AE, AC ae- 
quivalenti, directio secundum AF omnino sit vindicanda, et quo 
magis altera virium lateraliurn decrescat, dum eadum maneat 
alLera, eo propius earnm resultantem directionis respectu majo- 
rem accedere necesse sit, potentiam, duabus AR, AC aequiva¬ 
lentem , secundum direclionem AD' agere omnino non posse in- 
telligitur. Eadem vero ratione non aliam quandam ei esse di- 
rectionem probalur; itaque ipsam cum diagonali coincidere 
oportet. 

§• 59 - 

At quantitatis quoque respectu habito vim duarum mediam 
diagonalem aequare, demonstrari potest. 
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Sint enim (fig. 50.) AB, AC dnae vires componentes, fiatque 
parallelogrammum ABDC, Quum ex praecedentibus resultan- 
tem cum diagonal! coincidere pateat, a is' quaedam AR ? -secun¬ 
dum directionem DAD / agens, cum duabus AB, AC aequilibrari 
debet; iinmo quaevis trium virimn, circa punctum A in aequili- 
brio versanlium, aequalis sed repugnans potentiae, ceteris dua- 
bus aequipollcnti, esse dcbet. ltaque si AB' = AB, et BAB linea 
recta, AB' duarum AC, AB. media est liabenda. Quum autem 
sit AB',=#=DC, etiam AD, B'C idenque B'C, AR est. Dum duca- 
turB'D' ipsi ACparallela, ACB'D' paiallelogrammum hoc mo- 
do prodit. Quum autem vim, duabus AR, AC aequipollentem, 
secundum directionem AB' agere necesse sit, AD =: AR omnino 
esse debel. ltaque, cum sit AD'= AR =:B'C=:AD, vis dua¬ 
rum media omnino diagonalem exaequat. 

§. 60. 

E p i c r i s i s. 

Quae quidem nostri demonstratio tarn facilis, tam brevis* 
tamque expedita est, ut ab liac parte perm Lillis aliis antecellat. 
Inprimis auctor in determinanda resultantis directione methodimi 
multo inagis brevem atque expeditam, quam omnes fere alii, 
usurpavit. Tanto magis eo dolco, quod in ipsa liac demonstra- 
tionis parte priore non omnia, ut mihi quidem videtur, rigore 
geometrico satis munita sunt. Equidcm enim nostrum axioma 7. 
nimium, extendisse, eoque abusuin fuisse puto. Nam axiomate 
illo nihil aliud exprimitur nisi id: „actio cujusdam potentiae 
eadem omnino manet, quocunque directionis suae loco vel pun- 
cto ipsarn adplicatam esse concipiamus. u 

Quodsi nimirum ex. gr. pond us quoddarn filo vel re quadam 
alia corpori alicui nexum est, idque vi quadam ad motum solli- 
citat, actionem hujus potentiae, cujuscunque longitudinis filum 
illud sit, semper sibi constare contenditur. Omnino igitur no¬ 
stro, potentiam, duabus AB, AE aequivalentem, quopiam di¬ 
rectionis suae AFK loco adplicatam poni, et tibique ejusmodi 
loci in duasj ex quibus c.omposita est, vires Iterum resolvi, mi- 
nime vero potentiam HF a puncto F ad punctum E transferri 
posse concedendum est. Hac enira transpositione potentia HF in 
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punctum plane aliud quam antea, agere incipit; quod quidem 
axiomati 7. omnino repuguat. Nostri igitnr argumentum omni¬ 
bus nummcris esse absolutum did non potest. 


Classis quart a. 

Demonftrationes axiomatibus /, 2 cl 3 supersivuctac v 


Cap. I. 

Argumentum a cl. Araldo traditiim *). 

§• 61. 

Du arum vlrium aequalium rectangularumque media quan- 
titatis quoque respectu per diagonalem exbibetur. ' Sit enim 
dnarum AB,AC media major, quam diagonals earum quadrati AD. 
Eandem rationem, duiu et AB,*AC in binas aequales atque re- 
dtangulas resolverentur, locum habere necesse esset; ergo AB, 
AC aequivalerent potentiis minoribus, quam latera ipsarum qua¬ 
drati, v. c. AM', ACE, AN', AO', vel potius 2AO'$ quod quidem 
hypothesi nostrae, qua duarum AB, AC media major quam diago¬ 
nals sit, omnino repugnat. Eadern ratione quum resultantem non 
minorem, quam diagonalem esse defnonstrari possit, utramque 
inter se aequalem esse oportet. 

§. 62. 

Quae pro potentiis aequalibus modo probavimus in vires 
quoque inaequales DA, DC facile extendi possunt. Angulo enim 
3D AC (fig. 15.) linea DE bifariam secto, et non solum ad lianc 


') Araldi sul principle dell’ equipollenza v. Memorie dell’ instituto 
zionale Italiano, Toni, I. P. 1. Bologna 1806. p. 415. 
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ipsam DE recta OH, sed etiam ad utramque lineis AO, CH et 
AT, Ce perpendieularibus ductis, potentia DA dnarum DO, DT, 
altera autem DC viriumDH, De resultans haberi potest; ducan- 
tur BF, Bf perpendiculares-. Quum autem sit Df:=DT-{~De et 
OF — DO—DH virium DF, Df media plane eadem, quae et 
duarum DA, DC esse debet. Itaque quum utrique rectangulo Ff, 
AC una eademque sit diagonals, hoc tantummodo probandum 
est, hanc duarum potentiis DA, DC etDF, Df aequivalentium, 
aequalitatem nullo modo locum habere posse, nisi hae vires me¬ 
diae per diagonalem exliibeantur. 

§• 63. 

Quodsi vero etiam illas cum diagonali non coincidere suma- 
mus, ab eadem tamen parte diagonalis esse sitas necesse est. Sit 
earum directio inter lineas DB, Df. 

Dum ergo duo virium paria DF, Df, et DA, DC primum 
singulatim, delude una secundum directiones DD', DC' agere 
ponamus (fig. A), ex hypothesi nostra duarum DF, Df mediam 
inter DB, Df, \irium autem DA, DC mediam inter DB', DC' 
sitam, angulosque, ab utraque parte cum diagonalibus DB, DB' 
efforinatos aequales esse oportet; vis igitur ea, quae duabus 
his aequipollet, secundum ipsam diagonalem directa est. Fiat 
autem DC = FC etDA= f D'; ex hac ipsa conslructione DB, R'B" 
duoium rectangulorum omnino aequalium sunt diagonales; ergo 
DB^B'B"; ideoque rectangulo C'D', et rhombo B'B eadem est 
diagonalis DB"} resultans igitur quatuor virium DF, Df, DA, DC 
secundum diagonalem ejus rectanguli, cujus alterum laius DA-j- 
Df, alterum vero DF-j-DC, directa est. Ex ipsa igitur nostra 
hypothesi, qua duarum DA, DC mediam non cum diagonali coin¬ 
cidere ponimus, duas tamen alias esse vires DD', DC', secundum 
easdem directiones agentes, quarum vesulcans secundum diagona¬ 
lem directa sit, rite colligere possumus. 

§. 64. 

Quodpiam par virium DD', DC' (fig. A) nobis sit datum; 
diagonali illarum rectanguli rhombi infiniti, quorum unus 
DBB"B', circumscripli concipiantur. Omnino autem polentias has 
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DD', DC 7 tanqnam e binis viribus Df, DA, et DC, DF compo- 
sitas spectare, imo potentiam DA cum altera DC, vimque Df 
cum vi DF conjugare licet. Ex lioc ipso autem necessario harum 
quatuor virium resultantem, id^oque etiam dnarum DD', DC' 
mediam secundum diagonalem DB" directam esse sequitur. 

§. 65. 

Quantitatis quoque respectu duarnm ejusmodi mediam exae- 
quare diagonalem simili plane, quo modoantea, ratione demon- 
stratur. — Quomodo, quae pro viribus rectangulis probata 
snnt, facile quibuspiam aliis accornodentur, saepius jam vi¬ 
dimus. 


Epic vist «r. 

§. 66 . 

Quod quidem argumentum pro mea sententia multis, quae 
inter magnam illam ejusmodi demonstrationum turbam repe- 
riuntnr, praeferendum est. Primum enirn quod attinet ad ejus 
ambitum atque tenorem, non nimia sane prolixitate premitur, 
et non nisi aliquot planimetriae theorematiun auxilio utitur. 
Deinde si ad ejus rigorem respicias hoc quoque respectu, pluri- 
ma, tauqnam bene munita placent. Attainen, quantum equidem 
video, rigori geometrico hand alienum fuisset, si auctor nos do* 
cuisset, quomodo quaevis duarum potentiarum qnarnmpiam DD', 
DC' in binas alias vires divenda sit, ita ut non solum inter sin- 
gulas has novas potentias, sed etiam inter omnes in universum 
ratio ilia quaesita intercedat. 
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Class. V. 


Classis quinta. 

Demenstratioues principii: vet axiomatibus /, 2, 3, 7 super struct at. 


Cip. I. 

Demonjlratio a Cl. Wachtero tradita *). 

% 67- 

Quemadmodum duarum potentiarum aeqnalium P ; , P y/ , 
quanim directiones oetx, media R'secundum directionem i x, 
ita potenlia R", duabus, alteri V* aequalibns P'", P 1V , qiiarum 
directiones yet z, aequivalens, secundum directionem y -f- 4 z 
3frit. Loco igitur potentiarum, PS P", P"', 1 J1V (dum y = 

iK_ z ]) vis ipsis aequipollens R'-j-R" snbstitui potest. Duarum 

ergo, virions P', P" y et P yy , P IV aequivalentium R" y , Il lv , quae 
inter se aequales, quarunrque alteri' directio ~ (x — z), alteri 
vero, 4 (x -J- z) + i ( x — z )? ea dem, 4 Liae et quatuor viriurn P y , 
P", V ut , P* v est resultans R y -f-R' y . Qua ex nuitua viriurn ha- 
rum ratione suppeditantur nobis aequationes, quae viriurn, R y , 
R /; TV'S quarum directiones notae, qnantitati determinandae 
insenire possunt. Quodsi nimirum effectum duarum viriurn, 
quae, unitati aequales, angulo quodam « in punctum agunt, per 
2 (p (#) = Pv exhibeamus, et brevitatis caussa P / = P // = P // ^ = 
P iv =ri ponamus, lias nauciscirliur aequationes: 

I. 2 <P (x) = R's III. 2?i(x-z)= R'" 

IL 2 <p (z) = R" > IV. TP" 2 (P X (x+ z) = R y +R" 

Dum vero x=i8o°='7t, et z = o essesumamus, inde R y = o et 
R ;/ =2 prodire quisque intelligit. Quibus valoribus in aeqnatio- 
nes nostras (III.) et (IV.) substitute, hae aequationes emergunt: 

R'". aip(-) = R,. 2<p(-) = R I . R, = 2 . 

2 j 2 2 


♦) p r jd. Luc'ov. Wachter conrmentatio de elementis, quae ad corpouun 
coelestium revolutionem spectant etc. Grettiugae 1815. p. 55 sqq. 




Demonstratio Wachteri. 
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Accepto z=o et x = - 3 liabebimus, R z . 2 (p =R,. R 2 

= 2-j-Ri = et sic ulterius progrediendo 2 <p . . . . 

2 X ( —^ = Il m elichmtur. Posito esse z=zo et x = —^ 

' \2 m y 2 m “ l 

bine ob tine inns R m . 2 = Rjn. Rm ~ 2 - 1. Ad in- 

veniendam potenliain * n ■ +I P in + 1 > duabus aliis,angulum 
constituentibus, aequivalentem, tribnamus qnantitati z valorem 


—- 3 alteri vero x bos deinceps valores: ~ 


<7T 


Hoc mode suppeditantnr nobis liae aequationes: 

R m “ ■. 2tp = R ra + J - 3 r. mH ., = R„ et perinde 

[ (2n-f-1) 7r^] 

+ B„ (A)- 

Qiium autem liiteris m, n omnes diversi valores inde a 
„ . ns 

o usque ad co tribui possmt, angulum in infinitum eumbise- 
cando, minorem quam quempiam angulum datum reddere possn- 

. - . . ...... i , ( 2 n 1) 7 r 

mus , quo demceps continuo mnltiplicando, angulus- 

/ 2 m+ ‘ 1 

ad quemlibet datum x quam proxime accedens liaberi potest. Ita- 
que quaiuinlibet duarum poteiiuanim aequabum, quemlibet an- 
pulum inter se constiluentium, reAiltantn effectus in nostra ae- 
quatione (A) exhibetur. 

Est autem 2 cos. x. cos z = cos. (x -}-z) 4-* cos (x — z) ergo, 

(211 —1) 7r (2 n-j- 1 )7r . (211 — i)tt 

^ — -- - — et z= —- esse posito , 2 cos.-- — ♦ 

1 1 2 ,n "+ 1 

F 
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Class, V. Cap. II. 


(2n-}-i)7r n7r tt 

2 cos. - 1 -= 2 cos.-h 2 cos. — ( 1 .) Sed quum mo- 

2 m -+ x 2 ni *+ 1 2 in 

do antea liaberemus 2n—x R m ^ t . J “" ,,I R 1 n + x = "Rm., -{-R m (II.) 

(2n-J-l)'7T 

nine aa + I R m ,i = 2 cos. --= 2 cos. x (III.) esse jure me* 

+ 2 m "»- 1 

ritoque colligimus. Resultans igitur duarum aeqnalium virium 
diagonali rhombi, sub illis cons tructi, omnino aequalis est. 

§. 68. 

Epicritis. 

Quae quidem demonstratio, dum ad ejus ambitum teno- 
remque spectes, sine dubio laudanda est. Quod autem ad rigo- 
rern spectat, pro mea sententia non omnia ita comparata sunt, 
ut totum argumentum omnibus nummeris absolutum did possit. 
Quum enim, uti auctor ipse dicit, m, n nonnisi nummeros inte- 
(2n-{-i)'7r 

gros denotent, formula ilia-omnes omnino angulos a 

o usque ad go minime complectitur. Itaque a nostro probata non 
tarn late patent, quam ipse ea patere sumsit. Ceterurn fortasse 
etiam sunt, qui nostro, ex aequationibus (I.) et (II.) necessario 
flurre ac deduci aequationem (III.) qui contenderit, non adsen* 
tiant. 


Caput II. 

Argumentum a viro clarifftmo Foncenex *) traditum. 

§• 69- 

Sit (fig. 30.) mCM angulus ita comparatus, ut sit — — — 1 

go° v 

(v quendam numerura integrum denotet); anguli ACM, BCM 


0 Snr les principes fontamentaux de la mechanique v. Melanges de 
philos. et de mathem. de la Soc. roy. de Turin. T.1I. p./fo^sq. 1760—61. 
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Argumentum a Foncenex adlatum. 


sint inter se aequales, iique = n. MCm; deinde sitMCin=rACa 
=aCa / = BCb = bCb'. Nunc vim duarum mediant, angulo MCm 
concurrentium, quarum quaevis = a, esse = ka; potentiam iis- 
deni duabus, angulimi vero mCm comprehendentibns, aequiva- 
lentem = pa; porro, cum eaedem BCA angulo concurrant, vim 
earum mediam = p n a; si ejusmodi angulus aCb, aequipollentera 
potentiam r= p n+ * x a, denique duarum ejusmodi potentiarum, an- 
gulum a'Cb 7 inter se constiluentium, mediam =p n ' < * 2 a esse po¬ 
ll a mu s. 

Quum autem a'CA, BCb', mCm inter se aequales sint, vires 
a y C, AC uni potentiae, quae secundum directionem Ca agil, et 
quae = ka, aequipollent; eademque pro viribus CB, Cb 7 valent. 
Viribus auiem Ca, Cb potentia p^^a aequivalet; itaque bina- 
rum virium ka vis media est = kp n -** ’a. Quum ergo duabus CA, 
CB potentia = p n a, viribus autem Ca 7 , Cb 7 potentia = p n + 3 ae- 
quivaleant, erit nobis haec aequatiu: p n + 2 a p n a ~ kp a + 'a, 
et liinc p u + 2 — kp n *♦* 1 k£-i p° z= o. 

Itaque universe habebimus p u = Dx" -j-Ev", dum scilicet x, 
y duae sunt radices hujus'aequationh: u 2 — ku —(— 1 =0. Erit ergo 

P -=D[i +v ^-.>]”+E[5-y^ -.>]"• 


Ouum vero k = 2 cos x esse ponamus, liinc nonciscimur 
[cos — i)] n = cos \\x-\-\f — 1. sill 11JJ et 

[cos x — v (cos x 2 —1 )] n = cos. not — \? — 1. sin. 11«. ; unde 
p n =(D + E) cos.- nx -j- (II — E) yf — 1. sin net. , vel 
p n = F cos n#-|-G yf —1. sin. nx 

Si autem n^=o esse ponitur, hinc prodit p n = 2, ideoque 
etiam F = 2 ; dum sumas n = 1 , erit (p. hyp.) p n = k = 2 con a 
itaque 2 cos a = 2 cos x -J- G sin a ergo G = o, ideoque 
p n = 2 cos. nx esse debet. Ceterum dum n = v esse ponimns 
h. e. dum angulus, cui resnltans n. MCm respondet ~ i?o°, 
omnino p v ~o esse debet; ergo 2 cos. vx =: o unde accipitur 

7 T 7 T _ U 7 T ACB 

\x —' erco a “ — ideoque p n — 2 cos — ~ 2 cos -* 

4 * 4V 1 r 4 V 2 


44 Class. VL Cap. I. Demonstratio Alembertana prior. 

§• 70. 

K p i . c r i s i /. 

Quodsi ambitnm ac tenorem hujus demonstrationis respicias, 
omnino laudanda est. Quod attinet-vero ad rigorem geometri- 
cum merito quaeri potest: quonam jure noster k — 2 cos a esse 
sumserit? Equidem non video, cjuomodo haec aequatio ex ce¬ 
teris, quae auctor adtulit, sit deducenda. 


S e c t i o s e c u n d a. 

Demonstrate ones analyticae * 

Classis sexta. 

Argument a , quae axiomatibus 1. 2. 3. niiimtur. 

\ 

Caput I. 

Demonjlratio Alembertana prior *). 

§• 7 1 * 

AB, AC (fig. 32.) sint duae vires, punctum A una sollicitan- 
tes. Ponatur esse AC — a, AB = b, vim illarum mediam 
AF~z, FACZZii, BAC — a. Ductis lineis AD, Ac ita, ut sit 
pars anguli CAc dimidia CAD HZ m, duas vires Ab, Ac, quarum, 


0 Demonstration de la composition des forces par d’Alembert v. Me- 
moires de l’acad. des Sc. de Paris annee 1769*. 
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eoclem angulo, quo AB, AC, coneurrentium, altera Ac = a, al¬ 
tera Abrzzb, una cum viiibus AB, AC agere concipianms. His 
ita positis- unusquisque non solum vires, utiique pari aequipol- 
lentes, omnino aequales esse, sed etiam vim duarum AF, Af 
mediam, secundum directionem ADagentem, eundem praestitu- 
ram esse effectnm* quem resnltantes virinm AC, Ac et AB, Ab, 
secundum eandem directionem punctuin A sollicitantes, produ- 
cant, facile intelligit. F.st igitur aequatio 

a. (p (m) b. (p {a ^ m) zzr z (p (11 — m). 

§• 72- 

Quodsi vero virinm (fig. 55.) AC, Ac coincidere directiones, 
simulqne dnas vires AB', Ab', ita inter se comparatas, ut sit AB' 
zzi Ab' — AB zzz; b, el B/VB' -— bAb' .zzz: 2nd praeter alias pun- 
dtum A sollicitare poniinus, vis omnium harum media, quae 
secundum directionem AE agat necesse est, ita exhiberi potest: 

2 a -j- b (p (in'). (p (a m'). 

Ouum antem sint AP’, Af resultantes virinm AB, AC et Ab, 
Ac, viies, AF, Af et AB' ' potentiis aequivalentes, has esse 
necesse est: z (p(u)-j-b(p (a-|-2m'). Habebimus igitur hanc ae- 
quationem: 2a4-b<£(m'). (p(cc-\-iia J )z=Lz(p (n)-}-b<p(a + 2m 0 C 1 *) 

§• 75 - 

Supra autem, quicunque valor quantitati m attribuatur, 
omnino hanc esseaequationem: a(p(m)-|-h<p (a-j-m):zziz(p(u-}-m) 
vidimus; unde, si m ~ o esse snmas, patet lore 

2 a -(- b(p («x) = z(p (u) et hinc 
0 (m y ). <P («• 4" m 0 == ? («) + 0* + 2 m 0 

vel, si * +m* — l, <p (3 — m 04 -(p^ + m0 = <p(m0.<P(J) 
Quae quidem aequatio non nisi hac conditione, ut sit 

<p (8— Ul 0 + 0 + m 0 = e a ^ A 4-e~ a ^ A 

locum habere potest. ' 

Ouum autem, si a —z go°, eaquesola conditione, sit 
(p («) = o liinc \f A zzz: —1 , et <p (<») zr~ 2 cos & esse rite col- 
ligitur. 
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Class. VI. Cap. I. 


74 - 


Ex praecedentibus autem est- z : 


erit sequatio: 


a ( p (m) b (p (« -f- m) 

(p 1 (u m) 

et @ (m) 2 cos m. Itaque, cum quantitati m successive alium 

alimnque valorem tribnas, primnm vero m o statuas, haec 

a. co-s 111 4- b cos (a 4 - m) ^a -{- b. cos « 

__L-_—:- - -5 unde la- 

cos (u-f-m) cos u. 

b - sin u 

cile elicitur - nr: -—;- r ♦ 

a sin (a — u) 

Quae quidem aequatio quum locum habere nequeat nisi 
duarum virium a, b, media secundum diiectionem diagonalis 
aoat, ea ipsa directio liujus potentiae est determinant. Potentia 
a . b. cosct . , b. sin a 


ipsa cum sit = - 


; + ■ 


. hiiicfacile deducitur: z~- 


cos. u ' cos u ' sm u 

Itaque potentiam quarundam duarum media diagonalem omnino 
aequare necesse est. 


§• 75 - 


E p ‘i c r ~i s i s. 

Quum doctrinam de compositione virium jam in primis sta- 
ticae elementis obviam esse necesse sit, demonstratio liujus theo- 
rematis satis idonea atque apta, me judice, ita comparata esse 
debet, lit- ab iis, qui his elementis primam operam dant, intel- 
ligi possit*). Hoc igitur nostri argnmentum, ceteraque omnia, 
ad hanc classem referenda, ab hac parte, quod anatysin sublimio- 
rem in subsidium vocant auto.res, non omnino absoluta judicari 
possmit. Quod attinet ad brevitatem, ceteris autoris, eandem 
propositionem demonstrandi, pluribusque aliorum virorum ejus- 
modi conatibus, liic nostri est praeferendus. Itaque, quum au- 
tovi ipsi haec sua demonstratio baud satisfecerit, immo quum 


+) Ipse nostcr in libro suo : -traite de Dyna.miqae 1743, elicit: un Prin¬ 
cipe (composition des mouvemens) , qui etant 1’nn des premiers de 
la Mechaniqtre doit necessairemem etie appuye stir des preuves sim- 
.ples et faciles. 









Demonstratio Alembertana prior. 
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non multo post aliam, et ipsam analyseos subliinioris theoreina 
tibus supeistrnctam, earaquc imilto prolixiorem tradiderit, liauc 
nostram non satis geometrico rigore mimitani esse existimandimi 
est. Quantum ennidem video auctor in liunc rigorem peccat, 
dum ex eo, quod, si a — 90% (p («) = o sit, necessario esse 
oportere yb\ ^ — 1, igiliu que («) = 2 cos a colligi posse con- 

tendit. Quuin nimirum anguli recti cositius sit = o, jure qui- 
dcm, si, dum a — 90° , («) = o sit, <p (a) = 2 cos a esse pojje, 

uriiiitnc vere hunc \alorem necejjtirlo ei tribuendiun esse statui 
potest. 


C a p. II. 

Argumentuni Alembertanum pofterius *). 

§- 76. 


Quinn duae vires rectangulae AB, AC (fig. 54.) una punctuin 
sollicitent, directionem potentiae earuui mediae taui diu, quam 
din ratio AC : AB h. e. sin x : cos x sibi constet, eandein onpnino 
manere unus quisque intelligit. TIaec, igitur directio tanquam 
functio illins rationis, quam litera z denotenuis, spectari potest5 
bine erit sin x : cos. x = tang x 1= <p (z) 

Quodsi ergo AB=a, et AC = b esse atque' duas Vires na, 
11b secundum dnectiones AC, AYagere, ponimus, QAC = BAD, 
ideoque DAQ — 90° esse oportet. Quum vero AD / omnium vi- 
riiun liaruin esse mediam concipiamns, ex iis, quae modo disse- 
ruimus, liae nobis erunt aequationes: 



tang 


liinc ergo 


t — tgx. tgx' 


1—nz- 


*) d’Alembert nouvelle demonstration du parallelogramine des force* v, 
opuscules matliem. Tom. VI. p. 5S0 sq. 
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ipfiusvalore lubflituto: tangx': 


✓ z- 4 -n v 

<p (—-)-<?<» 

\i—nz/ 

/z4-:k 


77 - 


Potentiam axitem, secundum directicmem AD ag^ntem, quam 
— y esse ponamus, sine dubio AQnny esse debet; hinc ergo 

tgx' = ip (~) — <p (n) 

Duobns his quantitalis tgx y valoribus inter se comparandis accipi- 

<P 0 ) + ? (u) z + n> ) . ' . 

111 ns :-7-—T-r— <P V - J, cnjus aequatioms ope <p (z) 

1 — p{z). <p(u) 1 —nz 

determinari potest. Quodsi igitur ipsa semel secundum z tan- 
quain variabilein, semelque secundum n differentiatur, lias ae- 
quationes nanciscimur: 

!-|-$(u) a <H(z) _ d / Z + n Y 1 + " * 

r 1—® (z>- <P (”)] z dz _ ' ? b~nz z (1—nz ) 2 

1 -{-a (z) 2 d<p(n ) ^ /• z’-j-ii ' 1 -t~ z * 

[T^-<p(z)<P(«)]** dn — llz ^ (1— nz ) 2 

§• 78 . 

Sed ut conditionibus hujus aequationis satisfiat, esse 

d. (z) d z 

-— — = a. —-(1) et 

1 "h ^ ( z ) 3 i-f-z 3 


d. ® (n) 


— (^) 


i+^Cn) 2 1 + n3 

(a quantitatem quandam constantem innuit) ponamus omniuo ue- 
cesse est. Qua quidem aequalione quantitati <p (z), valor tan- 
gentis trigoncmetricae tribuitur; nimirum, uti vidimus 

"<P (z) = a - tg z - 

esse debet. Quum autem pro rei natura <p (z) in eadem ratione, 
qua z vel - ^ crescat, dum altera duarum potentiarum, b, quan- 

















Argumentum Alembertanum pofterius. 


titate g augetur, altera vero eadem manet, vim earnm rnediam 
directionis suae respectu angulum CAD secare necesse est; ita- 
que omnino D'AB > DAB. Ceterum quantitatem (ft (z) tam diu 
futuram esse po itivam, quam diu ip c a z positiva sit, satis appa- 
ret. Dum autern z= 1 esse snmimus, etiam (p(z)~ 1 esse de¬ 
bet ; tunc enim est b — a h. e. vis media angulum BAC bifariam 
secat. Quibus conditionibus ut satisfiat in aequatioiiibus supra 
repertis (1) et (2) aut a = 1 aut a = 1 -f- 4r sumi debet. Nullo 
enim alio modo, dum z = 1 , etiam (p(z) = 1 esse potest. 

Quodsi igitur a = i-|-4r, simulque angulum, cujus tan- 
90 0 

gens z, paullo majorem quam ——- , minorem vero, quam 90°^ 


angulum vero 


QO 


- \-a. ita com para turn, nt (1 4-4r) #<270°, 

1 4r 


( 9° \ 

—:-^ « ) (1 4 r) 

1 ~r 4 r ' 

quantitatem ^esse negativam omnino necesse est ; ita igitur, dum 
z au*ereiiir, (p (z) neque cresceret, neque positiva esset; ergo 
aequatio a = 1 ^41’ locum habere nequitj ergo a=i, hinc 

b 

vero <p(z) = z ideoque tg x= z — esse,h.e. vis duarum media, 
quoad directionem omnino cum diagonali coincidere debet. 


§• 79- 

E p i c r i s i s. 

In demonstranda virium compositione earn praecipue par¬ 
tem, quae de 'direction© resultantis determinanda agit, difficul- 
tatibus premi, ideoque merito, ceteris ommissis, banc solam par¬ 
tem tractari, uti noster fecit, jam alias monitum est. Num ve- 
re et quo mo do noster banc directionem determinaverit nunc vi- 
deamus! Primum quod attinet ad usuni calculi differential is at- 
que qntegralis jam ad alterum nostri argumentuin verba feci. 
Ceterum ipse noster, hanc suam demonstrationem non tanta, 
quanta debeat, simplicitatc ac facilitate gaudere, ideoque alteri, 
quam modo antea cognovimus, demonstrationi suae postliaben- 
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Class. VI. Cap. III. 


dam esse dicit* Praeterea omnia debito rigore demonstrata esse, 
equidem contendere non ausim. Conditiones enim, quas noster 
collocat, nimirum dum angulum, cujus tangens z paulo majorem 

qnam —*-, minor em. autem quam go°, porro., Bangui am 

1 ^ 4r 

——— ^ ct\ (1 4r) non majorem quam 27a 0 esse sumit, mi- 

1 Hh4 r ) 

nime esse necessarias, ideoqtie nostri demonstrationem non ne* 
cessario veram, unnsquisque inficias ire nequit* 


Cap. in. 

Argumentmn a geometra Foueenex traditum *), 

§> 80. 

Qunm pmtentia z duabus aequalibns — a, quae angulum cs 
inter se constilnunt, aequipolleat, summi posse z zz a <p (a) satis- 
adparet. 

Sit aequatio <p(a) zzy. Cujus quanlitatrs y ad inveniendum 
valorem lineae Cm, Cm', Ca, Ca', Cb, Cb' ita ducantur (fig. 51.), 
ut, si-ACBzz*, mCM zz m'CM zz ACa = BCb zz aCa' zz bCb' 
da . _ 

— — 7 ergo etiam ACa' zz BCb' ZZ mCm' zz ox, 

atque aCb — 

a'Cb' zz cii-J-i 28a 

esse oportet. Dum autem angulus ACB in aCb, yiny^dy, et 
diun aCb in a'Cb', y>-J-i dy in y >•£* 2dy ^ d*y mutatur* 


*) Daviet de Foueenex sur les principes fondamentaux de la meebani- 
que v. Melanges de philos. et de mathem. de la Socl roy, de Turin. 
Tom. II* 1760 — 61* p. 599 sqq. 






Demonstratio a Foucenex adlata. 
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Itaque si y ^ jdy rz y', et y ^ 2cly d a y ZZ y /; , deinde dy 
rz uda, et, dum «zo, n ZzV esse ponimus, si a in m/Cm ma- 
tatur, yzzsj-JnYda esse debeL 

§• 81. 

Quodsl igitur quatnor \ires Ca ; , CA, Cb 7 , CB una pun- 
dtum C sbllicitant, vim eaium meuiam, secundum directionem 
CM agentem, esse rzz a(y^y") necesse est. Quum autem in 
locum viiium a'C, AC, et CB, Cb ; duae aliae, quarum quaeli- 
bel zzr a (2 <-{-iYda), quibusque una potentia, secundum dire- 
dtionem CM agens, —=± ay' (2 ^ Vd«) aequivalet, substitui pos- 
sint, hinc facile aequatio haeccine y-f-y" =:— y' ( 2 -{-Yda) de- 
ducitur, et suffectis in locum y 7 , y ;/ valoribus supra statutis 
d 2 y ~— yYd« Vdv. da ergo quoque d 2 y yVda nanciscimur. 

Quum autem y quantitas sit finita, sine dubio V infiiiita, 
eaque ejusdem, cujus et da, ordinis esse debet. Itaque, si 

V -- kda esse ponimus, d £ \ -= ykda 2, (1) esse debetj cujus 

aequationis integralis, universe spectata liaec est: 

y rz A -f- B e (2) 

ergo dy = /&. (Ae^K + Be*-/ K ) d« (3) 

Quum nunc in aequationibus (2) et (3) « o esse suma- 
m us , inde nobis erit A-j-B -2 et dyzz:^(k). (A — B) da. 
Verum, si azz o, est quoque, uti vidimus, dyzzzVda — Kda 2 , 
ergo v^K. daz= A — B, ergo etiani A — Brzo. Hinc autemAzzB, 
ideoque y —e*A ►f 1 6 — *^" k = 2 cos (cs/~k). 

Dum autern «= - esse ponimus, est y=o, ergo cos - /—k = o; 

2 2 


bine quoque — \f —k == - ( 2 ^-j- 1 ) [jtt quendam nummeram iu- 
2 4 

2 jj m * I* 1 l 

tegrum denotat] j unde patet, fore k =--— ergo 

y = 2 cos. — - a^* Liquet autem, z, ideoque etiam y, dum 

a<2ll, quantitates esse positivasj quae conditio omnino locum 

G 2 




Class. VI. Cap. III. 


5 2 


habere nequiret, nisi in = o; itaque est 2 cos — = <p(a) zz y. 

Coroll. Quodsi igitur tain quantitatem, quara directionem 
potentiae duabus aeqiralibus aequivalentis respicias, ipsam dia- 
gonalem aequare necesse est. 


§- 82. 


Eadem, quae pro viribus aequalibus modo demonstravhnus, 
etiam de inaequalibus iisque primum rectangulis valerej, sic 
ostenditur. 

Sint ejusuiodi vires CA, CR (fig. 35 -) 5 earumque resultantis 
directio CD; recta FCE ita ducta, ut FCBrzBCD, ideonue etiam 
ECAzzzACD, potentia CB in dims alias aequales, secundum di- 
rectiones CD, CF, itemque CA in duas ejusmodi secundum CE, 
CD resolvatur. Ex pr.iededentibus quaevis potenliarum, quibus 
BC 

BC aequipollet =-— ; illarum autem, quarum vis me- 

2 cos. DCB 


dia est AC, quaelibet Z=: ■ 


AC 


■ esse debet. Ita quatnor no- 
2 cos ACD 

bis sunt vires, quarum duae secundum directionem CD conspi- 
rant, duae autem plane sibi repugnant. Quum duarum CA*, CB 
mediae directionem CD esse a nobis positum sit, duas illas vires 
repugnantes inter se aequales esse omnino necesse est. Qua ex 
r AC BC 

re patet, fore -z- , — — et 


2 cos. ACD 


2 cos.DCB 


AC 


BC 


: CD. 


2 cos. ACD 2 cos DCB 
Dum in locum quantitatis BC, ejus valorem, e priori aequatione 

CA 

elicitum, in posteriori sufficias, pro dibit CD zzz- 

r r cos. ACD 


et Line nobis erunt hae analogiae 
cos. ACD : sin ACD :4 AC : AB 
et sin. DCB: 1 : : AC : CD 

quarum ilia directio, hac vero quantitas resultantis determina* 
tur. — 








Demonstratio a Foncenex adlata. 
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Quae quidem demonstrata facile yiribus, quodammodo in 
aequalibus accommodari possunt. 

§■• . 83 - 

E p i c r i s i f. 

Methodum fere novam calculi differentialis atque integralis 
ad demonstrandam virium composilionem adhibendi hie nosier 
jasurpavit. Qua in re ipsum niagnam soliertiain ingeniique 
acumen praebuisse nemo inficiari potest. Niliilominus tamen 
non sine satis magno, ut ita dicam adparatu, atque sumtu, no¬ 
strum priori demonstration^ parte ad id, quod petit, pervenisse 
concedi debet. Ceterum — siea, quae equidem sentio, ad alios 
transferre licet — noster lectori non plane satisfacit, dum, quod 
A-—da, A — B = u esse contendit. Desideramus sal¬ 
tern atque optamus, ut auctor alia, quain hie factum est via, 
banc aequationem, quae maximi est momenti, invenerit. 

Denique quod attinet ad rigorem nostrae demonstrationis 
geometricum, quaedam contra eum monenda esse milii videntur. 

Niniirum ex eo, quod y ~ 2 cos • a ) , atque y, dum 

#<2R, quantitas esse debeat positiva, nondum ^ = 0 esse ne- 
cessario sequitur. Inter infinitum enim valorum numerum, qui 
quantitatibus \i et a tribui possunt, permulti sane ita coinparati 
2 jtt-f- i 

sunt, ut —- oi < 90 


2 u - 4 - 1 .... 

ideoque -—- a quantitas sit positiva. 


Quum autem in liac 


aequatione ^ — o, nervus probandi positus sit, atque pars de¬ 
monstrationis posterior hac prime omniiio superstructa sit, toti 
bine argumento absolutum rigorem vindicari non posse videmus 
atque intelligimus. 
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Class. VL Cap. IV. 

Cap. IV. 

Argnmentim a fummo geomeira Laplacio traditum *). 

§. 84- 

Ouum x ? } r dnae Tires inter se rectangu'lae sint, quae una 
quoddam punctum sollicitant, quarumque resultans est z, triinn 
harum potentiaruiu quantitatem multifariam variari posse, dura 
d'irectio potentiae z eadem maneat, per se, satis patet. Universe 
igiliir, cum angulus, quem vis media" et componentium altera 
v. c. x inter se comprehendunt, sit = a, ponere possumus 
z Cp(a) et y nrz z.Cp (4- r. — a). 

Quodsi vero potentiam x, tanquam resultan tem duarum rectan- 
gularum x^, x /y , quarum ilia cum potentia z coineidit, specta- 

x 

in-us, eadem, qua autea., ratione nobis erit x ; = x (p («) ~ 



Altera potentia simili modo resoluta, habebimus 

y 1 — y<p(^ — *) — 
y“ = y<P (*) = ~ 

Itaque in locum potentiarum x, y, vires liae: 


x a y* x.y x. y 



erao bis et illis eadem est resultans. Sed ex ipsa nostra constru- 

x.y x.y 

tfione potentias duas aequales — y — — plane sibi repugnare, 

ideoque inter sc aequilibrari satis liquet; unde erit nobis aequa- 
tio z 2 ' — x 2 -j-y z h. e. vis duarum x 7 y media quant i tat is re- 
spectu habito diagonalem rectanguli x. y aequat. 


) Laplace mecanique celeste. Tom. I. abinit. 



Arguraentum Laplacii. 

§- 85- 


Ad determinandam resultantis direclionera, x in qnantilatem 
x-{-dx, duin y sibi constet, variari eoncipiamus. Ila qnidem an- 
gains cl qn'anlitate da decrescit. Resoluta autem potentia dx, in 
diias rectangulas dx y , dx /y , quarum ilia secundum directionem 
potentiae z agit, duae potentiae z.-j-dx' et dx /y reclangulae, qua- 
rum resultantem z y quantitate innuamus, una punctum idem sol* 



licitantj habebimus ergo 



tein quandam constantem, hand ab a pendentem innuit]. 



Quum autem vires dx", dx, angulum = k- cl J compre- 

liendant, atque z l non nisi infinite parvo quodam a quantitate z. 
differat, erit aequatio 



Simili ratione, quum y in y+dy varietur, dura x eimdem yalo- 

x. dy 

rem servet, habebimus dy" = dy (p (cl) =: -- 

dz 

f ts \ x d y x. d y 

ergo d\ - a J ~ --— } ideoque da = - 

& 2 kz 'kz 1 

Itaque quum x, y nil a variabiles esse snma Undent aequatio r 



qatem constantem innuit], vel x = z. cos. (koc -]- * 

Ilac in aequatione quum ad determinandas k, et g quantitates, 
y = o esse ponamus, habebimus x = z et « = o itaque cos g=i 
ideoque x =r z. cos (kct). 
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Quodsi vero' x = o esse sumimus, inde erit z = yeta = £Tr; 
quum vero tunc cos (ks:) — o esse debeat, quantitati k hanc esse 
form am 2 n -f- 1,. necesse est. 

i rft 

Ilabebimus Ita x = o, dum-= a? cum autem, uti 

2 n 1 

vidimus, etiam sit x = o, si a = in r, omnino k = 1, ideoque 
x — z cos a esse oportet. Itaque potentia duabus rectangulfs ae- 
quipolleiis, et si ejus directionem respicias diagonaleni aequat. 

§. 86 . 

Jure meritoque igitur vis quaclibet in duas alias, quae per 
latera rectanguli, illi tanquam diagonaJi circuinscripti, exhiben- 
turj itemque quaevis potentia in tres alias, quibus id parallele 
pipedum, cujus ipsa diagonals est, determinatin', resolvi potest. 
Quodsi igitur a, b, c coordiiiatae rectangulae sunt, potentiae, 
cujus exordium cum exordio coordinatarum coincidat, respon- 
dentes, per quantitatem |/(a a -\-h 2 -{-c 2 ) ipsa potentia exhibe- 
tur, dum per a, b, c Tires indicantur, in quas ilia resolvi pot¬ 
est. Quum autem a'-, V, d sint coordinatae alius ejusmodi po- 
tentiae , a + a' , l)-t- b', c d coordinatas harum duarum re- 
sultanti respondcntes esse -omnino necesse est. Eaedem Tero 
coordinatae quum exhibeant vires eas lateral es, in quas potentia 
ilia media resolvi potest, ipsa diagonaleni parallelepipedi sub il- 
lis construcii aeqnare debet. 

Quo quidem mo do tan: qnantitas, quam directio quarum- 
piam virium determinari potest *). 


*) Cl. Borckhardt in veYsione libri Laplaciani „Mecanique celeste* 4 
p. 6 et ipse demons trationem adtulit, quae fere liaec est: 

Quum ratio, quae tribus viiibus x, y, z (componentibus et com- 
positae) intercede, constans sit, atque angulorum, quos illae inter sese 
constituunt, quantitas ab hac niutua ratione pendeat, rationem bi- 
naruin omnino virium, functione anguli, ab ipsis constituti, datam 
nobis esse satis elucet. Angulis igitur, quibus vis media versus com- 
ponentes inclinatur, per litteras et \ denbtatis, liaec nobis exit 
aequatio z = x (p ($) -]• - y (p (A) 
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Cap. V. 

Argumeutum a Poijfonio cidlatum *). 

§• 87. 

Quum duae vires aeqnales, nna in punctual quod dam agen- 
tes, angulum 2x inter se comprehendant, utramque vero — P, 
iisque aequipollentem = R esse ponamus, aequationem R= P <p (x) 
prodire jam supra vidimus. 

Lineis m.V, mA", mBQ mB /y ita ductis, ut AmA" 

rzz BmB' — BmB'f = z, potentia P in duas aequales vires secun¬ 
dum direciioncs mA', mA" agentes resolvatur; sit utraque ejus- 
modi potentia unde erit aequatio P ~ Q.<p(z). 

Simili modo et altera potentia P resoluta, quum duabus se¬ 
cundum mAQ mB / agentibus aequipollentem =r Q', et aliarum 
dnarum, secundum mA'', mB" sol licit an timn, mediam — Q" esse 
positum sit-, hasce liabemus aeqnationes: 

Q' '= X) (p (x — z) 

Q" = Q <© (x+z) 

R = Q' + Q" 

et liinc <P(x). (p(z) - £ (x — z) © (x z) 

Quoniam vero si x, y secundum directiones plane trontrarias agunt, est 

3 = 0° 

A =Z 180° 

& z = x — z 

unde rite haec aequatio deducitur 
z = x cos. cos A 

Sed ipsa haec aequatio potentiam z diagonalem parallclogrammi, cu- 
jus Intera x, y, atque angulum, quo sese secant, (.9--1-X) esse satis 
indicat. — Quae quidem demonstratio si non minus rigida, quam 
brevis atque opedita esset, ceteris omnibus sine dubio palmam prae- 
lipcret. Sed ab ipso hoc rigore, quantum equidem video, hand pa- 
rum abest. Ex iis enim quae auctov sumsit, omnino hae duae ae- 
quationes z = x (p (-S') 
zz=y <p (X) 

prodeunt; quomodo autem inde aequatio ilia 
Z = x<p($) + y <p(A) 

doduci possit, nemo sane intelligit. 

*) Poisson traite do Mecanique. Tom. I. ab init. 

II 
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Class. VI. Cap. V. 


§. 38 . 

Ex hac aequatione valor quantitatis <f)(x), vel, qao idem 
adsequimur, (p(z), ut eliciatur, haec fieri oportet. Evolvantur 
quantitates (p (x-j-z) et (p (x — z) fecund urn. theorema Tayloria- 
mini, ita ut sit 

d 2 (£(x) z 2 d 4 <p(x) .z 4 


<P(* 


z) = 2 £ 




etc.J 


dx 2 . (p(x) 1.2 dx 4 .<p(x) i.2. 5. 4 

Quum autem (£>(z) quantitatem x non conlinere necesse sit, ean- 
d 2 (p(x) d 4 (f)(x) 

dem in quantitatibus --— } -—- etc. non occurrere 

^ . dx 2 . <p(x)_ dx 4 . <p(x) 

omnino oportet. Ilae igitur quantitates constantes esse, vel hand 
a variabilibus x, z pendere debent. Statuta igitur aequatione 
d 2 (p (x) 

---= b 0 (x), inde ideniidem differentiando derivatur 

d x 2 ■ TW ’ 
d 4 <p (x) d 2 <p (x) 

- ~ b-- =z b 2 cp(x) etc. et bine, dura b = —a- es- 

d x 4 dx 2 

se ponamus, 


<P( z) = 2 [l 


e,c.] = 


2 cos. (a z) 


2 2.5.4 2. 5. 4.5.6 

unde,.dum in locum quantitatis z sufficitur x, erit 
<p(x) = 2 cos. (ax) 
ideoque R rzz 2P. cos.(ax) 

Ad deterniinandum valorem quantitatis a, ipsam ab x hand pen¬ 
dere memineris. Posito autem esse x = 90°, erit Rizzo, ergo 
cos (a. 90°) IZ o. Quae quidem aequatio a quendam nummerum 
inparem denotare satis indicat 5 simul vero a ZH 1 esse contendi- 

qo° 

tur. Nam si a > 1, v. c. a zz: 5 esset, R=r o, dum x =r -— 9 

5 

esse deberet. Quod quidem fieri nequitj ergo R = 2 P cos x. 
Quomodo haec, pro viribus aequalibus demonstrata, ad vires in 
aequales extendantur jam alias vidimus *). 


*) Demons!rationem theorematis nostri earn, quam attulit Francceur in 
libro suo: Elemens deStatique. Paris 1812., plane eandem esse, quain 
mo do cognovimus, auctor ipse fatetur. Jure igitur hie omitti potest. 
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§• 89. 

Epicrisis. 

Quae duae demonstrationes a multis alii?, vel potins ab om¬ 
nibus, quas hucusque exposuimus, baud parum differunt. Me¬ 
thod!, quas autores in demonstrando nostro theoremate calculi 
differentiaiis etintegralis ope.sequuntur, plane sunt novae. TJtra 
methodus sit praeferenda, multi fortasse quaerunt. Quamquam 
cuique suae sint virtutes, equidem tamen earn, quam-Poissonius 
usurpavit, Laplacii methodo praeferre velim. Utriusque autem 
denionstrationis auctores sumiuum ingenii acumen summamque 
sollertiam ostenderunt. Demonstrationes ipsae inter omnes ? 
quas cognovimus, praecipue rigore geometrico eminent. 


Liber secundus.' 

Demonjlrationcs ctliis Jlatlcae iheoremaiibns fuperjlntciae .. 

Classis septima. 

Argument a , quae vcctis tkeoria nit tint nr. 


Cap. I. 

Argum en turn Kaejlnerianunu 
§• 90. 

Postquam auctor ope axiomatis: „vectis, cni paribus inde ab 
hvpomochlio distantiis aequales vires adplicatae sunt, aequilibra- 
tur, a liaec theoremata probare tentavit: 

Item ea, quae Lagrange, Prony aliique geometrae de compositione 
virium scripserunt, ommitti debere puto. Quae quidem doctrina in 
hoiumviroium libris arctius cum principiis, quibus totam mechani- 
cam superstruere student, cohaeret, quam ut liic rite explicari 
possit. 


II 2 






6o. Class.. VII- Cap. L A r gum endirm Kaesttieri an um. 

]) Quilibet vectisDB, veTDC (fig. 57 et 58.)? s i P.DA = Q. Al$ 
rel p.DA = Q.AC, in aequilibrio versa! ur, eademque de vecte 
aiigulari (fig- 39.) valent. 

2) Vectem ACB, quum ‘duae- vires P, Q (fig. 40.), in ejns 
brachia oblique agentes, ita comparatae sint, ut, ductis CE, CD 
perpendicularibus, srt: CD-CEc: Q :P ? aeqiuTibrari oportet, —ubi, 
inquam,. liaec piobare conatus est', hoc fere modo pergit: 

Quodsi potenlias, P, Q vecti ACB (fig. 40.)', eique mobili, 
adplicalas, tanquam inde a puncto M, qiio earuin directiones 
concurrunt, agentes spectamus, pnnctnm C secundum directio- 
neni CM moveri ommno pater.. Ductis' ergo CG 11 MQ et 
CH || MP, erit: P:Q::.MG:MB, li. e. si potentiae MG, MH una 
in punctum M agunt, vis earum mediae clirectio cum diagenali 
paralielogrammi coincidit. Potentiaigitur ea, quae lntic potentiae 
aequalis est r ipsi vero repugnat, cum duabus MG, Mil aequili- 
bretur necesse est. 

Quodsi igitur MT, MV, Me (fig. 41.), tres sunt vires, inter 
se aequilibrantes,. et directionem potentiae Me cum diagonalis 
paralielogrammi MTCV coincidere suinitur, etiam Mv tanquam 
duabus MT, Me aequivalens spectari potest; itaque Mv secun¬ 
dum directionem diagonalis par. McvT agere debet. Hoc autem 
modo quum sit MC =Mc,. vim, duabus aequipollentem, omnino^ 
diagonalem aequare oportet.. 


§• 91- 

Inter alios,, qui eandem metliodum sequuti sunt, anctores 
memorandi sunt: Karsten *), Pasquicii**), Lorenz***), Fer- 
RONif), Peyrard ) , Schmidt iff) aliique. Omnes autem ho- 
luni virorum demonstrationes exponere partim locus non per- 


Lehrbegr. dei: gesammtenMath.. ITT. p. 40 s<p. 

**) Opuscula statico -meclianica. II. p. 55 sq.. 

***). Grundrifs der ges. Math. II. p. 3a sq.. 

•]•) Memorie di JYL et di F. della Soc. ItaL Tom. X.. P. II. p. 481 sq;. 
f*j-) Statique geometrique v. Bezout cours. de matliematiques.. lV me par- 
tie. p.. 30 sqq. 

•j-ff) Anfangsgr. der math. Wissensch.. Frankf. 1806. Th. II. ab init. 



Cl ass. VII. @ap. II. Argumentum a Marini traditum. 6v 

mittit, partim hand necessarium est. Unam igitur instar om¬ 
nium cognovisse sufficiat.. 

§• 92. 

Omnia hacc argumenta landanda sunt,, quod non nisi ali¬ 
quot geomciriae theoremata satis plana in snbsidiuin vocant. 
Pima aiitem ebrurn, maximeque Ferroniamun, maxima prolixi- 
tatc preuiuntur. Ceternm nrethodum earn, qua, plures certe 
auctorcs, ilia, quae pro viribus vectisque brachiis inter se com- 
meiisurabilibus probavere, ad res easdem incommensurabiles ex- 
tendant, non esse geometricam, vel rigori geometrico non con- 
sentaneam, negaii nequit.. 


Caput II. 

Argumentum a vivo doctijfimo Marini traditum *). 

§• 93 - 

Auctor totam hanc suam demonstrationem liocce theoremate 
superstruit: quodsi recti rectilineo DB (fig. 57.) duae vires P, Q, 
ab eadem parte nurmales adplicantur, ita ul P.DAnrQ. AB, 
punctoque A vis L, quae et ipsa normalis secundum directio- 
nem plane contraiiam agit, atque est — P-J-O, huic vecti neque 
motus rotatus, neque progressive tribui potest. 

Ex hoc theoremate facile hae propositions deducuntur: 

1) Potentiae L actione sublata, vectis secundmn directio* 
nem virium P, O moveretur. Itaque directio duannn harum 
mediae punctum A, circa quod ipsae aequilibrantur, permeat. 

2) Quum alia quaedam potentia S puncto- vectis cuidam 
adplicetur, haec cum altera P in aequilibrio versatur, dum 
CA. S = DA. P. Potentiae igitur S, Q relate ad punctum A eun- 


‘) Aloysii Marini tentamen de motu composito. Romae 1814* 
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dem omnino effectum praestant$ sed resultans duarum, circa A 
aequilibrantium, modo per P-f-Q, modo per P S exhibetur, 
prouli aut imam aut alteram adplicatam concipias. 

5) Binae vires, quarum altera secundum directionem, vecti 
normalem, altera secundum obliquam agit, dum in raLione per- 
pendicularium, a quopiam vectis pimeto in earum directiones de- 
missarum, inversa constituae sunt, in acquilibrio esse debent. 

4) Eadem ilia ratio duas ejusmodi vires subeat necesse est, 
si ulraque secundum directionem, vecti obliquam, adplicata est. 

5) Duae vires -aequales P, O, quae, vecti GS (fig.**) in 
puncto F adhibitae, cum vi quadam normali Q aequiiibrantur, angu- 
los SFO, PFC aequales efformant. Quavis earpm in duas laterales 
U, N et it, n resoluta, quarum allera cum vectis directione cotn- 
cidat, altera ad hanc sit perpendicular^, ex ipsa reruin natura 
liae duae sunt aequattones: U = uy et N=n$ ideoque U, u 
semet ipsas invicem destruere oportet. Ceteras N, n, qnum sit 
N-f-u = 2N, cum potentia 2 Q circa C aequilibrari necesse est 5 
diinc autem N.FC,— Q. CG = P.CA. Sed his ipsis aequationibus 
ratio indicating quae inter vim compositam alteramque compo- 
nentium intercedere debet. Simulac enim P mutatur in 2P, 
3 P etc. etiam N, non niutata ejus directione, 2N, 3N etc. evade- 
re necesse est 5 duae igitur potentiae in ratione directa sunt po- 
sitae. 

Qnum vero, quantitate manente eadem, angulus, quern 
P, N inter sese constituuut, mutetur, simul et potentiam N 
mutari oportet. Itaque N tarn a quantitate potentiae P, quam 
ab angulo, quo versus P inclinatur, quemque nuncupemus x, de- 
pendet, meritoque igitur poni potestj 
N=rP(p( x ) 

Ui=P (90° —x) 


§• 94 - 

His propositionibus praemissis, corpus quoddam, in puncto 
B versans (fig. ***), in quod duae potentiae rectangulae G, M 
ima agant, quarum mutua ratio per rectas BD, BC |indicatur, 
hoc, iuquam, corpus secundum diagonalem ferri BA rectanguli 
DC probare possum 11s. 


$5 


Argumentum Kaestner i anum . 


i) Corporis moti directio eadem est, quae diagonals BA. 

Ducta enim recta TU alteri BA perpendiculav'i, potentiisque 
duabus P, Q, quae, viribus G, M aequales, secundum dire- 
dtiones omnino contrarias agunt, in punctis F, E adplicatis, lias 
quatuor vires vel potius duas binarum resullantes inter se aequi- 
librari oportet. Est autem BD.DA r=: CA. BC, vel G. DA = M. AC, 
ideoque P.BA = Q. AC5 potentiae ergo P, Q circa punctvjm A in 
aequilibrio versantur itaque quum duarum G, M, media pun- 
dtuin B transeat, Iiaec ipsa secundum BA directa omnino esse 
debet. 


2) Sed et quantitas resultanlis per diagonalem exliibettir. 


rectangulas resoluta, duarum P, Q media, tanquam quatuor vi- 
rium S, U, T, L resultans spectari potest5 ergo, postquam 
CBA = x resultantemque R esse posuerimus, liasce habebimus 
aequationes: 

M = R. (p(x) T = M. Q(go°—x) 

G = R. (p (90 0 —x) Ju = G. <p (x) 

L = M. (p (x) S = G.(p (go° — x) 

unde, eliminando quantitates <p (x) et <p (90° — x), hae nobis 
aequationes oriuntur: 

L —T — M '°- S — 


R ' R 

et liinc facile R 2 =]\P-|-G 2 


R 


G 2 

IT 


§• 9 5- 

E p i c r i s i s. 

Quae quiclem demonstratio pro mea sententia ceteris hujus 
classis omnibus, permultisque aliis ejusmodi argumentis praefe- 
renda est. Quod enim primum adtinet ad ejus ambitum atque 
tenorem baud ea, qua multa alia, prolixitate premitur, et non 
nisi quaedam matheseos elementaris theoremata in subsidium 
vocat. Sed, quod maximum est, rigore sane geometrico haec 
nostri demonstratio gaudet. Ea enim, quibus auctor totum ar- 
gumentum superstruit, ab aliis geometris probata fuerej ipse 
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autem quae probanda sibi sumslt, re <vera illorum ope demon- 
stravit. 


Pars commentationis posterior. 

Bemonjlr at tones eae, in quibus motifs , a viribits adhibi- 
tis efftciendi > ratio omnino habetur. 


C 1 a s s i s o c i a v a. 

jtrgummia , quorum anctcres theorema nofirum it a demGnJlrare Jludent , 
ut vires . ear unique actiones nobis, ut it a dicam , ante oculos pouaut , 
z/. f. fidibus elcijlicis adkibiiis. 


Vemonjlratio - a Fincentio Riccato tvadita *). 

§. 96. 

Auqtor Ills fheorematibus.: 

1) Qmun Tides quaedam elastica AS (fig. 42.) vi quadam AB,. 
corpus A, nomiisi secundum directionem AI) mobile, sollicitet, 
potentiam All, quae linea perpendiculari determinatur, poten- 
tiae AB aequipollere necesse est/ 

2) Ouum AS, AT '(fig. 45.) duae nna in corpus*, secundum 
directionem AD tantummodo mobile, adplicatae sint fides, eun- 
demque, quem vires AB, AC, praestent effectum, linea DK=AH 
assumta, rota potentia AD duabus his chordis aequipollet. 


*) Vincenzo Riccati dialoghi delle force vive etc. Bologn. 1749. p. 208 sqq. 
— Commentariorum Bononiens.-T. II. P. I. p. 373 sq. Ceterum multa 
quoque de liac re disputant: J. Bapt. Scarella in libro suo: Physica 
genoralis. Tom. I. p. 454 sq., quae tamen hie satis explicari atque 
dijudicari nequeunt. 





Demonstratio a Vincentio Fviccato tradita. 65 

Coroll. Ductis CF, EB (fig. 44.) lineae AD et EA, AF al¬ 
ien BH parallelis, sine dubio per A\ — AF — AE. vis exprimitur 
ea, quae corpus motum a direetione AD detorquere nititur. Ita- 
que si AE — AF punctum A sine ulla resistentia tubuin vel cana- 
leni AD penneat. 

His, iqquam, propositionibiis compositionis virium demon- 
strationem hoc fere modo nosier snperstruere conatur: 

Qnodsi duae Tides elasticae AS, AT (fig. 44.) una in punctum 
A agunt, lineis BD, CD ita ductis, ut fiat parallelogrammum 
ABDC, potentiam, duabus AB, AC aequivalentem, tain quan- 
titatis, quarn directionis liberae respectu diagonalem AD aequare 
necesse est. 

Sinmlac enim punctum, viribus AB, AC mia in id agenti- 
bus, secundum certain directionem moveri non est coactnm, 
viaui usurpabit omnino earn, in qua vires, quae illud a dire- 
dtinne antea necessaria amovere, uti vidimus, conabantnr, in- 
vicem sese d est ruunt, h. e. ubi BH = CK. Item actionem hujus- 
modi poteritiae AD singularmn actionum, a viribus AB, AC 
praestitarum, sumrnae aeqnalem esse satis liquet. Utrique an¬ 
ted conditioni omnino non sathfieri potest, nisi sit ABCD pa- 
rallelogrammum ejusque diagonals AD. 

§• 9 7 - 

Epicrtsi s. 

Tpse noster declarat, in hunc potissimum finem banc compo¬ 
sitionis ac resolutions motus demonstrationem a sese esse tradi- 
tam, ut principium illud naturae primarium, aequalitatem scili¬ 
cet inter caussam et effectum*), nostro hoc theoremate, dum- 
modo res ea, qua debeat, ratione tractetur, baud tolli probet 
atque ostendat. Qnodsi enim, inquit, vis duarmn media, nil 
omnes auctores statici ac meclianici inter se consentiunt, diago- 
nalem parallelogrannni aequat, ejusmodi compositione ac reso- 


*) Non sine caussa ipsis nostri verbis: „aequalitas inter caussam et effe- 
usus sum. 
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lutione viriiun, dum duo parallelogrammi latera ejusdem dia- 
gonalem omnino superent, aequalitas inter caussam et effectuni 
minime servatur. In plerisque igitur tlieorematis nostri demon- 
strationibus, gra viter hue usque peccatum est. Staxim autem 
quaedam monere mihi liceat. Quantum equidem enim video, 
verba nostri, „aequalitas inter caussam et effectum, 44 sunt am- 
bigua. Primum enim ita intelligi possunt, ut caussa quaevis 
effectni, qnem gignit, omnino aeqnalis, vel potius res plane 
eadem, quae ipsius effectus, esse debeat. Sed haec veiba, sic 
intellecta, principiiim, vel legem naturae universae primariam 
innuere, quis est qui dicat? Quum autem verbis nostri hunc 
tribuamus sensum: effectus, quos caussae . aequales praestant, 
ceteris paribus aequales esse necesse est 44 et plures alias compo¬ 
sition^ virinm demonstrationes huic principio non repugnare 
equidem credo. Nimirum denominatio „couipositio virium 44 k non 
ita urgenda est, ut vim duarum mediam ex his vere esse com- 
positam, h. e. potentiarum singularum summae aequalem esse 
put emus. Quod quidern nullus fere *) omnium, qui lianc rem 
trac tar Lint, dixit^ innno dum vinr duarum mediam diagonalem 
aequare. contenderunt, his verbis nihil aliud intellexerunt, nisi 
hoc: si duae vires quopiam angulo una punctnm quoddam solli- 
citant, hoc rerum Jlcitn eundem, quern potentia una, per dia¬ 
gonalem exhibita, effectum praestant. Quid igitur de quorun- 
dam sententia, fides elasticas rem esse unicam, qua loco virium 
adhibita, earum cornpositio rite possit demonstrari, judicandura 
sit, facile intelligi potest. Immo hunc ejusmodi cliordarum 
usurn. singularibus premi difficultatibus,, equidem puto. Nam si 
duas fides una in punctum A agere ponitnr, ipsas, dum contra- 
hantur, corpus secundum directionem diagonalis movere noster 
dicit. Quae quidern fidium contraclio cum maxima sit, dum 
corpuscuhun in eo directionis puncto, quo fidium directiones 
cum ilia angulos constituunt rectos, versatur, ut corpusculum 
alteiius inoveatur, ipsae chordae extendantur necesse est. Ita 
autem, secundum ipsa ea, quae noster dixit, punctum A vi, qua- 


*) Demonstrationes eorum, qui revera hoc contenderunt, raox cognos- 
cexnus. 
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cum moveri nititur, privatur, nec spatium, quod noster statuit, 
percurrcre potest. 

Deinde quamvis negari nequit fidis elasticae actionem, 
universe spectatam, ab ejus contractione pendere, bine tamen, 
quantum equidem video, duarum chordarum AD, AII, particu- 
lis aequalibus Ap, A a contractarum, actiones, dum AB. Ap r= 
AH. Aa, oinnino esse aequales baud necessario sequitur. Cete- 
rum aequatio AB. Ap == AH. Aa non nisi tunc vera est, cum Aa, 
Ap lineae sint infinite parvae. Noster enim arcum circularem 
ap tauquam lineam rectam spectat. Quod quidem, pro mea 
sententia, demonstratiouis rigorem oinnino impedit. 

Kota. Argumentam Jacobi Riccati *), qui paitim Bernoullium, partim 
Vincentium Riccatum sequutus cst, ideoque nihil plane novi at- 
iulit, jure ommitti hie potest. 


C 1 a s s i s n o n a. 

duct ores ii, qui composithnem virinrn et composite mot mm unom tan- 
demque rem esse arbitrantnr. 

§• 98. 

Satis .nota sunt ea, quae Neutonus multlque cum eo alii ad 
propositionem: „punctum A, a duabus viribus AB, AC (fig. 45.) 
una sollicitalum, per diagonalem AD fertur“ probandam protu- 
lerunt, Innummerabiles fere sunt demonstrationes — si modo 
bac voce hie uti licet — in hanc classem referendae. Gravesande, 
Belidoi, Musschenbroeck, Wolf, Pascoli, Saverien, de la Caille, 
Mako, Ferguson, Hennert, Martin, d’Antoni, Brisson, Maria¬ 
no Fontana, multique alii, quorum nomina referre hie non li¬ 
cet, hanc niethodnm, tanquam faciilimam sequuti sunt. Sed 
praeripue notandus est Savioli, qui propositionem, sane inex- 
peciatam, ipsi demonstrationi praemittit. Ope nimirum theore- 


4) Jacopo Riccati opere. Tom. II. p. 565 sqq, 
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mails hujus: „si potential cuidam AD (fig. 46.) alfera AB, quae 
cum ilia angulum constitnit rectum, supervenit, punctum A hand 
secus versus lineam DC || AB movebitur r quam si potentiae AB 
actionem plane non expert us fnisset 46 noster corpus,. dirabns viri- 
bus AB, AC (fig. 47.) 'sollidtatum, secundum diagonalem AD 
nioveri probare conatnr. 

Quid de omnibus hujusmodi argument is sit judicandum, duo 
viri clarissimi, Bernoullius *), atque Lambertus ** ***) ) satis osten- 
derunt. Itaque nunc longa verborum sene in eornm ligorem 
aliaque inquirere Ilias sane post Ilonieruiii esset. 


C 1 a s s i s d e c i m a.. 

Argument a eomm r qui eompoftionem fnnfnmmodo motnum , mlnhne vero 
‘ virinm demonftrari pojfe dicunt .'. 


Cap. I. 

Argnmentmt Kantianum **+).. 

§• 99- 

Theor. Motuum duorum compositio ita tantummodo in- 
telligi potest, lit alterum eoruni in spatio absoluto corpus ipsum 
re vera sequi, alterius autem loco spatium relativum secundum 
directionem oppositam moveri ponamus. 

Nam etsi etiam corpus utrique motui satisfacere sumamus, 
hi tamen non ad lineas AB, AC (fig. 49.), sed ad alias tantum, 


*) Commentar. Acad. Petropol. Tom. I. p.127.. 

**) Beytrage zum Gebrauche der Mathem. II. Th. p. 448 sq. 

***) Metapbysische Anfangsgriinde der Naturwissenschaft.. 1786. p. 13 sq. 






Argumenturn Kantianum. 69 

his ipsis parallels, fieri possum. Itaque alterum motum alte- 
rius imUationem, h. e. deflectionem a directione data efficere 
ponendum esse t. Quod quidem composition is virium notion! 
repngnat. 

At si motum corporis secundum AC vere locum liabere , 
slmul vero spa limn relativum celeritate AB, secundum directio- 
nem huic oppositain mover! ponamus, linea AC, in aliquot 
v. c. tres partes acquales divisa, dum corpus per spatium AE, 
ipsum spatium relativum et una cum eo punctum E per Ee 
= MA fertur, item, dum corpus per totarn lineamAC, punctum 
C per Cc = AH movetur. 

Ila autem idem oniuino effectus gigmtnr, ac si corpus A 
tribus variis tempusculis per spatia Em, Fn, CD = AM, AN, 
AH latum fuisset. Elapso igitur tempore statuto quum corpus 
A ill puncto D versetur, anteaque singula deinceps diagonalis pun- 
dta occupaverit, hac ipsa diagonali tain quantitas quam directio 
motus compositi exliibctur. 

St hob Argumentuin Schultziannm *) plane non discrepat 
ab eo, quod modo legimusj ommitti igitur liic potest. 

. §.. 100. 

E p i c r 1 s ' 1 s. 

De prlucipus,. quibus totum hoc demonstrandi genus nititur, 
jam supra (§§. (> sq.) quaeebun diximus. Itaque nunc videamus, 
1 Ur uni and ores pvincipiorum illorum ope vere ea demonstra- 
rint, quae, probanda sibi sumserunt. Quum celeritas, uti om- 
nes, ni fallor, consentiunt, nihil aliud sit j quam facultas,~qua 
corpus quod dam cello tempore per certum spatium moveri pos- 
sit, et quum celeritas eo major habeatur, quo breviore tempore 
per idem spatium corpus feratur, equidem non intelligo , quo- 
modo noster, co, quod corpus eodem tempore per duplurn, 
quam antea, spatium raoveatur, celeritatem ejus duplo auctam 
esse, necessario non sequi, dicere potuerit. Sed liaec etsi 


■) ScKultz Anfangsgr. der reinen Mechanik. Konigsb. 1804. 




jo Class. IX. Cap. II. Argumentum Alembertanum. 

nostro concedantur, eo tamen ejus demonstratio nondum omni¬ 
bus difficultatibus liberatur. Ipse enim quantitates eas, qua- 
rum aequalitas constructione geometrica demonstrata sit, omni- 
no tam similes, quam aequales esse debere ait; et ejusmodi 
constructione compositionem motuum a se demonstratam esse 
putat. Motum igitur, ex duobus composition., motibns compo- 
nentibus esse omnino aequalem -oporteret. Haber emus ergo ae- 
quationem AD = AB+£< BC.; haec ipsa autem aequatio, uti jam 
in primis geometriae elementis demonstrator, locum habere 
nequit. Itaque ea, ad quae noster ltac ipsa sua demoustratione 
pervenit, ceteris, ab eo statutis., repugnant. 


Cap. H. 

Argumentum Ahmbertanum *). 

§. 101 . 

Auctor SO, TP (fig. 50.) tan quam columnas mobiles, inter 
quas planum NCDM moveatur, spectat, et simultaneae duarum 
virium AB, AC, actioni omnino satisfied, si pro AB columnis 
SO, TP motus secundum directionem BA atque celeritate AB, 
pro AC autem piano NCDM motus secundum CA celeritateque 
AC tribueretur, coutendit. Facillime igitur noster hoc modo, 
corpus a duabus viribus sollicitatum, secundum diagonalem mo¬ 
ved, probavisse putat. — Hoc autem non re vera factum esse 
ex mult is aliis, quae jam ad alias ejusmodi !demonstrationes re- 
prehendimus, praecipue autem e coroll'ario primo satis adparet. 
Quid enim judicandum sit de argumento, cujus auctor, ut quae 
in corollariis proponit, non iis, in ipso argiunento pronuntiatis, 
repugnent, parallelogrammum construere omnino coactus est, 
cujus diagonalis haud minor sit, quam duo ejus latera constitu- 


l )' Traite de dynamique. Paris 1743. p. 22 sq. 



Class. XI. Demonstratio a Fontaine adlata. 71 

tiva, quid, inquam, de lrujusmodi argumento judicandum sit, 
onines sane, et non nisi primis geometriae elementis imbuit, 
sciunt. 


C 1 a s $ i s u n d e c i m a. 

Argnmentum a viro c! .. Fontaine adlatum *J. 

§. 102. 

Ea, quibus argnmentum 9 tanquam principiis, nititur, liaec 
fere sunt: 

1) Corpus quod dam* INI (fig. 51.), secundum directionem 
BC, celeritate AC latum, ut inde a puncto A non ad punctum 
C, sed celeritate AD ad punctum D moveatur, vim quandam, 
ciqus directio lineae CD est parallela, in corpus, durn in pun- 
dlo A versatur, agere necesse est. 

2) Quum vis ea, qua corpus ejusmodr mutation! resistit r 
partim ab hujus materiae quantitate, partial a discrimine dua- 
rum celeritatmn — alterius ninth um, qua ab initio corpus fe- 
rebatur, alteriusque, qua 111 mutatioae accepit — pendeat, cor¬ 
poris M, modo niemorati, potentiam, quae hoc corpus secun* 
dum directionem AD moveatur haudsinit, liac quantitate M.CD 
exhiberi ponere possumus. 

3) Quodsi igitur haec potentia, M.CD vi alia, huic aequali, 
sed contraria destruitur', corpus M inde a puncto A ad D move- 
bitur. Fieri enim non potest, quin corpus nostrum, ubi in 
puncto A actionem potentiae M.CD expertum fuerit, secundum 
AD ferri ponamus. 


‘) Fontaine trait£ de calcnl differentiel et integral. Paris 1 
p. 306 sqq. 






72 CTass. XT. Demonstratio a Fontaine adlata. 

§. 103. 

His a litem ita constitute, corpus quoddam M, celeritate 
quadam AC secundum AQ praeditum, in quod autem eodein 
temporis momento, vis altera INI. AE (fig. 52.) agat, secundum 
directionem AD, diagonalem parallelogrammi: ACDE moveri, 
facile demonstrari potest. 

Pro natura enirn rei nunc corpus, cui niodo antea celerita- 
teni AC tribuimus-, quiescere quidem, sedeodem, quo in A ver- 
satur, momento potentiam AL AC in id agere sximere omnino 
possnmus. Conjunctis igitur liarum duarum viriiun AI. AC et 
AI.AE actionibus, corpus-secundum diagonalem fend necesse est. 

§. 104. 

TLpic'r is is. 

Quod quidem argumentum eo laudandiim est, quod anctor 
ejus viain, antea nondum tentatam, ineimdo, arguinentum non 
nimis prolixum composition^ virium conficere tentavit. Sed et 
in lioc tentamine sicuti in multis aliis , quae liuc usque cogno- 
viinus, lianc ipsam compositionem magis temere sunitam, quam 
ris;ide demonstratam esse, non inficiandum. Unusquisque enini 
totius argument! cardinem in eo v-ersari, quod directio potentiae 
(fig. 51.), cujus actione corpus secundum AD moveaUir, lineae 
CD sit parallela intelligit. Sed hanc ipsam propositionem sine 
ulla demonstratione noster accepit. Itaque tbti urgmiiento rigor 
geometricus minime vindicandus *est. 
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